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Triple Almost ()\mi Ly, ﬂkj) Lacunary Riesz X%A — Sequence Spaces
milny Yk,
Defined by Orlicz Function ’
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ABSTRACT: In this paper we introduce a new concept for generalized almost

Am; iy, Yk, ) convergence in x> —Riesz spaces strong P— convergent to
iHng Tk Bxmgiing vh,

zero with respect to an Orlicz function and examine some properties of the resulting
sequence spaces. We also introduce and study statistical convergence of general-

ized almost (Ami P Vi > convergence in xi’? —Riesz space and also some
LRy ')\mi#n,g"lkj

inclusion theorems are discussed.
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1. Introduction

Throughout w, x and A denote the classes of all, gai and analytic scalar val-
ued single sequences, respectively. We write w? for the set of all complex triple
sequences (Tpnk), where m,n,k € N, the set of positive integers. Then, w? is a
linear space under the coordinate wise addition and scalar multiplication.

We can represent triple sequences by matrix. In case of double sequences we
write in the form of a square. In the case of a triple sequence it will be in the form
of a box in three dimensional case.

Some initial work on double series is found in Apostol [1] and double sequence
spaces is found in Hardy [7], Subramanian et al. [8], Deepmala et al. [9,9] and
many others. Later on investigated by some initial work on triple sequence spaces
is found in sahiner et al. [11], Esi et al. [2,3,4,5], Savas et al. [6] , Subramanian
et al. [12], Prakash et al. [13,1/] and many others.

Let (Zmni) be a triple sequence of real or complex numbers. Then the series

me’k:l Tmnk 18 called a triple series. The triple series me’k:l Tomnk give one
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130 N. SUBRAMANIAN AND A. EsI

space is said to be convergent if and only if the triple sequence (S, ) is convergent,

where
m,n,k

Smnk = Z -Tijq(m,n,k = 1,2,3, )

4,3,q=1

A sequence & = (k) is said to be triple analytic if

1
SUp |Zpmnk| ™ FTF < 00.
m,n,k

The vector space of all triple analytic sequences are usually denoted by A3. A
sequence & = (Zyny) is called triple entire sequence if

1
|Tmnk| ™ FE — 0 as m,n, k — oo.

The vector space of all triple entire sequences are usually denoted by I'3. Let
the set of sequences with this property be denoted by A3 and I'? is a metric space
with the metric

d(xz,y) = sup {|$mnk — ymnk|m+1"+k‘ :m,n,k:1,2,3, }, (1.1)

m,n,

for all 2 = {@mnk} and y = {Ymar} in [3. Let ¢ = { finitesequences} .
Consider a triple sequence 2 = (Z,nk). The (m,n, k)" section zl™™* of the

sequence is defined by z™mk = Zﬁ72f0zijq5¢jq for all m,n, k € N,
[0 0 .0 0 ..
0 0 .0 O
5mnk =
0 0 1 0
0 0 0 0

with 1 in the (m,n, k)" position and zero otherwise.
A sequence & = (Zynk) is called triple gai sequence if

((m+ 714+ B)! i) TTE = 0,
as m,n, k — oco. The triple gai sequences will be denoted by 3.

2. Definitions and Preliminaries

A triple sequence x = (Zyynr) has limit 0 (denoted by P — limx = 0) (i.e)
(m—+n+k)! |xmnk|)1/m+n+k
P — convergent to 0.

— 0 as m, n, k — co. We shall write more briefly as
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Definition 2.1. A function M : [0,00) — [0,00) is said to be an Orlicz function
if it satisfies the following conditions

(i) M is continuous, convex and non-decreasing;

(i) M(0) =0, M(x) >0 and M(x) — 00 as x — 00.

Remark 2.2. If the convexity of an Orlicz function is replaced by M(x +y) <
M(z) + M(y), then this function is called modulus function.

