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Nehari Manifold and Multiplicity Result for Elliptic
Equation Involving p-Laplacian Operator

K. ben Ali and A. Ghanmi

ABSTRACT: In this paper an elliptic problem involving p-Laplacian operator is
considered. Existence and multiplicity of solutions are investigated. The method is
based on Nehari manifold and variational method.
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1. Introduction and main result

In the last few years, p-Laplacian equations have received increasing attention.
This theory has been developed very quickly and attracted a considerable interest
from researches ( See [1-12] ). Since the p-Laplacian operator and fractional calculus
arises from many applied fields, such as turbulent filtration in porous media, blood
flow problems, rheology, modeling of viscoplasticity, material science, it is worth
studying the fractional p-Laplacian equations.

Let €2 be a bounded domain of R™ (n > 3) with smooth boundary 90 and 1 < g <
p < n. In this paper, we consider the p-Laplacian problem of the following form

o _ 1 IF (z,u) a—2 .

by [ A= EEE @l w9
u=0 on 09,

where A € R, p* = % and the sign changing weight function a satisfies the fol-

lowing condition

(A) acC(Q) with [|a]lco =1 and a® :=maz(+a,0) Z 0.

The study of p-laplacian equations using the Nehari manifold method has been the
subject of several works. More precisely, Wu [15] considered the following elliptic
equation
2) { —Dpu = ANf(2)|u|9?u + g(z)|u]""?u, in Q,
u=0 on 0,
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where 2 is a bounded domain of R” (n > 3), 1 < ¢ < p < r < p*. The author
has proved that there exists A9 > 0 such that for 0 < XA < \g, equation (2) has
at least two positive solutions. In addition, If the weight functions f = g = 1,
Ambrosetti et al. [1] have investigated equation (2), they prove that there exists
Ao > 0 such that equation (2) admits two positive solutions for A € (0, Ag), one
positive solution for A = A\g and no positive solution for A > \g.

The starting point on the study of the system (P)) is its scalar version

(3) —Apu = |ulP "2u 4 Nul? %y in Q,
u=0 on 01,

with 2 < p < g < p*. Note that many excellent results have been worked out on
the existence of solutions for problem (3) ( See [7], [13]).

In this work, motivated by the above works, we give a very simple variational
method to prove the existence of at least two nontrivial solutions of problem (P).
Before stating our main result, we need the following assumptions:

(H;) F: QxR — RisaC" function such that
F(z,tu) = t* F(z,u)(t > 0) forall z€Q, ueR.

(Hy) F(z,0) = 2E(2,0) = 0 and F*(z,u) = maz(£F(z,u),0) £ 0 for all u # 0.
We remark, that Using assumption (H;), we have the so-called Euler identity

oF .
uﬂ =p"F(z,u), and |F(z,u)] < Klu|P for some constant K > 0.

ou
(1.1)

Our main result is the following

Theorem 1.1. Under the assumptions (A), (Hy) and (Hz), there exists Ag > 0
such that for all 0 < |A| < Ao, problem (Py) has at least two positive solutions.

2. Notations and preliminaries

Throughout this paper, for 1 <1 < p*, we note by S; the best Sobolev embed-
ding for the operator W, (Q) < L!(Q) which is given by

VulP
S = inf 7f9 [Vl —.
L

weWo P (@0} ([, [ul!) T

In particular, we have
_L
/Q|u|l < S ull for all ue WEP(Q), (2.1)

where ||.|| is the standard norm defined as

full = [ 1vupar)’
Q
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Problem (P)) is posed in the framework of the Sobolev space E = W?(€2). More-
over, a function u in E is said to be a weak solution of problem (P)) if

1 F
/ |Vu|P~2VuVeds — —*/ Mgpdzf /\/ alu|??updr = 0, forall ¢ € E.
Q P Jo ou Q
Associated with the problem (P ) we define the functional Jy : E — R given by
1 1 A
@ = Sl = - [ Pleads -2 [ a@ulrds,
b b Ja qJa

In order to verify that Jy € C'(E,R), we need the following lemmas.

Lemma 2.1. Assume that F € CH(Q x R,R) is positively homogenuous of degree
p*, then 2—5 € C(Q x R, R) is positively homogenuous of degree p* — 1.

Proof. The proof is the same as that in Chu and Tang [8], so we omit it here. O
It is easily seen that using Lemma 2.1, there exists a positive constant M such
that for all u € R, we have
| OF (z,u)
ou

Lemma 2.2. (See Proposition 1 in [12]) Suppose that % € O x R,R)
verifies condition (2.2). Then, the functional Jy belongs to C*(E,R), and

| < M|uP" L. (2.2)

<AWWQZMW—AF@MM—AAM@MMx (2.3)

As the energy functional Jy is not bounded below on FE, it is useful to consider
the functional on the Nehari manifold

Ny = {u € E\{0} : (J3(u), u) = 0},

where (.,.) denotes the usual duality between E and E* = W17 (Q) (the dual
space of the Sobolev space E).
Thus, u € Ny if and only if

[Ju)|? — /QF(:c,u)dz - /\/Q a(x)|u|?dz = 0. (2.4)

Moreover, we have the following result.
Lemma 2.3. The energy functional Jy is coercive and bounded below on Ny.

