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An Inverse Problem for One-dimensional Diffusion Equation in Optical
Tomography

Mohamed ADDAM

ABSTRACT: In this paper, we study the one-dimensional inverse problem for the
diffusion equation based optical tomography. The objective of the present work is a
mathematical and numerical analysis concerning one-dimensional inverse problem.
In the first stage, the forward diffusion equation with boundary conditions is solved
using an intermediate elliptic equation. We give the existence and the uniqueness
results of the solution. An approximation of the photon density in frequency-domain
is proposed using a Splines Galerkin method. In the second stage, we give theoretical
results such as the stability and lipschitz-continuity of the forward solution and the
Fréchet differentiability of the Dirichlet-to-Neumann nonlinear map with respect to
the optical parameters. The Fréchet derivative is used to linearize the considered
inverse problem. The Newton method based on the regularization technique will
allow us to compute the approximate solutions of the inverse problem. Several
test examples are used to verify high accuracy, effectiveness and good resolution
properties for smooth and discontinuous optical property solutions.

Key Words: Diffusion transport problem, Fourier transform, Nonlinear in-
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1. Introduction

This paper deals with the inverse problem in one-dimensional optical tomogra-
phy. This problem consists of the estimation of the optical properties, namely the
absorption coefficient u,, the diffusion coefficient D and the refractive index v, from
the flow measurements at the boundary of the computational domain. The signal
of measurements is assumed to be measured at the boundary using the photon
density solution of the forward diffusion equation with the modified Robin bound-
ary conditions. The estimation of the solution of the inverse problem requires an
investigation of the forward problem. Such investigations must be of physical and
mathematical aspects, numerical methods, software and computer simulations. In
the corresponding forward problem, we consider the diffusion transport equation.
This equation arises in many scientific applications such as in optical tomography.
The principle of the optical tomography is to use multiple movable light sources and
detectors attached to the tissue surface, such as human tissue, to collect informa-
tion on light attenuation and to reconstruct the internal absorption and scattering
distributions. The time-dependent diffusion transport equations have been studied
by several authors in the recent years; see [12,13,14,17]. The radiative transfer
transport equation (also derived from the Boltzmann equation) has been used suc-
cessfully as a standard model for describing light transport in scattering media, see
[11,13,14,17]. The variational method proves that the corresponding forward prob-
lem has a unique solution for the given optical properties and the sources [2,3].
In the literature, many numerical techniques have been proposed to solve such
problem. Our approaches for solving the proposed inverse problem is based on the
Tikhonov regularization [18]. In the current study, we present some theoretical re-
sults concerning the continuity of the forward solutions and Dirichlet-to-Neumann
(DtN) map with respect to the optical parameters, Lipschitz-continuous property
of the DtN map, the adjoint diffusion problem and the Fréchet derivative. Such
derivative allows us to obtain a linearized problem from the nonlinear inverse prob-
lem. So, the discretized problem by using the spline basis functions may be written
in the vectorial form and the obtained problem is solved by using the Newton it-
erations. The goal of the inverse problem is to determine unknown coefficients
that appear in the diffusion equation from measurements at the boundary of the
solution of the associated forward problem.

The paper is organized as follows. In Section 2, we recall some results of the for-
ward diffusion problem. In Section 3, we set the inverse problem of 1D-diffusion
equation. We give some theoretical results concerning the Lipschitz-continuity of
the Dirichlet-to-Neumann linear map and of its Fréchet Derivative. This guaran-
tees the stability of the solution of the forward diffusion problem in terms of the
Robin boundary conditions. Section 3 is ended by some results concerning the
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adjoint diffusion problem. In Section 4, using the spline basis functions and the
Fréchet derivatives, we formulate the discretized inverse problem and its equivalent
optimization problem. The Newton method combined with the Tikhonov regular-
ization technique is used to solve such an optimization problem, which require the
computation of the jacobian and the hessian matrices. In Section 5, we give some
numerical tests to illustrate our proposed methods.

2. Statement of the forward diffusion problem
2.1. One-dimensional diffusion problem

To facilitate the readability of this paper, we recall some notations and results
already given in [3]. Let ¢(x,t) be the photon density at the position = €]a, b[C R
and at the time ¢ € [0,7], where T is the time period. Let p,, py and v be the
absorption coefficient, the scattering coefficient and the refractive index coefficient,
respectively. The reduced scattering coefficient is given by fi (z) = (1 — 9)p,(z)
where ¢ € [0, 1] is the anisotropic parameter. The diffusion potential function D is
related to p, and fi, by the following relation:

. r
Ho () + fig()

Let us denote by c¢(x) = ¢o/v(x) the speed of light in the domain [a, b], where ¢q is
the speed of light in the vacuum [3,15] and v(z) > 1 for all z € [a,b]. We assume
that p,, ps and v are real, bounded and nonnegative functions on [a, b]. For (z,t)
in Ja, b[x [0, T] we denote by ¢(z,t) the photon density located at position = at time
t. The time-dependent diffusion equation is described by the following parabolic
partial differential equation (see [3,4])

1 09(w,t) 0 (D(x)a¢éfc’t))+ua($)¢($,t)=f($,t)a (2.2)

D(z) = .V € [a,b]. (2.1)

clx) Ot Ox

for every (x,t) €]a,b[x[0,T] with the initial condition ¢(x,0) = ¢y(x) for every
x € (a,b), where ¢, is a given function. The derivative operations given in (2.2)
are used in the distribution sense.

Let ¢, > 0 and ¢, > 0 be the refractive indexes mismatched at the boundaries a
and b, respectively. We introduce the following constants /3, and 3, given for all
¢€{a,b} by Be =0if (¢ =0and B, = (' if ¢ > 0.

In this work, we consider the Robin boundary conditions given as follows,

Pa ()22 (a,1) = gal).

d)(a’a t) -

b i b Db i b 2

t — —(b,t) = gu(2)-

o0, 1) + LD 2 (b.0) = gy (1)
The purposed forward diffusion problem is (2.2)-(2.3) which consists of finding the
photon density ¢(x,t) for a given data f, ga, g», D, p, and v, and the inverse
problem for one-dimensional diffusion equation is to compute the optical parame-
ters s = (v, D, u,) for a given source terms f, g,, g» and the flow measurements at
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the boundary of our computational domain.

Throughout this paper, we assume that the real-valued functions D, p, and v
are bounded functions and belongs to L>([a,b], R), and D, u, and v are positive
functions and there is a > 0 such that:

D(z) > o, pu(r) >0, v(x)>1, almostevery in [a,b]. (2.4)
2.2. Frequency-domain framework

To understand the forward problem and its corresponding inverse problem
treated in this work, we need to introduce the following classical spaces [1,8].
The space L%(Ja, b[,C) of square integrable complex-valued functions on the open
interval ]a, b[C R is denoted by Ly := L2(Ja,b[, C). The space Ly is endowed by its
natural topology defined by the following inner product and its associated norm

b ~
(ulv)s = / u(z)v(z)dz, |ulla =/ (ulu)s, Vu,v e Lo. (2.5)

For every k € N, let Hy = H*(Ja,b[,C) := W*2(Ja,b[,C) be the usual Sobolev
space, with the classical norm | .||z, given by

1

N
'

lullg, = | > — . Yu e Hy (2.6)
0<t<k 2
where % stands for the derivative of u, in the distribution sense, of order ¢. The

classical space L2(]a,b[,R) of square integrable real-valued functions on the open
interval ]a, b[ is denoted by Lo := L2(]a,b[,R) and Hj denotes the usual Sobolev
space Hy = H¥(Ja,b[, R) := W*2(Ja,b[,R) of real-valued functions. The space Hy
is equipped with the classical norm | .||}, given as in (2.6).

For 1 < p < oo, the spaces LP(R; Iflk) and L?(R; Hy) endowed with the norms

1 1

+oo P +oo P

i = ([ N, @) holhogany = ([ o0l d)
2.7)

respectively, are Banach spaces.

We assume that the signal function ¢ — ¢(x,t) and the derivative function

0
t— —¢(x,t) have extensions to R belonging to the space L!(R,R), almost ev-
T

erywhere in [a,b]. We also assume that the given sources terms f, g, and g, have
extensions, which are still denoted by f, g, and gp, such that f € L™ (]a, b[; LY(R, [R))
and gq, g» € L*(R,R).