Definition 2.3. Let (¢rst), (Grst) (ﬁ) be sequences of positive numbers and

(11 12 . @ 0..]
21 q22 .- q2s 0.
QT -
dr1  4r2 drs 0...
0 0O .0 0 O

where q11 + q12 + ... + qrs # 0,

G111 G2 - Q1 0.

Go1 Gaz - Q2s 0.
Q=

qu qu qra 0

where gy + o+ ... + G5 # 0,

211 212 zls 0..

421 422 das 0...
@t =

Erl 67"2 Ers 0

where Gyq + o + - .- +q,s 7 0. Then the transformation is given by

Z qu q E m+n+k)!|1'mnk|)1/m+n+k

Trsti)\
ZM[Y]QQth 1n=1k=1

is called the Riesz mean of triple sequence x = (pmnk) . If P — lim,g Trst () = 0,
0 € R, then the sequence ¥ = (Tmnk) is said to be Riesz convergent to 0. If
T = (Tmnk) 18 Riesz convergent to 0, then we write Pp — lima = 0.
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Definition 2.4. Let A = (Am,) = (p,,,) and y = (ij) be three non-decreasing

sequences of positive real numbers such that each tending to oo and Apm,+1 <
)‘mi + 13)‘1 = 13 :u’ng-‘rl < :u’ng + 1):“’1 =1 ij-i-l < ’ij + 1’71 = 1. Let I’mi =

m; — Am, +1L,my], In, = |ne —p,,, + 1,ng| and Iy, = |kj — v, + 1,k;| . For any
i £ Ny j J k] J
set K C N x N x N, the number

Oy (K) = lim ————|{(4,§) 15 € Im,,j € In,, k € I, (i,0,5,) € K }|,

is called the (X, u,y) — density of the set K provided the limit exists.

Definition 2.5. A triple sequence x = (Tymnk) of numbers is said to be (X, p,7y) —
statistical convergent to a number £ provided that for each € > 0,

lim = ‘{(1767]) € Iminlkj : qunﬁk |xmnk - §| > €}| =0,

(i.e) the set

1 1 _
K (e) = —_—— iagaj elmin kj Qmana xmnk_é- 26
= S g0, 16 € ity <l b = 1 )

has (A, u,v) — density zero. In this case the number & is called the (N, p,7y)—
statistical limit of the sequence © = (Tmnk) and we write St(A%,Y) lim,, p k—oo = €.

Definition 2.6. The triple sequence 0 ; = {(mi,ne, k;)} is called triple lacunary
if there exist three increasing sequences of integers such that

mo =0,h; =m; —m,._1 — 00 as i — 00,

no=0,hy =np—ng_1 — 00 as £ — 0o
and o
koz(),hj:kj—kj,lﬁoo as j — oQ.

Let m; ¢ j = minek;, hiej = hihehj, and 0; ¢ ; is determine by

Lio; ={(mnk):mi—1 <m<m; andneg_y <n<ng and kj_1 <k <k;},

mg ne __ kj
qr = yqe = , 45 = L .
mg—1 Ty—1 j—1

Using the notations of lacunary sequence and Riesz mean for triple sequences.
Oi0; = {(mi,ne, k;)} be a triple lacunary sequence and ¢, q), be sequences of
positive real numbers such that

Qm, = Z Pmis @n, = Z pnz;an = Z Pk;

me(0,m;] ne(0,ny] ke(0,k;]
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and

|

H; = Z pmiaﬁz Z Prys
n€e(0,ny]

me(0,m;]

= D Py
ke (0,k;]

