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Existence of Solution of Urysohn Integral Equation Through
Generalized Contractive Mapping

Om Prakash Chauhan, Deepak Singh, Vishal Joshi and Mahendra Singh Rathore

ABSTRACT: In this note, we establish the existence of fixed point through fixed
point theorems in the setting of partially ordered complex valued b- metric spaces.
Then this fixed point is co-related as solution of equivalent operator equation of
the Urysohn integral equation. In this process to make our results more authentic
and meaningful we adopt an innovative way through visualling the given example
supporting our findings. Naturally our results generalize some existing results.
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1. Introduction and preliminaries

In 1989, Bakhtin [5] introduced and studied the concept of b-metric spaces as
a generalization of metric spaces. Also he proved the Banach contraction principle
in b-metric spaces. After that many researchers obtained fixed point results in
b-metric spaces (see [2],[3], 6], [8])-

In 2011, Azam et al. [4] introduced the concept of complex valued metric
spaces as a generalization of the classical metric spaces and established some fixed
point theorems for a pair of mappings for contraction condition satisfying a rational
expression. After the establishment of complex valued metric spaces, Rao et al.
[15] introduced the complex valued b-metric spaces and then several authors have
contributed with different concepts in these spaces. One can see in ([1],[9]-[13],
[16)- 21]).

On the other hand, many authors generalized the Banach contraction theorem
in ordered metric spaces. The first result in ordered metric spaces was given by
Ran and Reurings [14] who presented its applications to the linear and nonlinear
metric spaces.

In this study, we have presented some fixed point theorems having rational type
contraction conditions in the notion of partially ordered complex valued b-metric
space. Furthermore, an application to establish the solution of Urysohn integral
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equation is also presented, utilizing our investigated results.

In what follows, we recall some definitions and notations that will be used in our
note.

Let C be the set of complex numbers and 23, zo € C. Define a partial order = on
C as follows:

z1 3 22 if and only if Re(z1) < Re(z2)and Im(z1) < Im(z2).

It follows that 3 exists if one of the followings conditions is satisfied:

In particular, we will write 21 3 22 if 21 # 22 and one of (C2), (C3) and (C4) is
satisfied and we will write z; < z if only (C4) is satisfied. Note that
The following definition is due to Azam et al. [4].

Definition 1.1. : Let X be a non empty set. A mapping d : X x X — C is called
a complex valued metric on X if d satisfies the following conditions :

(CM1) 0 Z2d(z,y) for al x,y € X and d(z,y) & © =y;
(CM2) d(x,y) = d(y,) for all 2,y € X;
(CM3) d(z,y) 2 d(z,2) +d(z,y) for all x,y,z € X.

Then d is called a complex valued metric on X, and (X, d) is called complex valued
metric space.

Example 1.2. Let X = C be a set of compler number. Define the mapping
d: X xX —=C by

d(z1,22) = €ik|21 — 23],
where k € R. Then (X,d) is a complex valued metric space.

Acknowledging the concepts of Bakhtin [5] and Azam et al. [4], K.P.R. Rao et
al. [15] introduced the notion of complex valued b-metric spaces as follows.

Definition 1.3. [15] Let X be a nonempty set and s > 1 a given real number. A
function d : X x X — C satisfies the following conditions:

(CVBM1) 0 2 d(x,y) for allz,y € X and d(z,y) =0 if and only if x = y;
(CVBM2) d(x,y) = d(y,x), for all z,y € X;
(CVBM3) d(x,y) 2 sld(x, z) + d(z,y)] for all ,y,z € X.

Then d is called a complex valued b-metric on X and (X,d) is called a complex
valued b-metric space.
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Example 1.4. Let X = [0,1]. Define the mapping d : X x X — C by
d(z,y) = |z —y|*> +ilz —y[>, for all z,y € X.
Then (X,d) is a complex valued b- metric space with s = 2.

For the routine definitions like convergent sequence, Cauchy sequence, complete
complex valued b-metric space we refer [15].