We recall that the Fourier transform g of a function g in L*(R,R) is given by

Bw) = \/LQ_F /_ :O e(t)e“tdt, =T,
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By using the Lebesgue theorem of the derivation under the integral sign, we obtain

Br. 9%

2 ww) = P(aw), Wa,w) la xR,

We apply the Fourier transform to the equation (2.2) together with the non-
homogeneous Robin boundary conditions (2.3) and we use the classical relation
0] .
7 _ iwg. Then we obtain the following Sturm-Liouville equation satisfied by the

t
photon density u(z,w) in the frequency domain

e (D@ P 4 () + E0l)) i) = Fio), V(o) €lan xR

Ox co
(2.8)
with the following non-homogeneous boundary conditions
u(aw) - %D(a)%w,w) = Galw), o)
2.9
o o2 —
u(b,w) + 2L DE) S (bw) = Gi(w),

where u(.,w) = ¢(.,w), F(,w) = f(.,w), Ga(w) = go(w) and Gp(w) = gp(w), are
the Fourier transforms with respect to the time variable of ¢(x,.), f(z,.), g, and gy,
respectively. In the literature, u is called the photon density in frequency domain
and F', G, and G} are also called the sources terms in frequency domain.

2.3. Weak variational formulation

Let u.(.,w) be a sufficiently smooth function satisfying the problem (2.8)-
(2.9), for instance wu,(.,w) is in Hy. Multiplying the diffusion equation (2.8) by
an arbitrary function v € ﬁl, and integrating over [a,b] with respect to the non-
homogeneous Robin boundary conditions (2.9), provides the following weak varia-
tional formulation:

Aw (us(,w),v) = Z, (v), VveH, (2.10)

where the sesquilinear form {lw : ﬁl X ﬁl — C and the semi-linear form %, : ﬁl —
C, are defined for all u,v € Hy by

Co

+2 (¢oua)v(a) + Gub)v(D))

A (u,v) = / bD(z)%(z)%d:c + / b (ua(z) + iﬂy(x)) w(z)v(z)dz

and

b
22 (1) =2 (C,Ca@V@ + GG + [ Fla (o
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respectively. Therefore, the problem (2.8)-(2.9) is equivalent to the weak variational
formulation (2.10).

From the Sobolev continuous embedding theorem, there exists a constant C' > 0
(depending only on a and b) such that

sup |u(z)| < C flullg,, VYue Hi. (2.11)
z€[a,b]

Using the Schwarz inequality and the Sobolev continuous embedding theorems, it
follows that there exists a constant Cy > 0 (depending only on a and b) such that

| Zo(v)] < M) [[vllg,, ¥ eH, (2.12)

where M(w) = Co (HF(.,w)nﬁz +[Ga(w)] + |Gb(w)|).

Therefore, the operator .Z,, : Hy — C is a continuous semi-linear form on ﬁl. Since
the functions D, p, and v satisfies (2.4) and using again the Sobolev continuous
imbedding theorem, it follows that there exists a constant C; > 0 (not depending
on the frequency w) such that

Ay (u,v) ] < CivV1+ cA12||u||ﬁl||vHﬁ17 Yu,v € Hi. (2.13)
It is obvious to obtain the coercivity bound
Re (Ay (u,u)) > allul? . Vu e Hy, (2.14)

where « is the positive constant given in (2.4).

Hence, from (2.13) and (2.14), the sesquilinear form A, : ﬁl Xﬁl — C is continuous
and coercive.

A well-posedness of the problem (2.8)-(2.9) is established in [3,4] by the following
theorem

Theorem 2.1. For a given frequency w € R, the problem (2.8)-(2.9) has a unique
solution u,(.,w) in Hy satisfying the following upper bound

M(w)

[, w)llg, < (2.15)

where the positive constants o and M (w) are given in (2.4) and (2.12), respectively.
Furthermore, if D € C'([a,b]), p,, v and F(.,w) are in C([a,b]), then u.(.,w) €
€?([a, b)) is the unique solution of the problem (2.8)-(2.9) in the usual sense.

2.4. Discretized forward diffusion problem

We discretize the interval [a,b] using equally spaced knots z; = a + ih, for
1=0,1,2...,n with zy = a,2,, =band h = (b—a)/n. Fori=-3,...,n+ 1, let
us consider a partition of (n + 5) nodes of the interval [a — 3h, b+ h]

T3<T o9<r1<a=20<x1 <To<...<Tp_1<b=z, <xpt1. (2.16)
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So, for a fixed frequency w in R, let us denote by @h the finite dimensional subspace
of Hs, given by

= {’u,h(.,w) S ﬁl : Uh("w)

The classical Galerkin approximation consists of finding an approximation wup(.,w)

€Ps, for 0<i<n-—1} (2.17)

[1iqzi+l[

of the analytic solution u.(.,w) as a solution in @h of the following discrete varia-
tional problem: ~
Aw(uh(.,w),vh) = Zw(vh) , Vv, € V. (218)

The solution u(.,w) of the problem (2.18) is written in the following form

= 7ni(w)Bi(x), (2.19)

i=1

where the zp, ;(w) are unknown complex coefficients depending on the frequency w
and (B;)1<i<n are the functions given by

Bi(z)33<z7§i4>, i=1,...,N,

with Bj is the classical cubic Spline with the support embedding in [0,4]. For more

details on the Spline we refer to [2,5]. The space V}, of solution given in (2.17) is
spanned by the Spline family (B;)i1<i<n-

By using the test function v, = Bj in the weak variational formulation (2.18), we
obtain

N
> mni(w)Ay (Bi, Bj) = Zu(B;), j=1,..., N, (2-20)
1=1

with

Ay (Bi, By) h2/ D(x)B!(2)B)(« )dx—i—/ab (ua(x)+ic—°;y(x)) Bi(x) B, (x)da

+2(¢,Bi(a)Bj(a) + ¢, Bi(b)B;(b)) ,

and
L(B) =2 LGBy ) + GG B 0) + [ BB

for all (i,7) € {1,...,N}2 Let A(w) = [A;;(w)] be the N x N matrix whose entries
are the complex coefficients

Aij(w) = Ay (Bi, Bj)
, let by (w) = (bp,1(w), ..., bun(w))T be the complex vector whose coefficients are
by, j(w) = Z,(B;) and let zn(w) = (Zn1(W),...,zn.n(w))T be the vector formed
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by the unknown complex coefficients appearing in the expression (2.19) of the
approximate solution w.p. The relation (2.20) leads to the following N x N linear

system
A(w)zp(w) = bp(w). (2.21)

where for all frequency values w, the coefficients zj, ;(w) appearing in the expression
(2.19) of the approximate solution u; are obtained by solving the linear system
(2.21).

3. Inverse problem for diffusion problem in optical tomography

In the following sections, we consider the Schwartz space 8(R; Lg) of functions
¢:teR— ¢(.,t) belonging to Ly and satisfying the conditions:

(i) ¢(.,t) € C*(R;Ly), VteR,

(i1) Ngm(¢) := supsup [(1 + t2)m HM

<oo, £, meN.
k<t teR otk }

Lo

The space 8(R;Ls) is endowed with the topology defined by the set of the semi-
norms family (Ng,m)em. The topological dual space 8'(R;Lsy) of 8(R;Ls) is the
Schwartz space of tempered distributions, namely the space of linear continuous
forms from 8(R;Ls) into R.

For every s € R, the non-homogeneous Sobolev spaces H*(R; R) defined by

~ +OO o~
H(R;R) := {¢ € 8'(R;R) : ¢ € L (R; a:),/ (1 4+ w?)%|o(., w)|?dw < oo}, (3.1)

— 00

is endowed with the topology defined by the norm given by

ol = ([ 02 Bwfas) (32)

The non-homogeneous Sobolev spaces H*(R; L) given by

~ ~ +OO ~
H¥(R;La) :={p € 8'(R;Ls) : ¢ € LZQOC([R;LQ),/ 1+ w?)*[[o(w)[|2 dw < oo},

is endowed with the topology defined by the norm given by

1
2

o0 .
ol = ([ 0+ 2RI ) (33)

— 00

For every (r,s) € R?, the non-homogeneous Sobolev spaces H*(R; H,) is defined by
replacing the space Ly and the norm (3.3) by H, and

1
2

+oo N
lolheny = ([ @ +PIBCIE av) (3.0

— 00
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respectively.
The product space L>°(a, b) x L>(a, b) xL*°(a, b) endowed with the L*°-topology
defined by the norm given by

10w, v, Wl oo = [l + [Vl + lIWllao (3.5)

is a Banach space.