Clearly, H; = Qum, — Qm,_,,He = Qn, — Qny_sHj = Qr; — Qr;_,. If the Riesz

transformation of triple sequences is RH-reqular, and H; = Qm; — Qm,;_, — 00 as
i — 00, H = Zne(O,w] P, — 00 as £ — oo, H = Zke(o,kj]pkj — 00 as j — 0o,
then 9;7&3’ = {(mi,ne, kj)} = {(QmianQkk)} is a triple lacunary sequence. If the
assumptions Q, — 00 as v — 00, Q, — 00 as § —> o0 and@—)oo as t — oo may
@ not enough to obtain the conditions H; — 0o as i — oo, Hy — 00 as £ — oo and
Fj — 00 as j — oo respectively. For any lacunary sequences (m;), (ng) and (kj)
are integers. Throughout the paper, we assume that

Qr=qu+q2+...4+¢s—00(r—00),

= q12 .+6TS*>OO(84)OO),

11+ + ..
nt+ @t +q., =00t —o0),

Qll O
L]l

-
|

such that Hy = Qumy, —Qm, , — 00 asi — 00, Hy = Qn,—Qn,_, = 00 asl — oo and
ﬁ]— =Qr; — Qr;_, — 00 as j — 0o. Let Qu; nyk; = Qmi@nlakj7Hi€j = Hiﬁlﬁjv

’

Iy = {(m,n,k) PQmi s <M< Qi Q,, | <N < Qpand Qy, | <k < @kj},

Vi= Qiiil V= chefl and V; = Qk:]1 - and Vigg = ViViV ;.

If we take g, = 1,9, =1 and q;, = 1 for allm,n and k then Hisj, Qiej, Viej and
IMJ- reduce to hioj, qioj, viej and Iig;.

Let f be an Orlicz function and p = (pmnk) be any factorable triple sequence of
strictly positive real numbers, we define the following sequence spaces:

|:X§“3>\miunﬂkj ’ eiéj’ q, fap:| =
1 1
P— lm ——m—F—
i.0.5=00 Ay, by, V3o, Hiotj

Z Z Z %nqnﬁk [f ((m +n+ k)! |$m+i,n+€,k+j|)pmnk] =0,

i€l L€Lipj jELi;
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uniformly in i, ¢ and j.

AS

R
Am; By Yk

aeiejv(Ia fap:| =

( ) p 1 1
= (Tmnk) : P —sup ————— ——
mn iy )\miﬂn/y}cj H; 4

D> D nlaGi lf [omtinteprs ) < o0

i€l L€y FE€Lie;

uniformly in i, ¢ and j.

Let f be an Orlicz function, p = pmnkr be any factorable double sequence of
strictly positive real numbers and gm, q,, and Q. be sequences of positive numbers and
QT :_q11+' *lrs; @s = 611 o 'ars and@t = 511 o 'Ers‘ Ifwe choose dm = 1’671 =1
and g, = 1 for all m,n and k, then we obtain the following sequence spaces.

1 1
P— lim m =
i0j—o0  AiflgY; Q:Q,Q;

Y4 J
SN 4@ [ (404 B) @i e )] = 0} ’

1 1
{P — sup =
00,5 Nikej Q:Q,Q;
¢
> i [F (4 1+ ) @i < oo} ,

uniformly in i, and j.
3. Main Results
Theorem 3.1. If f be any Orlicz function and a bounded factorable positive triple

number sequence pmnk then X?’;{A 0405, q, f,p| is linear space.
m; B,

0Tk

Proof: The proof is easy. Therefore omit the proof. O
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Theorem 3.2. For any Orlicz function f, we have

3 3
|:XRA - aeifj;qafap] C |:XRA . ;ij;QaP
m by Tk mbng Tk

Proof: Let x € [X%A . Oiejs q,p] so that for each i,/ and j
my by

)
’ij

3
|:Xkai gV eiéj’ q, fap:| =

1 1
{P — lim
i,0,j—00 )\i,u[yj Hi,gj

S Y e (om0 ) i ) =0

i€1,05 €L, jE L0,
uniformly in 4, ¢ and j. Since f is continuous at zero, for € > 0 and choose § with
0 < 6 < 1 such that f (¢) < e for every ¢ with 0 < ¢ < §. We obtain the following,
1 1
Nty hies