Lemma 1.5. [15] Let (X, d) be a complex valued b- metric space and let {x,} be a
sequence in X. Then {x,} converges to x if and only if |d(zn,x)] — 0 as n — oo.

Lemma 1.6. [15] Let (X, d) be a complex valued b- metric space and let {x,} be a
sequence in X. Then {x,} is a Cauchy sequence if and only if |d(xyn, Tpim)] — 0
as n — oo, where m € N

Definition 1.7. Let (X,d) be a complex valued metric space, T : X — X and
x € X. Then the function T is continuous at x if for any sequence {x,} in X,

Tp > =Tr, > Tx.

Definition 1.8. Let (X, 3) be a partially ordered set and T : X — X. The
mapping T is said to be nondecreasing if for all x1,x9 € X, x1 3 w9 implies Txy 3
Txo and nonincreasing if for all x1,x0 € X, x1 3 xo implies Txq 77 Tas.

2. Main Result

In this section, some fixed point theorems for contraction conditions described
by rational expressions are proved.

Theorem 2.1. Let (X,3) be a partially ordered set and suppose that there exist
a complex valued b-metric d on X such that (X,d) is a complete complex valued
b-metric space. Let the mapping A : X — X be a continuous and non decreasing
mapping. Suppose there exist non-negative real numbers o, 3,7, with a+ B+ v+
256 < % such that, for all x,y € X with © Xy,

y, Ay)[1 + d(x, Az)) N d(y, Ax)[1 + d(z, Ay)]
1+ d(z,y) T T+ d(ny) 2.1)
+ 0[d(y, Az) + d(z, Ay)]

d( Az, Ay) Zad(z,y) + B

if there exist xg € X with xo =X Axg, then A has a fized point.

Proof: If xg = Azg, then we have the result.
Suppose that zo < Azg. Then we construct the sequence {x,} in X such that

Tpy1 = Axy, for every n > 0. (2.2)
Since A is a non-decreasing mapping, we obtain by induction that

xo < Axg =21 3 Axy = a0 SAv1 =20 3 Axp1 =y D Axy, = 2041 (2.3)
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If there exist some N > 1 such that zyy1 = zn, then from (2.2), xy11 = Azy =
xy; that is, z is a fixed point of A and the proof is finished.
Now we suppose that xny1 # xy for all n > 1. Since z,, < 41, for all n > 1,
applying (2.1) we have
d(Tpt1, Tngo) =d(Azy, Axpgq)
d(xpt1, Axpy1)[1 + d(xy,, Azy,)]
1+ d(zn, Tni1)
d(xpy1, Axy)[1 + d(@n, Axpiq))
1+ d(xn, nt1)
+d[d(znt1, Axy) + d(zp, ATpii))
d(@nt1, Tny2)[1 + d(Tn, Tny1)]
1+ d(xn, Tni1)
d(@n+1, Tng1)[1 + d(@n, Tnio)]
1+ d(xn, nt1)
+ d(Tp, Tnt2)]
Jad(zn, Tpi1) + Bd(Tnt1, Tut2) + 0d(Tn, Tnta)
Sad(zn, Tpi1) + Bd(Tnt1, Tnt2) + 80[d(@n, Tny1) + d(Tnt1, Tniz)]

jad(xn, $n+1) +

+

;jad(mn, .’L'n+1) + 6

7 + 6[d(zn+1, Tns1)

thus one can get

a+ s
d(szrlv'rnJr?) j(i) (znaszrl)
1—p5—3s6 (2.4)
2hd(xy, xpy1), where h = (%) < 1
—pB—s

This follows immediately

d(Xpi1,Tp2) S hd(Ty, Tni1) 3 h2d(xn 1,%n)
2 hd(xn 0, tn 1) 3o 3R Td(zo, 1)

form >n
3s[d(@n, Tpt1) + d(@ng1, Tm)]
Ssd(
Zsd(zp, 2pt1) + 5 d(Tpg1, Trga)