In the following sections, we will study the inverse problem which consists
of the estimation of the optical properties from the flow measurements of ana-
lytic and computed solutions of the direct problem (2.8)-(2.9), at the boundary
of the domain. For given sources functions f, g, and g,, we denote then by
¢(z,s,t) := ¢[s](z, t) the solution of the forward diffusion problem (2.2)-(2.3) and
by u(z,s,w) := u[s]|(z,w) the solution of the forward diffusion problem in frequency
domain (2.8)-(2.9), with respect to the optical parameters s = (v, D, y1,). We will
demonstrate theoretical results concerning the inverse problem and describe a nu-
merical approximation of the parameters s = (v, D, p,) using the values of the
signal at the boundary of our computational domain.

3.1. Dirichlet-to-Neumann map

Let B be a subspace of elements Y = (¢,14,13) in H; X R x R satisfying the

following conditions
dp
pla) = 52 D(a) 2 (@) = o
, 380 (3.6)
5 D)5 () =1,

where 2 a_ is the derivative of ¢ € H; in the distribution sense. The subspace B
is equipped by the inner product and its associated norm induced by the Hilbert
space Hy x R x R. Also, for Y = (¢,14,15) € B, the norm of Y in space B is given
by
1/2
IYlle = (llellf, + ral® + u?)

Let B be the subspace of elements Y = (V,Za,2p) in B satisfying the following
conditions

e p@)% (a) = 2,

% %rv (3.7)

) Zp.

The subspace B is equipped by the inner product and its associated norm induced
by the Hilbert space H; x C x C. So, for Y = (V,Zas7p) € [B the norm of ¥ in the
space B is given by

~ 1/2
1715 = (Iv13, + lzal® + 12f?)

It is clear that the subspaces (B, ||.|g) and (B,,||. llg) are Hilbert spaces.
Define the nonlinear operator A by

A:se (L=(a,b])® — As € Z(La x R x R;R?), (3.8)



168 M. ADDAM

where £ (Lo x R x R; R?) is the space of linear operators from Ly x R x R to R?, and
As is the Dirichlet-to-Neumann (DtN) linear map corresponding to s = (v, D, p,,)
given by
As @ Ly xRxR— R,
0
D)9
b
— —(b,s,t
D)2 b,5.1)
(2

.3) and (3.9) we obtain

(a, s, 1)

(f("t)aga(t)’gb(t)) — , (3.9)

where ¢ € [0,T]. So, by using the boundary conditions

Al Bt an(e) = (g (s 7)), (3.10)

Now, define the non-linear operator A by
A:s e (L2([a,b],R)® — As € Z(Ly x C x C; C?), (3.11)

where Z(Ly x C x C; C2) is the space of linear operators from Ly x C x C to C2, and

the Dirichlet-to-Neumann linear map Ag corresponding to s = (v, D, u,) is given
by

As : LyxCxC—sC?

D(a)=—(a,s,w)
(F(.,w), Ga(w), Gp(w)) — oz , (3.12)
D)5 (b5.)
where w € R be a frequency value and u(.,s,.) denote the solution the problem

(2.8)-(2.9). So, by using (3.12) and the boundary conditions (2.9) we prove that

RelF(a) G G = G2 G =@ ) )

The linear map /A\s is an analogue operator of the linear operator Ag given in
(3.9). Tt describes Fourier’s law in the frequency domain. The operators Ag and
A associated to s = (v, D, u,) are the detectors of the output flow measurements
at the boundary {a, b} of the domain [a, b].

Proposition 3.1. For a given frequency w € R, the linear map /A\s is characterized
by the following duality product

(As(X (W), (V,Zar 7)) / F(z,w)v dx—/ D(z)=— (z,s w)%dm
_ /ab (ua( )+ gu(x)) u(z,s,w)v(z)de + D(a) (Ga(w) — u(a,s,w)) %(a)
v, .

+D(b) (u(b’saw) Gb( ) az(b)a (3'14)
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for all (v,2q,2) € B and for all source functions X (w) = (F(.,w), Ga(w), Gy(w)) €
Ly x € x C, where u(.,s,w) € Hy is the solution of (2.8) — (2.9) corresponding to
the source functions F(.,w), Gq(w) and Gy(w).

Proof. Let us denote by G, the following duality product

§ = <Xs (F('aw>aGa(w>aGb(w>>7(V7Zavzb>>
= D(a)%(a, S,W)Zg — D(b)%(b, S, W)Zp-

By using the boundary conditions (3.7), we obtain the following equality

5 = Dlgrase) (v - 3o >§;<a>)

=D(b) 5 (b, w) (v(b) ﬁbD )

= D) (a5, )(@) - D<b>g;;<b s, V(D)
fD(a)%(a,s,w)% (a)%(a) (3.15)
—D(b)%(b,s,w)%D(b)%(b). (3.16)

D(a)g(a,s,w)v(a) - D(b)a(b s,w)v(b)
(3.17)
b iw —
= 7/ <Na( )+—1/(:c)) u(z,s,w)v(x)de
Co
v, .
/ D(z)—(z,s w)ax (x)dx (3.18)
+/ F(x,w)v(x)dz. (3.19)
Using the boundary conditions corresponding to the solution u(.,s,w), we get
%asw& a@a = D(a) (u(a,s,w) — w@a
D(a)agu( S, )%D( )%,5( ) = D(a) (u(a,s,w) — Ga( ))aavx( ); (3.20)
D(B)S2(b,5,) 2 DB) o (5) = D(B) (Go(w) = ulb,s,)) S (B).

Substituting the identities (3.17) and (3.20) into (3.15), the expected result (3.14)
holds. O
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In the following theorem, we will show the continuity of the linear operators As
and Ag with respect to optical parameters s = (v, D, p1,,). Let us denote it by

S =% (F,G),
where

F=HYR;Ly) x HY(R;R) x H}(R;R)

and
G=H"1'R;Ly) x HYR;R) x H}(R; R),

the space of the linear and continuous operators from

H Y (R;Ly) x HY(R;R) x HY(R;R) to HY(R;Ly) x H}(R;R) x H}(R; R),

and
% =2 (F.G),
where N R
F=H"1'R;Ly) x HY(R;C) x H*(R; )
and

G=H'(R;Ly) x H'(R;C) x H(R; C),
the space of the linear and continuous operators from
H '(R;Ly) x HY(R;C) x H'(R;C) to  H '(R;Ly) x H '(R;C) x H (R; C).

We denote by || . ||, and || . || z the usual norms of .#5 and 2 , respectively.

So, we introduce the following notations. Let X = (f, g4, 9) € H (R, Lg) x
HY(R,R) x HY(R,R), we set X (t) = (f(.,1),ga(t), gs(t)) for all t € [0, T]. Denote
by

1/
10 = (1 B2ty + 19alEs oy + N9l o2 )

the norm of X the space H™1(R, Ly) x H-}(R, R) x H"! (R, R). Analogously, let X =
(F,G,,Gp) be an element in the product space H™(R, Ly) x H71(R, C) x H~ (R, C),

and for w in R, we set X (w) = (F(.,w), Gq(w), Gp(w)). The norm of X in the space
H-'(R,L,) x H(R,C) x H™'(R, C) is given by

~ 1/2
RN = (1P g,y + 1GallE i me) + G wey)

Theorem 3.2. Let f € H Y(R,La) and ga, g, € H (R, R) be given source func-
tions. Let s1 = (v1,D1,041) and sa = (va,Da,042) be two functions in
(L>°([a, b],R))? with their components satisfying the condition (2.4) and let uy = 51
and ug := $2 be the solutions of the diffusion problem (2.8) — (2.9) with respect to
the parameters s1 and so, respectively. Then, there exists a constant C > 0, inde-
pendent of s1 and sz, such that
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(i) llus = willy-2g m,) < ClX sz = s1ll

(i1) 165 — d1lli—(g11y < CIX N sz — 51l

o~

(iir) |[As, = As, [l < [[As; — As, [l 2 < Clls1 — s2|oc-
Proof. Let w be a given real frequency.