Proof. If u € Ny, then by (2.4) and condition (A) we obtain
P —p P —4q
JIa(u) = u|lP — A /axuqdz
(u) pm [l e Q()II

* . * .
il U Nt / fultdz.
pp p q Q

Y
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So, it follows from (2.1) that

* A *
O e = I

Thus, Jy is coercive and bounded below on Ny.

Define
Oa(u) = (Jy(u), ).
Then, by (2.4) it is easy to see that for all u € Ny, one has

@) = pllul” —p* /Q F(z,u)dz — Aq /Qa<x>|u|qu
= Ap—0) /Q a(2)|ul?dz — (p* — p) /Q F(z,u)de
= A —0) / a(@)lul?dz — (p* — p) ul?

Q
= -l - 0" —q) / F(e,w)da.
Q
Now, we split N, into three parts

Ny ={u € Nx: (¢ (u), u) > 0},

N = {u € Ny : (¢ (), u) = 0},
Ny ={u € Ny : (¢)\(u),u) < 0}.

(2.5)

Lemma 2.4. Assume that ug is a local minimizer for Jy on Ny such that ug & Nf\J.

Then, J(ug) = 0 in E*.

Proof. The proof is the same as that in Brown and Zhang [[6], Theorem 2.3], so

we omit it here. .

Lemma 2.5. We have

(i) If u € Ny, then X [, a(x)|u|?dz > 0.

(ii) If u € NY, then X [, a(z)|u|?dz > 0 and [, F(x,u)dz > 0.
(#9i) If u € Ny, then [, F(x,u)dz > 0.

Proof. The proofs are immediate from (2.7), (2.8) and (2.9).

Let

pP—q

a(p” —p) "< P—q ”*)m

Ao = Sq St ,
T =9 \K(p—q) "

then we have the following lemma.

d

(2.10)
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Lemma 2.6. If 0 < |\| < \o, then NY = &.

201

Proof. Suppose otherwise, that 0 < || < A¢ such that N # &. Then for u € N}

with u # 0, we have

0 = ($h(w)u) = Ap"—q) / a(@)|uftde — (p* — p)|Jul]”

(0 — )lull” - (o — g) / F(z, u)da.

From the Holder inequality, (1.1) and (2.1), it follows that

/F(x,u)dzg/ |F(x,u)|d:c§K/ |u|p*dx§KSp*
Q Q Q

2 .
"l

Hence, from (2.12), we obtain

Jup = £ =4 / F(e,w)de
P—q Jo

IN

* _p* .
P 9k 7 ful".
p—q

Which yields to

1
*—p

P—q 5\
ul > (2= g%
> (%)

On the other hand, from condition (A) ,(2.1) and (2.11) we have

*7
Jup = A4 / a(z) u]?dz
P —PJa
* _a
< WE=LKS, P |ul,
pT—Pp

S0,
1

p* fq 4 H
Jul < <|A| g, ) |
p—Pp

Combining (2.13) and (2.14), we obtain A9 < |A|, which is a contradiction.

By lemma 2.6, for 0 < || < Ao, we have Ny = N U Ny .
Let
0y = inf Jy(u), 9:\": inf Jy(u), 0, = inf Jx(u).

u€Nx ueNy uENY

Then, we have the following.

(2.11)

(2.12)

(2.13)

(2.14)
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Lemma 2.7. If 0 < |\| < Ao, then
0\ <07 <0 and 0 > dy

for some dy > 0 depending on p, g, p*, K, A\, Sq and Sp+.

Proof. Let u € N. Then, from (2.9) we have

P4y > / Fla, u)da.
—q Q

p*
So
Bw = T Ep 2t [ b s

Pq P*q Jo
q—p P —qp—q

<( L7 *)w
Pq p*q p*—q

_ _(p_Q)(p* _p)Hqu<0

Pap

Thus, from the definition of #, and Hj\', we can deduce that 0, < 91‘ < 0.
Now, let u € N, . Then, using (1.1) and (2.1) we obtain

p—q P 7% p*
lul|P < | F(z,u)de < KS,.? ||ul? .
P —q ) g

This implies that

- PF—p
b—q S:DI*? —
[Jul| > P , Yue Ny . (2.15)
In addition, by (2.5) and (2.15)
pt—p -4p* —p
Ia(u) > p ull” = [AISq * ——lull?
Il JTT -ip'—q
> lul|? | = lulP"? = [A|Sq " —
p P*q
o =1 . p—q
SPT p*—p . SPT p*—p oo
- 11 q Op+ D *p 11 q Op+ 7|A|Sq—;p* q
p*—q K pp p*—q K

Thus, since 0 < || < Ao, we conclude that Jy > dy for some dy > 0. This

completes the proof of lemma 2.7.

d
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For u € E with [, F(x,u)dz > 0, let

B (p— g)|ul” O
r= ((p*—q)fQF(w,U)dw) =0

Then, the following lemma hold.