+ 5 d($n+2, Tm) + -+ 8" (@1, Tm)
2(sh™ + 2" 4 s TR Y d (g, 1)
Zsh™[1 + (sh) + (sh)?--- 4 (sh)™ " 1]d(xo, 21)

sh™
1 Shd(l‘o, 1'1).

d(xp, )

L anrl) [d(anrl ) zn+2) + d(anr?v :Cm)]

N

Since 0 < h < 1, we conclude that f_hgh — 0 as n — oo. Which implies that {z,}

is a Cauchy sequence. From the completeness of X, there exist a point z € X such
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that
Ty = Z AS M — 0. (2.5)

The continuity of A implies that Az = lim Az, = lim z,41 = z.
n—oo n— o0

That is z is a fixed point of A. a

Now question arised if some how continuity is dropped for underlying mapping
then how it impacts on existence of fixed point, this question is answered in the
following result.

Theorem 2.2. Let (X, 3) be a partially ordered set and suppose that there exist
a complex valued b-metric d on X such that (X,d) is a complete complex valued
b-metric space. Assume that if {x,} is a non-decreasing sequence in X such that
Ty — x, then x, 3 x, for all n € N. Let the mapping A : X — X be a non

~

decreasing mapping. Suppose that (2.1) holds for all z,y € X, with x =X y. If there
exist xg € X with xg =X Axg, then A has a fized point.

Proof: We take the same pattern of sequence {x,,} as in the proof of Theorem 2.1
and with Similar approach we prove that {x,} is a non-decreasing sequence such
that z, — 2 € X. Then z,, X z, for alln € N.

~

Applying Inequality (2.1), we have
d(xp41, Az) =d(Ax,, Az)

d(z, A2)[1 + d(xy,, Axy,))
1+ d(zp, 2)

d(z, Ax,)[1 + d(zy, Az)]
1+d(zn, 2)

+6[d(z, Azy,) + d(zy, Az)]

(Z, Az)[l + d(xna xn-i-l)]

1+d(zn, 2)

d(z, xpy1)[L + d(x,, Az)]
1+ d(xp, 2)

+6[d(z, xpy1) + d(xn, AZ)).

Sod(an, 2) + B

+7

Zad(zn,2) + 5

+7

Taking the limit as n — oo and using (2.5), we have

d(z, Az)[1 + d(z, 2)] /yd(z, 2)[1 4 d(z, Az)]
1+d(z,2) 1+d(z,2)
+6[d(z,z) + d(z, Az)]
3pd(z, Az) + 0d(z, Az)
(B +9)d(z, Az).

d(z,Az) Zad(z,z)+

Since 46 < 1, it is a contradiction unless d(z, Az) = 0. This amounts to say that
Az = z, therefore z is a fixed point of A. O
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In the following result we proved uniqueness of fixed point with the application
of order relation, justifying the setting of working space.

Theorem 2.3. In addition to the hypothesis of Theorem 2.1 or Theorem 2.2,
suppose that for every x,y € X, there exist u € X such that u 3 x and u 3y, then
A has a unique fized point.

Proof: It follows from the Theorem 2.1 or Theorem 2.2 that the set of fixed point
of A is non-empty. We shall show that if * and y* two fixed point of A, that is,
if #* = Az* and y* = Ay* then z* = y*.

By the assumption, there exist ug € X such that up = z* and uy X y*. Then

~

similarly as in the proof of Theorem 2.1, we define the sequence {u,} such that
Uns1 = Aup = A" lug, n=0,1,2,... (2.6)
monotonicity of A implies that
Aug =u, 3a* = A"2" and Aug = Au, ZyF = A"y
If there exist a positive integer m such that
T = Uy, then ¥ = Az* = Au, = cpy1,

for all n > m. Then u,, — =* as n — co. Suppose that =* # u,, for all n > 0. So
u, < z* for all n > 0. Applying inequality (2.1), we have

d(upy1, ") =d(Auy,, Ax™)
(z*, Ax™)[1 + d(up, Azy,)]
1+ d(up,x*)
d(x*, Auy)[1 + d(uy,, Ax™))
1+ d(up, x*)
+6[d(z”, Aup) + d(uy,, Az™)]
(x*, 2*)[1 4+ d(un, Ax,))
1+ d(up, z*)
d(.%'*, un+1)[1 + d(u’m x*)]
1+ d(up,z*)
+ o[d(x™, upt1) + d(up, x*)]
Sod(n, 2°) + 142" tnpr) + Od(@*  tmir) + d(un, 2°)]