(i) We consider two solutions u;(.,w) and us(.,w) in Hy of the diffusion problem
(2.8) — (2.9) with respect to the parameters s; = (v1,D1,041) and sg =
(v2, Da,042), respectively. The difference w(.,w) := ua(.,w) — u1(.,w) is the
weak solution of the following problem

,a% (DQ(x)Z_‘;’(z,w)> + <Ja2(:c) + iﬂl/g(fﬂ)) w(z,w) =

co
5 (02 = D)@ G0 @21
- <(0a2 —0a1)(x) + ic_c;J(V2 - V1)($)> up(x,w), (3.22)
with the following non-homogeneous boundary conditions
wmm—%am%%mw =5 (Pal0) - D) G,
W0b,) + LD S0, =~ (D) = i) G20

Multiplying the equation (3.21) by w(.,w) and integrating over [a, b], by using
the conditions (3.23), we obtain the following equation
2

b - b ,
Bi(w,w) = /Dg(x) g—x(x,w) dx—i—/ ou2() |w(z,w)|” dz

. b
+= [ va(@) fwla, @) do + 2 (I, @) + G, w(o,w)l)
0

a

N -
= 7/ (DQ—Dl)(z)%(x,w)g—‘;(x,w)du’c

b
—/ (0a2 — 0a1)(x)ur (x, w)w(z, w)dz

w [°
- (VQ - V1)(.’L‘)’U,1 (ZC,W)W(.T,LU)CZZE,
Co

a

we have

our Ow

- (x,w)‘ ‘%(x,w) dz

wmmwns/Nabenun

iw

(002 = 0a1)(z) = (2 = v1)(@) [ur (@, W) [w(z, w)| dz.
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The inequality tita + t3t4 < (t; + t3)(t2 + t4) for positive reals numbers

t;(i =1,...,4) implies that there exists a constant C; > 0 independent of w
such that

|B1(w,w)] <C1(]|D2 — Dilloc + V2 — V1]loo + |0a2 — Tailleo) V1 4+ w?
8u1

(12 0] s ) (|22 o] + o) o
[ (G| s mea)

The Cauchy-Schwartz inequality gives

|Bi(w, w)| <2C1V1+w? (|D2 — Dillec + lv2 = villoo + l0a2 — 7ai1ll0)
x lw(,w)llg, lui(w)llg, - (3:24)

Also, we have

2

ow

b b
|B1(w,w)]| 2/ Do (x) %(x,w) dz+/ Caz(z) |w(z,w)|* dz

+2(Culwla @) + ¢ (b)) = aIw(z,w) I, (3:25)

where « is the constant appearing in (2.4). From (3.24) and (3.25), it follows
that

alwi,wllg, < 200vV1+w?([[D2 = Dilloc +[lv2 = vifloo) lus (- w)llg,
+2C1V 1+ w? (02 = dalloo) lua (-, w)llg, - (3.26)
Combining with the inequality (2.15) of Theorem 2.1 and (3.26) we get the
following inequality
(@)l < 2T (1FC @), + 1Ga@)] + Gy ()
X |ls2 —s1l, (3:27)

where Cj is the positive constant appearing in the expression of M (w) given
by (2.12) and (2.15). Thus, using the inequality (t; +ta+t3)% < 3(t3 +t3+13)
for reals numbers ¢;(i = 1,2, 3), we obtain

2CoC
uz(w) —ur (W), < 3( oCy

(%

)<1+MWXWMHw—w&,
(3.28)

and this implies the following equivalent inequality

2CoC1
(14022 ua(ow) —w ()3, < 3( 0?21) s — 512

X(L+ W) X @) (3.29)
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To achieve the proof of Item i), we integrate the inequations (3.29) over R
with respect to w by taking into account the definition of the norms in (3.2),

(3.3) and (3.5).

Multiplying the inequality (3.28) by the weight function w —— (1 + w?)™2

and integrating over R with

lé2 = &1l (g 1y

and which proves Item (ii).

respect to w, we obtain,

2v/3C,C,4
< (a—> 11 sz = s1l.c

As in Item (i), we consider two solutions us(.,w) and u;(.,w) in Hy of the
diffusion problem (2.8) — (2.9) with respect to the parameters s; and sg,

respectively. Let Y = (v,z4,2,) where v is a function in H; satisfying the
trace boundary conditions (3.7). According to Proposition 3.1, we get

o~

<(KS2 - ASl)X(w)a }/}> =

8u2 aV

b
- [ 2= D)) P ) g @)

b
- / (o — f1a1) (@)t (2, )7 (@) e

iw [° (),
—— [ (va —vi)(@)uz(z, w)v(z)ds

Co
b — U1 A%
—/ Dﬂx)%(m,w)%(m)dw
b

- / oa1(x)(ue — uy)(z,w)v(x)de
. b

e v1(x)(ug — uq)(z,w)v(x)de
Co Ja

+ D1(b)(uy — usz)(b, W)%(b)

~ Dia)r — uz)(a,) g (a)

+(Di(b) — Dafb) (ualb, ) — Col)) 3 0)
ov

+ (D1(a) = Da(a) (Ga(w) — uz(a,w)) 5-(a).

Taking into account of (2.11), there exists a constant C7 > 0 such that

Dy (b)(ur — w)@»d)%(b) < CiDiflooll(u2 = un) (s w)llg, Vg, -
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’Dl(a)(m - w)(d#ﬂ)%(a) < il Dilooll(u2 = un) (s w)llg, IV, -

(D1(0) = Da(o) (a0 = Gofe) G (8)] < CrIDa = Dallc sl ¥,
G105~ Dill el ¥l
v

‘(Dl(a)—Dz(a)) (Ga(w) = uz(a,w)) 5 (a)] < Cif| D2 = Difloclluz(, w)lg, v,

+C1[|D2 = Dilloo|Galw)| Ivlg, -

It follows that

o~

b
PN ~ ov
(Res — Re) X(w), 7] <[ D2 — Diloc /

8u2
- 72 (%)

- (x,w)‘ dz

b
a2 — 7t [l / iz, w) v ()| dz
b
VI | — vl / fuz (2, )| [v ()| dz
°19(ug —uy) ov
+HD1||oo/a T(maw)’ %(‘T)
b
+ [allos / (42 — w1) (@, w)] [v(2)] do

b
FVIF o [ (2 =)o) (@) de
+ 20Dt (02 = )l IV,
+CillD2 = Dillc2lun()lg, IV,
+C1D2 = Dl (Galw)| + [Go@) ¥, -

dx

Since v, D and p,, belong to L>°([a, b], R), then there exists o > 0 such that

0 = max{[|V]|oc, [ Dl loall oo}
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and using the norm (3.5) we obtain

|<A527X51))?( }/} \4 1+w2|‘52751||00

8u2 ‘ ‘

VT T 52 — 51]|os / s (2, w) | [v(x)|dz

’LLQ*’U,l H

1+ w?

FoV/TTa? / (2 — 1) (2,w)] V()| da

+2C10l|(ug — w1)(,w)llg, Ivilg,
+2C Dy = Di|oollua (s w)llg, Vg,

+Cills2 = s1lloo VI + @2 F(, W)l Ivllg,
+C1lls2 = s1lloo V1 + w?|Ga(w)| [IV]g,
+C1lls2 = s1lloo VI + w?|Gp(w)] V],

Using again the inequality t1ts + tsts < (t1 + t3)(t2 + ta) for positive real
numbers t;(i = 1,...,4), we obtain

Ry, — R R (), )] <

Vizas -l [ (|52 + o) (|5
roviTe [ (|2 ] + 0z =)o)
y (E(m) +|v(m)|) do

+2C10V1+ 2| (uz = w) (@), VI,

+ 201V 1+ w28 = sillocllua()lIg, Vg,
+Cillsz = sillooV1T+ 62 (IF(, @)z, + 1Ga()] + Go(@)]) V],

+ v(z )|) dz

From the Cauchy-Schwarz inequality, we obtain

[(Rex = Re) X (@), D] < 201+ COVT+ 623 = silloclluz(, @) I, v,
+ o1 +200) VT + | (uz = u) () g, IV]lg,
+Cillsz = slloo V1 + 62 (I1F( @) g, + Ga(w)] + Go(@)]) Vg, -
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Let Co = max{2(1+ C1), o(1 +2C1)}, then we have

o~

[(As, — Ae)) X (), V)] <C2V1+w?|[v]g, lIs2 — sallolua(. @) g,

+ [ (2 = w) (W),

+ Cg\/l—i——uﬂHVHﬁlHSQ - S1||ooHF(-,W)Hﬁ2

+ Cg\/l—i——uﬂHvHﬁl l[s2 = s1lo0 (|Ga(W)| + |Gr(w)]) -

Using (2.12), (2.15) and (3.27) of Item (i), there exists a constant Cs > 0
such that