1 ; Z Z Zf {((m+n+k)! |:Cm+i7n+eyk+j|)1/m+n+k}

Aithgyj hiej

(higje) +

m€liejn€lie k€l ey and|Tmyinye ki —0[>0

Lo
(higje) + Nae, K677 f(2) hie {X%kmwwm ,91'@;',!1,17} :

1
Rigj

Hence i, ¢ and j goes to infinity, we are granted x € {x?’% . 0405, 4, f,p} . O
mbng Yk

Theorem 3.3. Let 6;,; = {m;,n¢, k;} be a triple lacunary sequence and qi,ﬁﬁj
with liminf; V; > 1, liminf, V;, > 1 and lim inf; V; > 1 then for any Orlicz function

3 3
xRxmiunﬂkj,f,q,p] c [XRAmiun[,ijaeilj;%p] :

Proof: Suppose liminf; V; > 1, liminf, V; > 1 and liminf; V; > 1 then there
exists § > 0 such that V; > 1 +46, V; > 1+ 6 and Vj > 1+ 4. This implies

=l

H; ) ﬁ[ )
R 2 145 and

j b
- > 145 Then for z € [X%Am,_-unﬂkj ,f,q,p} , we

J

Qll
=

can write for each 7, ¢ and j.

Ao =
1 1 = 1/m+n+k Pmnk
S Y Y @ dlf () aminsens) |

Z'LLZ,YJ Ze‘]meliygd’neliw,@jkEIi’g’j




136 N. SUBRAMANIAN AND A. EsI

m; Pmnk
Z Z Z I dx [ (m+n+k)! |$m+i,n+é,k+j|)l/m+n+k} -
ZM[Y Hzé] m=1n=1 k=1

mi—1mne—1 ki1

m-+n—+k Pmnk
PODIPILLLAT [ (m+ 1+ B @i renes )T } _

Z,U[Y ijm 1 n=1 k=1

ne_1kj—1

1 1 1/m+n+k Pmank
Z > [ (m+n+k)! Zmpintertil) } -
)\iﬂ[)/j Hiejm mi—1+1ln=1k=1

mE—1

Pmnk
Z Z quQan[ m+n+k)!|xm+i,n+€,k+j|)1/m+n+k:|

il Y wjk k;j+1n=n;_1+1m=1

1 Qmi@ng@kj
ity Hhig

my J 1 k Pmnk
— ) Z T dx [f (mAn+8)! [T gineng) VT }
Qm; Qka m=1n—=1 k=1

1 ka71§ng71@k171
it Higj

1
Qmileng,lej—l m=1 n=1 k=1

|)1/m+n+ki| Pmnk

[ ((m+n+k) |Zmiinte, it

[

my Mne—

k;
1 Qi 1 3 Z S [((m + 1+ B it

)\'L,LLZ’Y] H’LZ‘] ij 1 e mi_14+1 n=1 k=1

|)1/m+n+ki| Pmnk

nglk

1 @n7 1 i —4-n Pmnk
. DI Y (CRR RSO BNt ) B

)‘i:LL[Yj Hig; Qn[,lm Mmp_1+1ln=1k=1

nyg MEk—1

1 Qm 1/m+n+k Pmnk
Z Z Zf{ m+n+k)'|$m+z n+t, k+]|) }
Ailt HMJ Q _k=1n=ng_1+1 m=1

Since = € [x R, , f,q p] the last three terms tend to zero uniformly in
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m,n, k in the sense, thus, for each i, ¢ and j

1 Qmianeakj
iV, H;y;

Aiej =

m; ng Kj

— Pmnk
Zzzqmq Qx [ (mAn+8)! [ i ey )7
leQnng m=In=1k=1

1 Qmi71Qn[,1ij,1
Aiftgy; Higj

1Um-+n-+k Pmnk
= Z Z qmqn%[ (mAn+R) [@m i epg )T

Since WHMJ = N Qm,; Qn, Qu, e Qm;1@n,_,Qr,_, we are granted
for each ¢, ¢ and j the following