(),

d
Sod(un, z*) + 6

+

d
Sod(un, z*) + 8

+

put ( aty ) =k < 1. Thus we get

d(Uni1, %) 3 kd(un, 2*) 3 B2 d(up_1,2%) 3 - k" d(ug, 2*) — 0 as n — oo.
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Hence d(up,2z*) — 0 as n — oo,

or u, — x* as n — oo.

Using a similar argument, we can prove that

U, — Y* asn — .

Finally, the uniqueness of the limit implies that z* = y*.

Hence A has a unique fixed point. O

If we put 6 = 0 and s = 1 in inequality (2.1) of Theorem 2.1 then we get
following corollary which coincides the result due to Choudhury et al. [7].

Corollary 2.4. Let (X,3) be a partially ordered set and suppose that there exist a
complex valued metric d on X such that (X,d) is a complete complex valued metric
space. Let the mapping A : X — X be a continuous and non decreasing mapping.
Suppose there exist non-negative real numbers «, 5,y with o+ f+ v < 1 such that,
for all x,y € X with x Xy,

(y, Ay + d(@, Ax)] | dly, Az)[1 + d(=, Ay)]

d
Az, Ay) 3
d(Az, Ay) 3 ad(x,y) + B 1+d(z,y) 7 1+d(z,y)

2.7)

if there exist xg € X with x¢g 3 Axg, then A has a fized point.

If we set § = v = 0 in inequality (2.1) of Theorem 2.1 then we get following
corollary.

Corollary 2.5. Let (X,3) be a partially ordered set and suppose that there exist
a complex valued b-metric d on X such that (X,d) is a complete complex valued
b-metric space. Let the mapping A : X — X be a continuous and non decreasing
mapping. Suppose there exist non-negative real numbers a, & with a+2s6 < % such
that, for all z,y € X with x Xy,

d(Az, Ay) 3 ad(x,y) + 0[d(y, Ar) + d(z, Ay)] (2.8)
if there exist xg € X with xog 3 Axg, then A has a fized point.

Example 2.6. Let X = [3,4] with usual partial order <. Let the complex valued
b-metric d be given by

d(z,y) = |z — y|*e'T with s = V2, for all z,y € X.

Let A: X — X be defined as Ax = /T + 2.
First we check that there exist xqg € X such that xo 3 Axg with usual partial order
<

Elearly, r<VT+2, Vre|3,4].
then this condition is satisfied.
In order to verify the condition (2.1), first we notice that

0< d(y, Ay)[1 + d(z, Az)] 0= d(y, Az)[1 + d(x, Ay)]
~ 1+d(z,y) T 1 +d(z,y)

;0 3 [d(y, Az) + d(z, Ay)].
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forall z,y € X.

Thus it is sufficient to show that d(Az, Ay) 3 ad(x,y) with a,f,v,6 > 0 and
a+fB+y+2s6 <1
Now,

d(Az, Ay) Za
= d(Vz +2,/y+2) Ja
= [Va+2-yy+2)PeT Za

d(z,y)
d(z,y)
x—y|264.

This implies that
Wz — PPeT Zale—yPe (2.9)

(2.9) is true with a view that ae®® 3 be' iff a < b, where a,b € R and in (2.9), we
have

V= vyl Zalz—y)P, (2.10)

for all z,y € [3,4] with « = 0.5 and suitable values of 3,7, such that o+ 3+
v+ 288 < % where s = /2.
Following Figures 1 and 2 validate inequality (2.10) graphically. In subsequent
Figures 1 and 2 , surfaces with purple color represent the L.H.S. of (2.10) and
surfaces with red color represent the R. H. S. of (2.10). Clearly red surfaces are
dominating the purple surfaces. consequently, Condition (2.1) is satisfied.