~

[(As, — Ke)) X (@), V)] <C3(1 +0?)|v]g, lls2 — stllool FCw) g,

+ C3(1+w?)|vlig, 82 — s1lleo (|Ga(w)] + |Gy(w)])
<Cs(1+w?) (IIF( @), ) s = sill=1Vllg
+C5(1+w?) (|Ga ()] + [Gy()]) 152 = 51100 | ||3-

Then, the following inequality

~ ~ ‘

< Gslls2 = sifleo(1+w?)IF (. w)llg,

LoxCxC
Cslls2 — s1[loo(1 + w?) (|Ga(w)] + [Go(w)])

holds. Using again the inequality (¢; + t2 + t3)? < 3(¢ + t3 + ¢3) for reals
numbers t;(i = 1,2, 3), it follows that

o~ ~ ~ ‘

1+~ |Re - A)X @) <3C3IX @) lIs2 =1l - (3:30)

LyxCxC

Integrating the inequality (3.30) over R with respect to w holds the following
inequality

o~

| R = R X < CavBIX 52 =51l
Now, by using the Parseval identity, we may write

1 - <~ 3
— = — — < — — (0.
(A, = As) X = —= (R, = Re)X | = Coy 5 11X 2 = sl -(331)

/3
Thus, there exists a constant C' = Cs or such that
T

[As; = As, |2, = S [(As, = As)) X[l < Cllsz = sl (3.32)
X||=1

which concludes the proof of Item (iii). O
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3.2. Fréchet derivatives and adjoint diffusion problem

Now, we will study the Fréchet derivatives of the DtN. Let s = (v, D, 0,),
h = (hi,he,hs) and § = (vg, Dy, 04,) are available such that s = § + h. Let’s
consider ¢ and ¢, the analytic solutions of the problem (2.2)-(2.3) with respect
to the parameters s and §, respectively, and with the source functions X (t) =
(f(,1),9a(t), gp(t)). The difference 1 = ¢p— ¢, belongs to Hy C Hy. Let’s consider u
and ug the exact solutions of the problem (2.8)-(2. 9) with respect to the parameters
s and §, respectively, and with the source functions X (w) = (F(.,w), Ga(w), Gy(w)).
So, the difference w = u—uyg belongs to Hy C Hy. Let us consider Y = (p,1q,1p) and
V= (V, Za, 7p) belongs to B and B respectively. We consider the non-linear maps
T :s e (L([a,b], R)? — Ts € L(Ly x R2,R?) and T : s € (L>([a, 8], R))* —
T, € X(Lg x C?,C?) satisfying the duality properties

e x0.7) = (D@ s+ @20y,
- (D( )gw (b,8,t) + ha (b)%) r,,  (3.33)
and
L O e

- (D(b)g—Z(b,s,w) + m(b)%) 7, (3.34)

respectively. We have

((Tsh) )?(w),fﬂ = —/abD(x)E(x,w)%dx
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We notice that the function w = u — ug € ﬁg satisfies the non-homogeneous
equation

> (P05 @) + (0ulo) + E(a) ) wie)

_£ Co
= —ic—tshl(x)uo(x,w) + % (hg(l')%(,@,bd)) — hs(z)uo(x,w), (3.35)

with the non-homogeneous Robin boundary conditions

B @ (aw) = Beny@) 2 (g,
w(a, w) 3 ( )ggv( W) Qﬂz ( )affui ,w), (3.36)
w(b,w) + ?D(b)%(b,w) =7 hg(b)%(b,W).

Theorem 3.3. Let w be a real frequency. Let X = (f, ga,gp) be in H71(R, Ly) x
HY(R,R) x H" (R, R), with the notations and assumptions of Proposition 3.1 and
Theorem 3.2. There exists a constant C > 0 such that

0) ||(Re = Ra = Tah) K@)||_ < Clhllaev/TFe? [l(u = u0)() g, -

LoxCxC —

(i) [As — As — Tshl g, = As — Ag — Tsh

vord P o LI ¥

N N 2 Lo 2T N
Furthermore, Ys := AL is the Fréchet derivative at § = (vo, Do, 0a0) of As
with respect to (v, D, 0y).

(iii) The derivatives A} and A have the following Lipschitz-continuous property,

2 . ~ ~ .
||A/S—Alg||32§0\/j||s—s||oo and ||AL = Ry <2C fIs ~ 8]l
s L

(iv) If D(&) = Do(&), for all £ in {a,b}, then the linearization T\;h s given by

R a)2¥ (a,w
(A;h)X(w) = < Djé(z)))ag—;v(( ,cj) >

where w is the solution of Eq.(3.35)-(3.36).

Proof. Let w € R be a fixed frequency.
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(i) We have

(B = B = Tuh) Rw), (20 =

[ (o + Era@)) - o @

b u—1u v
— / hg(x)%(z, w)%(:c)dz

+ha(a) (uo —u— %Do(a)%) (aaw)%(a)
+20) (1= w0 - Lo 52 ) 0.5 0).

8u0

Let v(§,w) = %Do(f)—z(f,w) for £ = a or b, we use similar arguments as

in the proof of Theorem 3.2. We get

(R - Re = Tat) K. 7] < Dl (- w0 =) ()] | 520
Hlallo [t — = %) (a,)1| 92 @)

Hhloo V1 + w? /ab W(Lw)‘ ( 8\(;_(;) + |V(ac)|) dx
+||h||oo\/1+w2/ab|(uuo)(z,w)| ( 32? +|V(z)|> daz.

Using the Cauchy-Schwarz inequality and according to (2.11), there exists a
constant Cq > 0 such that

[((Bs = Re = Tsh) K(w), V)| < 2lloov/T+ w7 (= uo) (), I¥llg,
+ Cil[hlloo [I(uo —u=v) (w)llg, Vi,
+ Cillhlloo [[(uo —u =) (W), [IVg, -
According to the inequality (3.26), there exists a constant Co > 0 such that
o|[(uo —u =) w)lg, < CaoVT+w?||(u—uo)(.,w)lg, - (3.37)
It follows that
[((Re = & = Toh) K@), 7| < Callblloe £ @) 1 = ) () I, 17 o

where C3 = 2max{l, %} is independent of w, s and § and
fw) =+v1+w? Thus, for H}A/HﬁQXcZ =1, we have

|(Aa =B Tan) K@), < CollilloeVIF 2 [0 = wo)0) g, -

LoxC
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By using the inequality (3.28), we obtain

—~ —~ ~ ~ 2
(4072 (Ra - Ra = Ton) Rw)| ., <CIBICIFC 0,
+ ORI %] Ga ()]
+ C?[IhlI%|Go(w)

where C? = 3C% (2(’;‘[’—201)2 Integrating over R with respect to w and using
the Parseval identity, we obtain

I(As — Ag — Ysh) X| Re—Rs—Tan) X|

1
7=
< V%nhnzo (17 sy + 96a.0))

where g(a,b) = [|gallf-1 & &) T 195lf-1 & %)

I8 = A = Tehl, = <= s <o bl (339
2
Set s —§ = h, using Item 2, we have
IAsh = Aghllg, = ||A —As - TAhH% HlAs —As =T hH,se
- 27'(' \/ 271' H 32
< i+ % Inlz, = cf Al
27 2m m
It follows that
/ / 2 A
[As = Agll g, < C\/; Is = 8co- (3.39)
By similar arguments, we prove that
|R - Ry <2C f1s 8. (3.40)

If D(¢) = Dy(€) for all € in {a,b}, then ha(§) = 0 and form the Eq.(3.34)

come

<(Ysh) Xw),Y) = D(a)g—Z(a, S, W)Za — D(b)g—Z(b, s, )7,

for all Y = (v,2q4,2) € B, where w is the solution of Eq.(3.35)-(3.36).