Lemma 2.8. For each u € E with [, F(x,u)dz > 0, we have

(i) If X [, a(x)|u|?dz < 0, then there exists unique t~ > T such that t"u € Ny
and

Jr(t"u) = sup Jy(tu).
>0

(ii) If X [oa(x)|u|?dz > 0, then there are unique 0 < t+ < T < t~ such that
(t~u,ttu) € Ny x Ny and

— _ . + _ .
Jn(t"u) = sup Jy(tu);  Ja(t “)_ogl?éT‘A(t“)'

t>0

Proof. We fix u € E with [, F(z,u)dz > 0 and we define the map m on [0, 00) as
follows:

m(t) = P~ 9ul|” — tp*_q/ F(xz,u)dx for t>0.
Q

Then, it is easy to check that m(t) achieves its maximum at 7. Moreover,

P—q.po  pP—q v ulP” e
T 9| (—VpF—q — (—=\p*—p - -
m(®) =l (B - (| (e

p=q
p*—p

p—p. [P —@)SE
[ull(—) —=
P —q K(p—q)

Y

(i) We suppose that X [, a(x)lu|%dz < 0. Since m(0) = 0, m(t) = —oco as t — oo,
()>0fort<Tandm()<0fort>T There is a unique ¢t~ > 7" such that
= X [, a(z)|ul?dz < 0.
Now 1t follows from (2.3) and (2.12) that

A u)tu= ()T (t7) <0
and

SN u)tTu = (t7)9 (m(t) — A/Q a(x)|u|qdz> =0.

Hence, t"u € Ny . On the other hand, it is easy to see that

2

d d
dt2J A(tu) <0 for t >T and d—JA(tu) =0 for t=1¢"
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Thus, Jy(t"u) = sup I (tuw).

(ii) Assume X [, a( z)|ul%dz > 0. Then, by (A) and (2.1) and the fact that |A| < Ao
we obtain

m(0) =0 < )\/ a(z)|u|fdx < |)\|Sq_E [lu|| < m(T).
Q

Then, there are unique ¢t and ¢~ such that 0 < ¢+ < T < t=, m(tT) =
A Jga(@)|ulfde = m(t™) and m/(t7) < 0 < m/(t+). We have (t~u, tTu) € Ny x Ny,
and

Jn(ttu) < Ja(tu) < Jn(tu) Yte [t ],

In(tTu) < Ja(tu) VO <t <t

Thus,
Tu) = ttu) = inf tu).
N(EED) ilzng)\(tu) and Jy(t7u) ogntlgTJA( u)
This completes the proof of lemma 2.8. g

For each u € E with X [, a(x)|u|%dz > 0, put

_ (A ) fpala)ultdr T
() o

Then we have the following lemma.

Lemma 2.9. For each u € E with X [, a(z)|u|?dz > 0, we have

(i) If [ F(x,u)dx <0, then there exists a unique 0 < t4 < T such that t+ € Ny
and

Ja(ttu) = inf JA(tu).
(i) If [, F(x,u)dz > 0, then there are unique 0 < tT < T < t= such that
(t~u,tTu) € Ny x Ny and
Ja(t"u) =supJy(tu);  Ja(tTu) = inf Jy(tw).

t>0 0<t<T

Proof. For u € E with X [, a(x)|u|?dz > 0, we can take
m(t) = P77 ||ul|P — Ma7P" / a(z)|ul?dz for t >0,
Q

and similarly to the argument given in lemma 2.8, we can obtain the results of
lemma 2.9. O

Proposition 2.10. There exist minimizing sequences {u} in N; such that
I(uE) =65 +o(1) and Ji(uf)=o(1) in E*.

Proof. The proof is almost the same as that in Wu[[14], Proposition 9] and is omit
here. O
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3. Proof of our main result

Throughout this section, the L® norm is denoted by ||.||s for 1 < s < 0o, —
(respectively —) denotes strong (respectively weak) convergence and we assume
that the parameter A satisfies 0 < |A\| < Ag. Then we have the following results.