1 Qmi@nlakj 1 + 1) 1 Qmi,lan“l@kfl 1
< and < -.
Aivgy;  Hig d ik Higj d
The terms
1 m; ng kj

1Um—+n—+k Pmnk
h\ ZZZQanQk[ (m+n+k)! |xm+nn+s,k+U|)/ A }
iHeY QmQWQk m=1n=1k=1

and

m;_1ng_1kj_1

Z Z qunﬁk
1 n=1k=1

Pmn
[f((m+n+k)!|xm+i7n+m+j|)1/m+n+k} >

1 1
AV} Quns @y Qs e

are both gai sequences for all r, s and w. Thus A, is a gai sequence for each i, ¢

i 3 .
and j. Hence z € [XRAm — ,QMJ,q,p} . =
Theorem 3.4. Let 0;; = {m;,ne, k;} be a triple lacunary sequence and ¢ q,qs
with limsup; V; < oo, limsup, V, < oo and lim sup; Vj < oo then for any Orlicz
function f,

3 3
|:XR)‘mi“n[7kj aeiéja q, fap:| C |:XR)‘mi“n['ij 4, fap .
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Proof: Since limsup, V; < oo, limsup, V¢ < oo and lim suij_j < oo there exists
H > 0 such that V; < H, V;, < H and V; < H for all i,¢ and j. Let © €
[X%A IW_,Higj,q,f,p} and € > 0. Then there exist i > 0,4y > 0 and j, > 0 such
that for every a > iy, b > {y and ¢ > jo and for all 4,¢ and j.

Aabc = )\ Z Z Z AmTy, E
z,u[y] be meElgpcn€lap e k€L p,c

|)1/m+n+k:|pm"k

: [f ((m+n 4+ k)@ mrinre k) — 0 as m,n,k — oo.

Let G :maX{A;,b7c 1 <a<ig, 1<b<¥y and 1 Scﬁjo} and p,r and t be
such that m;—1 <p <m;, ne—1 <r <mng and kj_1 <t < k;. Thus we obtain the
following:

1 E — = m-ntk Pmnk
= 3 30 > e [F ((m B )
ZIU[YJQPQ Q m=1n=1k=1

mg n[k

< 1 _ ZZZ[ m+7’L+k |$m+1n+€k+3|)1/m+n+k}pmnk

zﬂe’Y]le 1Qn,Z leJ 1 m=ln=1k=1

S I O DI

)\iMﬂiji,le,lej,l a=1b=1 c=1

— m4n Pmnk
S Y @i [f (A n B mmirenn )

melypc N€lab,c k€lab,c

Lo Jo

1 0 ,
H,p A
zMﬂngl Qn,_ Qs ZZZ peflapet

i—1 a=1b=1c=1

1 ,
— = Z Ha,b,cAaﬁbyc
itV j Q1 @y, Qi (ig<a<i) Uto<b<t) UGo<e<j)

G/Qmi @n 5 i 1 ’
0 ¥ iy ¥ ki + Z HabcAabc

)‘iﬂé’Yijiflgng,lgkj,l )‘ZME’YJQWZ 1Qn[ 1Qk1 1 (t0<a<i) Jlo<b<l) U(jo<ec<y)

G/Qmi Qn 5 ; 1 ’
0 ¥ ey ki + Z HabcAabc

_)\i//[/[yj’mi—lnf—lkj—l )\l/,l/[ijml 1@,,” IQJJ 1 (Zo<a<l)U(€o<b<e)u(]0<6<])
G Qmm@