This concludes the proof. O
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Theorem 3.4. Let w be a fix frequency, 8 = (vo, Do, p,,) and s = 8 + h be two
optical parameters where h = (hy, ha, hs) is the vector of perturbations. We assume
the conditions

D(a) = Do(a) and D(b) = Do(b), (3.41)

hold. Let (K;h) : Lo x C x C — B be the Fréchet derivative of the operator of As,
then the adjoint operator (ALh)* of ALh is given by the following duality product

), (30) v = | b () - 1a(o) v o )inte e

Co
b * 9.,
7/ hg(z)%(z,w)%(x,w)dz, (3.42)

where u* is the unique solution of the adjoint equation:

2 (D(x)%i (:c,w)) + (ua(z) - %) W (z,w) =0 for «€lab,

with the non-homogeneous boundary conditions

Ba

our(a,w)

u*(a’aw) - _D(a’)i = Za(w)v
B 8u*?bx w) (3.43)

where Y*(w) = (u*(.,w),z5(w), 2z (w)) € B. Furthermore, the adjoint of ALh is
given by

L C—u*(,w)uo(.,w)
(ALh) V() = Cou 7 (3.44)

Proof. The adjoint of this linearized equation Eq.(3.35) can be derived using the
integration by part

/a ' (%W@,w) F o)l ) - o (D@)g_:(””’w))) (o)

D(b) (%(b,w)u*(b,w) - w(b,w)%(b,w)) +

D) (G i) - wiaw) G (0
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Using the assumption (3.41), we have ha(a) = ha(b) = 0, then the equation (3.34)
implies
<(X’ h) (W), P*(w)) = D(@) 2 (a,8,0)70 (@) — DB) Y (b, s, w7 @), (3.45)
S ) alC » a a.’I] " b

An immediate consequence of the theorem 3.3 is as follows

((Reh) (), Y* (@)

Il
\
>
=
—~
8
~
<
o
—~
&
£
<
—~
&
&
~—
QU
S

= (X (w), (ML) Y*(w)).
Thus

. iy @) = | b (Em) - @) ) w (o)l wida

Co

b « T
—/ ha(z) du (x,w)%(x,w)dx,
" x

which achieves the proof. a

4. Computed solution for the inverse problem

4.1. Discretized inverse problem, Tikhonov regularization and Newton
method

The inverse problem treated here, consists of an estimation the parameters s* =
(v*, D*, %) around an observed optical parameter § = (vg, Dy, f1,0). The nominal
valued vector function § is composed by the observed optical parameters vo, Do
and p,o. We assume that N source terms X, (.,w) = (f;(.,w), gaj(w), gv; (w)), for
1 < j < Ny are available. Consider the cost functional J given by

s

3+ (L2 8] R))° — 0,400l 3(5) = 3 |[Ra(Xs() = Rl () g (4)
for all s = (v, D, ) € (L ([a,b],R))*. For every 1 < j < N,, we have
Ro(X; (5 w)) = Rs(X; (5 w)) = (T2j-1(8), Tos(s)
where
Dya(s) = D)5 (a5,0) — Dola) 5t(a,5,)
= 2, (u5(a,5,w) — uj(a.8,0)),
Dasls) = D) G2 (b5.) — Dolh) J(0,8,) = 26, 1y (br5,) — s (b, 8,)).
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Let u,(.,s,.) and u;(.,8,.) denote the exact solutions of the problem (2.8)-(2.9)

with respect to the sources term X ;(.,w) and the parameters s and §, respectively.
For j =1,..., N, we have

uj(a,s,w) = uj(a,8,w)+cq;

uj(b,s,w) = uj(b,8,w)+ ep;

where €45 and e; are the noise perturbations due to the beam measured at the
boundary a and b for a given source term X j(.,w). In general, measurement of
u;j(z,s,w) may be not possible, only some observable part I'y;_1(s) and I's;(s) of
the actual state u;(z,s,w) may be measured. Also, the cost functional J is given
by

9s) =S M) (4.2)
=1

The objective of the inverse problem is to find the vector parameter s, in the
domain [a, b], that minimizes the cost functional (4.2) over all possible s in [a, ]
subject to u;(x,s,w) satisfying the diffusion problem (2.8)-(2.9) with the source
terms )A(j(.,w) forall j =1,..., N,.

So, we consider s, as the solution of the following minimization problem

s, = arg ( min g(s)) . (4.3)

s€ (Lo ([a,b],R))3

Now, we consider the new discretization of the interval [a, b] using equally spaced
knots x; = a+ih/, for i = 0,1,2...,n’ with 29 = a,2,y = b and ' = (b —a)/n’.
For i =—3,...,n' + 1, let us consider a partition of (n’ 4+ 5) nodes of the interval
[a—3h", 0+ 1]

T3<T o<z 1<a=x0<x1 <Top<...<Tp_1<b=xy <zpi1. (4.4)
Consider the following space S/ given by
Sh = {sw € C*([a,b]) * S|(g;01,a) € P, for 0<i<n/ —1}, (4.5)

where Ps is the space of polynomials of degree < 3. It is well known that the
dimension of the subspace S, is m = n’ + 3. We use similar notations by consid-
ering the classical cubic Spline as a basis By, ..., By of the subspace Sp,/. Here,
(Bi)1<i<m denote the Splines associated with the given partition. We have

Bi(z) = B; (m) ci=1,...,m, (4.6)

where ;4 = a+ (i —4)R/, for i =1,...,m. We use the piecewise approximations
for s = (v, D, ui,) in the cubic spline basis (B¢)1<s<m as follows

vi(z) =Y viBe(z), Dp(z) = diBe(x) and pigp () = pa,Be(x). (4.7)
=1 =1 =1
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The functions vy, Dy and p,;,, belong to the space Sp.

Let 8™ = (U1, .., Uy diy -y iy fg1s - - - 5 flap) . De a vector in R3™ with the com-
ponents are the coefficients given in the discrete compositions (4.7). Thus, we get
a relationship between the continuous and the discrete cases

0 : (L>=([a,b],R))*> — Sp x Spr X Spr — R3™

4.
S — sp — O(s) :=s™. (48)
Now, we consider the discrete cost functional s™ — J(s™) given as follows
2N,
JiR™ — [0, 400, ™ J(s™) = [[R(s™)[3 =D [Ru(s™) [, (4.9)
=1
where R(s™) = (Ri(s™),Ra(s™),...,Ran, (s™))T € C?V: is the vector of noises
given by
Roj-1(s™) := 2¢, (un;(a,s™, w) — u;(a, 8", w)),
(4.10)
Ra; (s™) := 2, (un;j (b, s™, w) — u; (b, 8™, w))
for j =1,...,Ns and up;(.,s™,.) is a solution of the direct problem with respect

to the sources term X;(.,w), and u;(a,8™,w) and u,;(b,8™,w) are the data mea-
surements at the boundary a and b for given source terms )A(j(.,w). The norm
[IR(s™)]|2 is the residual at s™. The discrete minimization problem associated with
the problem (4.3) is

W =arg min J(s™). (4.11)

smeR3m

The problems (4.3) and (4.11) are ill-posed problems. In order to diminish the
effects of the noise in the data, we replace the original problem (4.11) by a bet-
ter conditioned one. One of the most popular regularization methods is due to
Tikhonov [18]. The method replaces the problem (4.11) by the following uncon-
strained optimization problem

S

Sm

*

=arg min Jy(s™), (4.12)

smeRSm
where the typical cost functional Jy is
s™ e R — Jy(s™) == |R(s™)||2 + A [|s™ — ™3 (4.13)

and the discrete parameter §™ is a nominal vector. The coefficient A > 0 is the
regularization parameter to be chosen and §™ is the coefficient of an observed
nominal parameter § in the Spline basis functions.

Since the function Jy is Gateaux-differentiable and convex it follows that s is
a solution of the unconstrained optimization problem (4.12) if and only if

VIA(s™) = 0. (4.14)
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The Hessian V2Jy(s™) is positive semi-definite for all s™ € R*™. The Newton
iterations consist of generating a vector sequence (sp')x from a guess s{* in a neigh-
borhood of s and the next iterations are computed from the scheme

—1
Skm—i-l - Skm — Nk [V2J)\k (Skm)] VJ/\k (Skm)v k=0,1,2..., knaa,

where 7, is backtracking strategy coefficient. Let dr, be the decent direction, di is
a solution of the system

(V205,52 dy, = =V (). (4.15)
We get the following iterations scheme
Skl = Sk +77k67k, k=0,1,2..., knas-
4.2. Computation of the Jacobian and the Hessian

Taking into account the expressions in (4.7), then V (i,5) € {1,..., N}?, the
coefficients A;;(w) of the matrix A(w) may be written in the following form

1 ¢ ¢ N ¢
Aij(w) = EZdeDz('j)JthMaéUz('j)
=1 =1

h m
+i“c’— S v U +2¢,Bs (i +4)Bs (—j +4) (4.16)
0 =1

+2¢,Bs (n—i+4)Bs(n—j+4), (4.17)

where Dl(.f) and Uz(f) are given as

n I
(¥ :/ By <%(Te+4)) By(r — i+ 4)BY(r — j + d)dr,
0
(4.18)

n h/
Ul :/ By <E(T€+4)> Bs(r — i+ 4)Bs(7 — j + 4)dr,
0

respectively. Let Dy, and Uy be the matrices of size m x m with coefficients Dz(f)
and Ul(.f) respectively. Thus,

dDy¢ +h Ug+i— Uy +2 4.19
;e 0+ ;uae e+ ;w ¢ +2Q, (4.19)

Alw) =

SRS

where Q is a matrix with coefficient

Qij =CaBa(—i+4)Bs (—j +4) +(Bs(n—i+4)Bs(n—j+4).