Figure 1: Plot of condition 2.11
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R:H.5

Figure 2: Zoom view of condition 2.11 exactly in [3, 4]

Also the function is continuous. Hence all the conditions of Theorem 2.1 are
satisfied and x = 4 is a unique fized point of A which is demonstrated by the Figure
2. In the Figure 2 lines with red color represent function f(x) = \/z+2 and purple
line represents y = x for fived point purpose. Clearly, we can see that line y = x
intersects functions f(x) only at x = 4, this amounts to say that © = 4 is the unique

fized point of f(x) = /T + 2.

b
s 4

o

Fixed point x=41

Flx)=x"~ (1S 2)+2

Figure 3: Fixed Point
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3. Application of fixed point results
Let X = C([a,b],R™), a > 0and d: X x X — X be defined by

d(a,y) = [ max [[a(t) — yO)l|or/ T+ @ o], (3.)

t€la,b]

where s = 297!, Consider the Urysohn integral equation

b
x(t):/ K(t, 5, 2(s)) ds + g(t), (3.2)

where t € [a,b] C R, x € X. Suppose that K : [a,b] X [a,b] x R™ such that F,, € X
for each x € X, where

F.(t) = /b K(t,s,x(s))ds, for all t € [a,b].

Theorem 3.1. If there exist non-negative real numbers o, 3,7y, 6 such that for all
x,y € X withx Jy
(i) a+ B+~y+2s6 < I; (ii)
. 1 q
(1)~ By @lloov/T5 a2 ¢4 ¢) Za8(a,9)(0) + BT 9)(0) + 7 UL, ) (1)
+0V(z,y)(t),

where,

S(e,9)(0) = [lla(t) ~ y(Ollev/T+ a2 e 0]
[IIFy(t) +9(t) =yl V1 +a? e“‘“"l“]q [1 () + g(t) — -’E(t)llgo} |

T(m7 y)(t) - 1 + ma'XtE[a,b] S($7 y) (t) ’
(11 (8) + 9() = y@®)lloo VT T a2 e ] "[1 + || Fy (8) + g(8) — 2(0) 12 |
Uz, )(t) = :

14+ maxyea,p) S(x,y)(t) ’
V@ y)(t) = [I1F:(0) +a(t) =yl + 1, () + y(0) —e@l|% | [VI+a? e o]

(i1i) there exists xo € X such that
b
xo(t) 3 / K(t,s,20(s))ds + g(t), for allt € [a,b].
Then the integral equation defined in (3.1) has a solution in X.

Proof: Define A : X — X by A, = F, + ¢. It is easy to deduce that (X,d) is a
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complex valued b-metric space. Then

d(Az, Ay) = [ max |[F2(6) + 9(t) = Fy (1) = g(t) | oo/ T e e "]

t€la,b]
tan—1al?
= [ 1F2(0) = Ry (0o VT 4 a® 1o
d(x,y) = max S(z,y)(t);
tela,b]
d(y, Ay)[1 + d(=, Az)]
pr— T .
1+ d(z,y) e T(@ )
d(y, Az)[1 +d(z, Ay)] _
1+ d(z,y) = e U@, y)();

d(y, Az) + d(z, Ay) = e V(z,y)(t).

It is easy to conclude that

(v A)[L +d(e, Ax)] | d{y, A)[1 + d(z Ay)
1+ d(z,y) 1+d(z,y)

+ 6[d(y, Az) + d(z, Ay)].

d(Az, Ay) Zad(z,y) + 6

Clearly, the contractive condition of Theorem 2.1 is satisfied. From condition (iii),
we have z¢ 3 Axg.

Hence all the conditions of Theorem 2.1 are fulfilled. Therefore, by Theorem 2.1,
Urysohn integral equation (3.1) has a solution in X. O
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