Theorem 3.1. If 0 < |\ < Ao, then, problem (P)) has a positive solution uy in
Ny such that
J,\(U)\> == 9)\ == 9:{_

Proof. By Proposition 2.10, there exists a minimizing sequence {u;’ } for J\ on N
such that
In(ub) =607 +0(1) and J{(u}) =0o(1) in E*. (3.1)

Then by Lemma 2.3, there exists a subsequence {u,} and u) in E such that

Uy, — uy weakly in F, (3.2)
u, — uy strongly in L9(Q) and in LP (Q). '
This implies that [, a(z)|u,|dz — [ a(x)ur]|?de as n — oco.
Next, we will show that
/ F(x,up)de — / F(z,uy)dz as n — oc.
Q Q
By lemma 2.1, we have
OF (z,uy,) OF (x,un)  OF(x,uy) .
— 2 e LP(Q d . : LP(Q).
9 € LP(Q) an 50 — 5 in LP(Q)
On the other hand, it follows from the Holder inequality, that
OF (z,uy) OF (z,uy) OF (2, up)
n - de < n—ux)——5——|d
/Q " ou RO vo= /Q [(n =) ou lda
OF (z,un) OF(x,uy)
— d
+/Q sl ou ou *
OF (z,up)
N TS
OF (x,un) OF(z,uy)
T el T

— 0 as n — oo.

Hence, [, F(z,up)de — [ F(x,ux)dz as n — oo.
Since

JA(un):p—:p||u||p—/\p—:(]/a(z)|un|qdz27)\p :q/a(z)|un|qdz.
pp qp Q qp Q
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By (3.1) and lemma 2.7 | Jy(u,) = 0x < 0 as n — oo.
Letting n — oo, we see that

)\/Qa(:v)|u,\|qu > 0. (3.3)

Now, we aim to prove that u,, — uy strongly in E and Jy(uy) = 0.
using the fact that uy € Ny and by Fatou’s lemma, we get

1 1 A
0y < J,\(u,\):—||u,\|\p——*/F(z,uA)d:c——/a(z)|u,\|qd:c
p P Ja q.Jq

1 1 A
lim inf (—|un|p - —*/ F(x,up)dx — —/ a($)|un|qd$)
n—00 P p Q q.Jq

< liminf Jy(uy,) = 0y

- n—oo

IN

This implies that
Ja(uy) =05 and  lim |u,|? = |luall®.
n— 00
Let w,, = u,, — uy, then by Brézis-Lieb lemma [5] we obtain
[anll” = llunll” = fluxll”-

Therefore, u,, — uy strongly in E.
Moreover, we have u) € N;r. In fact, if ux € N, then, there exist tar, t, such that
toux € Ny and tfuy € Ny . In particular we have tJ < ¢; = 1. Since

2

d d _
@JA@;UA) >0 and %]A(tgm) =0 for t=1¢".

there exists t§ <t <ty such that Jy(tJuy) < Jy(fuy). By Lemma 2.9, we have
J,\(tS_U)\) < J)\(gU)\) < J)\(ﬁO_U)\) = J)\(U)\)

which is a contraduction.
Fin ally, by (3.1) and (3.2) it is easy to see that u) is a weak solution of (Py).
Moreover from (3.3), uy is nontrivial. O

Theorem 3.2. If0 < |A| < Ao, then, problem (Py) has a nontrivial solution vy in
Ny such that

J)\(UA) = 9;

Proof. By Proposition 2.1, there exists a minimizing sequence {u, } for Jy on Ny
such that

Ja(un) =05 +0(1) and Jy(u,) =o(1) in E* (3.4)
and

{ U, — vy weakly in E,

u, — vy strongly in L9(Q) and in LP (). (3:5)
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Moreover, by (2.9) we obtain

So, by (2.15) and (3.6) there exists a positive constant C' such that

/QF(:c,un) >C.

This implies that
/ F(z,vy) > C. (3.7)
Q
Now, we prove that u,, — vy strongly in E. Supposing otherwise, then

[loall < liminf ||w,].
n— o0

By lemma 2.8, there is a unique t; such that {;vyn € Ny . Since u,, € Ny,
Ia(un) > Ja(tuy,) for all t > 0, we have

_ . _ < 1 _ o
Ja(tg vn) <nh—>H;oJ”\(t0 Up) _nh_>ngo Ia(up) =05

Which is a contradiction. Hence wu,, — vy strongly in E.
This imply that
In(un) = Ja(vy) =05 as n— oo.

Finally, from (3.4) and (3.5), we obtain clearly that vy is a weak solution of (P}y).
Moreover, from (3.7) vy is nontrivial.
|

Now, Let us proof Theorem 1.1: By Theorems 3.1, we obtain a nontrivial
solution of problem (P)) which is in N ;r . And by Theorem 3.1, we have a nontrivial
solution of problem (P,) which is in Ny . Since Ny N Ny = (), this implies that
vy and wu) are distinct. The proof is complete
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