Let 8™ = (S1,.cvyeney 53m)T be a generic vector in R3™. The first derivatives of
(2.21) with respect to the coefficients sy are given as follows
Ozp(w)  0A(w) Obp(w)
A =—" (=1,...,3
(w) aSZ + 88@ Zh (w) 58@ ) ) , Ol1l,
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and, the second derivatives are given for all £,/ =1,...,3m as
2 2 2
O0A(w) Ozp(w) +A(w)a zp(w)  OA(w) Ozp(w) O A(w)Zh W) = 0 bh(w).
685/ 685 6851685 685 685/ 6851585 6851685
2
Since by (w) is independent of s, then we have bn(w) = 0 and 9 w) =0. It
Sy 6851685
follows that
Oz (w) -1 0A(w)
o ) (1.20)
and
0?2z (w) _ 0A(w) , _ 0A(w)  O0A(w), _ O0A(w)
=-A"! At At (4.21
6851685 (w) 5851 (w> 585 + 585 (w) 685/ Zh(w) ( )
. . ... 0A(w)
By using the relations (4.19), we compute the derivatives forall1 < /¢ < 3m,
s
from the following expressions
PA(w) 1w—hU¢, 1</ <m,
w co
Dse %De,m S mt1<0<om, (4.22)
hUp_om , 2m+1</{¢<3m,
By using the (4.22) in (4.20), we obtain
hw
—i— AN W)Uz (w), 1<£<m,
Ozn(w) _ 1 4.23
0s; | AN @)D wm(w), m+1<0<om, (4.23)

)
—hA N W)Uy _omzp(w) , 2m+1</¢<3m.
For j =1,...,Ng, let X;(.,t) = (f;(.,1), ga;(t), gn; (t)) be the j" sources term, then
the corresponding solution up;(.,s™, w) is given by

N
upj(x,s™ w) = Zzgé(w)Bk(x), Vo € [a,b], j=1,..., Ns.

By using the Fréchet derivative, we compute the Jacobian matrix K(s™) of the
vector valued function R(s™) as the 2Ny x 3m matrix with the entries are given by

K, (s™) = %ﬁj), ¢=1,..3m and j=1,...,2N,. (4.24)

Denote the vector pu(x) by

o(z) = (B1(z), Bo(z),...,Bn(2)", Va € la,b].
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Using the relations given in (3.12) and (3.13), we obtain

R2j—1(sm) = 2Ca (Uhj (aa Sm’w) — Uy (a’ s, w))

N N
Since up,;(a,s™,w) = Zzg;@(u))Bk(a) and up;(b,s™, w) = Zzg;@(w)Bk(b) then

k=1 k=1
we have
N 5,0)
. 02/}, (w)

IR, j—1(s o ouy, m o h.k

#() = 2(, pot (a,8™,w) = 2§az TseBk(a)’
k=1 _

O (™) o N 929 (w) J=1,...,Ns.(4.26)
B = 205 (05" w) = 20,30 — 5 = Bilb),
k=1

Now, using the explicit expression (2.19) of up;(a,s™,w) and up;(b,s™,w) in the
equations (4.26), we get

BRgu,l m Bz(j) w
JBT(S) = 2Cag(a) gsi )
. j=1,...,N,. (4.27)
ORg; (s™ 929 (w
HH =200
. . . ngj)(w) .
Therefore, using the equations (4.23) for the expression in (4.27) we com-
Se
pute the Jacobian matrix K(s™) for our calculations. And, for j =1,..., N, we
have
hw -1 (4)
—2¢,i—o(a)A7 (w)Upz” (w), 1<€<m,
ORgj_1(s™) 10 W) (4.28)
Dsy - 72§GEU(G)A71(Q})Dg,mZhJ (w), m+1</¢<2m, :
72§aho(a)A71(w)U4,2mZ§f)(w), 2m+1</<3m
and
 fw -1 ()
—2¢i—o0(b)A™ (w)Upz; ' (w), 1<4<m,
ORa;(s™) _ 1 - 4.29
ds; —2§bgo(b)A_1(w)Dg_nglj)(w), m+1</¢<2m, (4.29)
—2Cho (DA (W) Up_omz!? (w), 2m+1< €< 3m.
aJ(s™)\ " dIx(s™)\ "
The gradients VJ(s™) = ( (s )) and VJy\(s™) = <£> of
Ds¢ 1<0<3m Ds¢ 1<£<3m

the cost functions J and Jy, are given for all s™ by

VI(s™) =2K*(s™)R(s™) and VJ,(s™) = 2K*(s™)R(s™) + 2A(s™ — §™)(4.30)



188 M. ADDAM

respectively.
XK 82R; (s™)
Let H(s™) = K*(s™)K(s™) + E(s™) where Egp(s™) = ;Ri(sm)m, 1<

¢,¢" < 3m. It is obvious that there exists a constant C' > 0 such that for all
s™ € R3™ and for all h € R3™ such that

[ VIA™ +B) = VIa(s™) = 2 (H(s™) 4+ Als) || < CJA |

92T 5 (s™)

Then, the Hessian matrix V2Jy(s™) = ( >
Ds¢0sp 1<0,0'<3m

is given for all s™ by

V2IA(s™) = 2 (H(s™) 4 Alay,) = 2K*(s™)K(s™) + 2E(s™) 4 2A\I3,,.  (4.31)
Since E(s}") =~ 0, then the Hessian V?J,, (s}") is approximated by
V25, (81) ~ 2K*(sT)K(sP) + 2AIam.
Hence, the linear systems (4.15) may be written in the following form
(H(SP) + MeTsm) die = — (K*(SE)R(SE) + A(si —8™)), k=12, koo
And come the following iterations
Sir = st — g (H(ST) + M)~ (K7 (sPOR(SE) + Aw(sf! —8™)),  (4.32)

for k=0,1,2..., kpmas, where 1, is a backtracking small positif number.

5. Numerical results and applications

In this section, we give numerical examples to illustrate the effectiveness of our
proposed method. All computations were carried out using Matlab 6.5 on an Intel
Pentium workstation with about 16 significant decimal digits. Let [a,b] be the
computational domain and w = 27” be a modulation frequency parameter where v
is the wavelength number of laser light in the wavelength range between 650 and
1000 nm. Let 6_q, : t +— 6(t — t5) be a Dirac measure function defined for all time
variable ¢ in [0, T] where ¢ is a given time center in [0,7]. The Fourier transform
of §_;, considered as a time forcing distribution source is given by (for more detail
see [16]):

< 1 —itsw
O NoT: e . (5.1)

5.1. Verification tests for the forward solver

To test our forward solver, we first computed the approximate solutions in two
cases:
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Example 5.1. Let ¢ =1, p, = 1, py, = 2 and 9 € [0,1], then D = =5, For a
given time center ts and the source terms F(x,w), Gq(w) and Gp(w), the analytic
solution u.(x,w) of the diffusion problem in frequency domain is

L? — error =

exp (itsw —

lue(,w) = un(w)Le

w _
5 >:L'2€ r

We consider the relative LP-norm error function defined as

[[e (s @)l

YV €]0,6][.

, for p=12,

where || - ||Le is the LP-norm, up and u. are respectively, the computed and ana-
lytic solutions. First we check the accuracy of the direct solver with respect to the
number of gridpoints used in the computational domain. To this end we summa-
rize in Table 1 the L>=-error, L'-error and L2-error norms at time ty = 0.5 using
different values of N. It is evident that increasing the number of gridpoints in
the computational domain results in a decrease in all error norms along with an
increase in the computational cost. It should be stressed that the main part of the
CPU times listed in Table 1 are used by the direct solver for solving the associated

linear systems Eq.(2.21).

Table 1: Error norms for Example 1 using different numbers of gridpoints and the
wavelength number v = 750, the anisotropic coefficient ¥ = 0.9 and ¢, = 0.5.

N Le°-error L!-error L2-error CPU (in second)
5 1.89E-02 6.89E-03 9.93E-03 4.93E-03

10 1.61E-03 2.90E-04 5.87E-04 1.24E-02

20 1.09E-04 1.89E-05 3.72E-05 1.31E-02

40 1.01E-05 5.88E-06 5.49E-06 1.43E-02

80 3.91E-06 5.76E-06 5.15E-06 1.67E-02

Example 5.2. Let v =1.5, p, = 0.05, g, = 3.75 and 9 = 0.8, then D =5. For a

given time center ts and the source terms

F(z,w) =0,

YV €la, b

and  Ge(w) = 4, 6(€ — x4,

V¢ € {a, b},

where €& — §(§ — x5) is a Dirac’s measure function at the boundary & € {a,b},

xs €la,b] is a center position of the source and gw is the Fourier transform of

Dirac function t — 6(t —ts) given in Eq.(5.1).
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Table 2: Error norms for Example 2 using different numbers of gridpoints and the
wavelength number v = 650, ¥ = 0.8, ts = 0.5, {, = ¢, = 0.5, [a,b] = [0,20],
zs = (b+a)/2, ts = 0.5 and ¢y = 3000.

N L*-error Ll-error LZ%-error CPU (in second)
10 1.82E-06 1.14E-06 1.32E-06 1.12E-02
20 1.29E-07 7.29E-08 8.52E-08 1.21E-02
40 7.63E-09 4.78E-09 5.47E-09 1.32E-02
80 4.70E-10 2.98E-10 3.43E-10 1.56E-02

In the example 2, we check the accuracy of the direct solver with respect to the
number of gridpoints used in the computational domain. To this end, we summarize
in Table 2 the L>-error, L'-error and L2-error norms using different values of N.
It is evident that increasing the number of gridpoints in the computational domain
results in a decrease in all error norms along with an increase in the computational
cost. It should be stressed that the main part of the CPU times listed in Table 2
are used by the direct solver for solving the associated linear systems Eq.(2.21).

5.2. Numerical experiment for the inverse problem solver

To test our inverse problem solver, we compute the approximate solutions in
two cases:

Example 5.3. We consider the diffusion problem in frequency domain (2.8)-(2.9)
with the source terms given, for j =1,..., N, xgj) = a—l—%(b—a) and tgj) = J\J,%T,
by

Ao
V2T

where & — 6(§ — acgj)) is a Dirac’s measure function at the boundary & € {a,b},

Fi(z,w) =0, Vaelabl and Geiw)= = e W 5(¢ —ald)), e € {a.b},

xgj) €la, b is a center position of the j'* source and A, is an amplitude of the
sources terms. The flow measurements at the boundary of computational domain

are computed for 7 =1,..., Ng as follows
Guj
F2j—1(w) = D(a)%(aa Saw) = 2(, (uj(aa S’w) - Gaj(w)) )
Ou;

Ly; (w) = _D(b) O (ba s,w) = 2¢, (uj (b’ S, w) - ij (w)) :

In this example, we fix a source functions and detectors at the boundary po-
sition. In the following computations, we use a Newton scheme (4.32) with the
initial estimation sg = (1,...,1) € R3('+3)x1 4 tolerance (Tol =1078), a number
of iterations kmar = 20, a backtracking number n = 0.5 and Tikhonov regqulariza-
tion parameter X = 107%. In the left-hand side of Figure 1, we present respectively,
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the simulation plots of the diffusion coefficient x© — D(x), the absorption coeffi-
cient © — p,(x) and the refractive index coefficient x — v(x) for n = n’ = 20.
And, in the right-hand side of Figure 1, we give respectively, the simulations plots
of the diffusion coefficient x — D(x), the absorption coefficient x +— p,(x) and
the refractive index coefficient x — v(x) for n = n’ = 160. The line corresponds
to truth optical parameters (D, p,,v) and the star corresponds to the constructed
optical parameters (D, p,,v). The comparison of the left-hand side of Figure 1 and
the right-hand side of Figure 1 demonstrates the accurate convergence of the pre-
sented method, along with increasing the number of gridpoints in the computational
domain. Therefore, we have provided and investigated the theoretical convergence
and tmplementation of our algorithm with accurate reconstruction of the optical
parameters.

Simulation for the diffusion parameters Simulation for the diffusion parameters

Diffusion
Diffusion

-
*

(] 5 10 15 B (] 5 10 15

20 20
Distance x Distance x

Simulation for the absorption parameters Simulation for the absorption parameters

Analytc i,
—+— Computed |

Analytc i,
—s+— Computed |

Absorption
Absorption

(] 5 10 15 20 25 30 3 40 (] 5 10 15 20 25 30 3 40
Distance x Distance x

‘Simulation for the refractive index parameters ‘Simulation for the refractive index parameters

refractive index
refractive index

Analytic 02 Analytic v
—+— Computedy —+— Computed v

(] 5 10 15 20 25 30 3 40 (] 5 10 15 20 25 30 3 40
Distance x Distance x

Figure 1: Example with the parameters: a = 0, b =40, A = 1075, = 0.5, w = 100,
Ca=¢Cy=1,c0=3000,9=0.9, A, =1,t, =T/2, T =1, Tol = 1078, kpas = 20,
Ny = 2.

Example 5.4. In this example, we consider the diffusion problem in frequency
domain (2.8)-(2.9) with the source terms given for j = 1,..., Ny by Gq5(w) = 0,
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Gp;j(w) =0 and

A, ol tgﬁw(;(z _ x(,j)), YV €]a, b,

2 s

where A, is an amplitude of the source terms. We modeled the sources with
(zs,ts) = (15a+b 1); (7a+b z)} (3a+b T)7 (b+_a z)} (3b+a £)7 (7b+a Q) and

Fj(z,w) =

ﬁ

16 16 8 '8 4 4 2 72 4 04 8 18
(%g‘“, %) The flow measurements at the boundary of our computational domain
are computed for j =1,..., Ny — 1 as follows
ou,;
_ J _
I'y;—1(s) = D(a) D (a,8,w) = 2C,uj(a,s,w),
Ouj
_ J _ _
I'y;(s) = —D(b) D (b,s,w) = 2¢u;(b,s,w)
, ,
. .
) )
§s §s
. .
. .
* 1 s
B —— B ——
< 0.08 < 0.08
0.04 0.04
s s s s

30 20 E
Distance Distance

Figure 2: Example with the parameters: a = 0, b = 50, ¢op = 3000, (; = (5 = 1,
¥ =095 w=100, Nyg=7,T=1,Tol =107 k0. =20, A =1072 and 4, = 1.

In the following computations, we use a Newton scheme (4.52) with the initial
estimation s = (1,...,1) € R3+3)x1 g tolerance (Tol = 1071°), a number of
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iterations kmar = 20, a backtracking number n = 0.5 and Tikhonov reqularization
parameter A = 1072, In the left-hand side of Figure 2, we present respectively, the
sitmulation plots of the diffusion coefficient x — D(x), the absorption coefficient
x > p,(x) and the refractive index coefficient © — v(x), forn = n’ = 20. And,
in the right-hand side of Figure 2, we give respectively, the simulation plots of the
diffusion coefficient x — D(z), the absorption coefficient x — p,(x) and the refrac-
tive index coefficient x — v(x), for n = n’ = 160. The line corresponds to truth
optical parameters (D, u,,v) and the star corresponds to the constructed optical
parameters (D, u,,v). The comparison of the left-hand side of Figure 2 and the
right-hand side of Figure 2 demonstrates the accurate convergence of the presented
method, along with an increasing the number of gridpoints in the computational
domain. Therefore, we have provided and investigated the theoretical convergence
and implementation of our algorithm with accurate reconstruction of the optical
parameters.

6. Conclusions

In this paper, we presented an non-linear inverse problem for one-dimensional
diffusion transport equation with Robin boundary conditions. For the forward
diffusion problem, we gave results such as existence, uniqueness and smoothness
solutions of the diffusion problem in the frequency domain. And, for the inverse
problem, we gave the same theoretical results such as the continuity, the stability
and Fréchet derivatives of the Dirichlet-to-Neumann non-linear map. Also, we dis-
cretized the inverse problem using the cubic spline basis functions. The Tikhonov
regularization and Newton solver are used to compute the solution of the con-
sidered inverse problem. Consequently, an approximate of the optical parameters
are obtained in the cubic spline basis functions. Some numerical examples are
presented to prove the efficacious of the proposed method for the forward solver
and backward solver. From a modeling point of view, the problem considered in
this paper, has some limitations such as the applications in mammography, breast
cancer treatment, and optical tomography. The 2D-inverse problem or Higher
dimensional problem for more realistic applications in optical tomography, needs
more investigation and future work.
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