WOijo
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iHngVk;
1
< — =+
Aiﬂé’Yiji71Qng,1ij,1
, 1
(SupazioszéouczjoAa,b,c) Z H‘”’C
ZMZ’YJle lQne 1Qk] 1 (i0<a<i) U(Lo<b<l) U(Go<e<y)
G Qm,Q =
n
i 00 Qo
< _m k’; i € Z Habc
)‘iﬂé’ijmileng,lej,l l:u’Z’YJQ’Vm 1Qng 1ij 1 (t0<a<i) Jo<b<l) U(Go<c<j)
G sz'o Qn%ékm —
_ R TR VA A
lul’y‘]Qmw IQ Ng_ ij71
G Qm,Q, =
. Mg neong +€H3.

)‘i:U/Z’Yijif1§nl,1 ij71

Since Qm, _, @, , ij,l — 00 as i, ¢, j — oo approaches infinity, it follows that

Prmnk
_ E E g qmqnqk[ (m+n+k)! |zm+i,n+l,k+j|)1/m+"+k o,
zMﬂJQpQ th In=1k=1

uniformly in 4, ¢ and j. Hence x € [X%Am PR & f,p} . O

Corollary 3.5. Let 0,4, = {mi,ne, k;} be a triple lacunary sequence and qm3,,qy
be sequences of positive numbers. If 1 < limgg; Vig; < lim;gj sup;y; < oo, then for
any Orlicz function f,

3 3
XRxmi g Tk ) eiéja q, fap:| = |:XR>‘WL-;“ng’ij s q, f,p:| .

Definition 3.6. Let 8; 0 ; = {m;,ne, k;} be a triple lacunary sequence. The triple

number sequence T is said to be S{ — P convergent to 0 provided

3
X Oiej
R%mi Hng Yk

that for every e > 0,

1
P —lim ———————supy;
il J )\i,LL[}/]—HMj v

{(m,n, k) el

I [((m k) ) ,(‘)} } >el =0

P—limz =0.
3

In this case we write S —
X 9'@'
|: R)\mi#ne‘vkj o J:|



140 N. SUBRAMANIAN AND A. EsI

Theorem 3.7. Let 0, 4; = {m;,ne, k;} be a triple lacunary sequence. If I;,é,j -
I; 0.5, then the inclusion

X
Fxmg by

3 .
|:XR>\mi g Vi aeléja Q:| C S|: 5 Mj:|
18 strict and

Xi’u _ ,0i0j,q| — P —limx =8 — P —limx = 0.
mikine Tk |: 9i21:|

3
XRAmi Hrg Yk ’
Proof: Let

K ) ={msnik) € Ly am, T [(meAn+ ) amineass) ™0} (3.0)

Yk

Suppose that x € [x?’hm_u ) ,0iej, q] . Then for each i,/ and j
i g Vh

. 1 _ = 1/m+n+k 5
P—lim— iy, {m+n+k!:cm i,k ,0}
45 Nofigy; Hies Z Z Z GmTn s (( Mmtinteh+i)

mEIMjnGIMjkEIiej
=0.
Since
1 _ = 1/m+4n+k 3H
7 ImTnT [ m A1+ k) Zmi k) ,0}
/\i,U[YjHiéj Z Z mindk (( ) | m+i,n J

mEIigj nefigj keliéj

1 L o
=i Z Z Z mnds {((m+"+k)!|$m+i,n+e,k+j|)1/ o ,0}

- /\i,U[YjHiéj me€lip; n€lip; kK€L
_ }KQi[j (6)}
Nittgy Hiej
for all ¢, and j, we get P — lim; ¢ ; % = 0 for each 4, ¢ and j. This implies
ity Hie

that x € S .
e ]

XRr
>wn7; Hn,g ’ij
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To show that this inclusion is strict, let @ = (2n%) be defined as

(xmnk) ==
- mtntk 9
. 5 5 Neri[ YTieg |
(m+n+k)!+n+k
m- C
1 2 3 doe YTaeg T
(mFn+k)!
i bk
Mo Y] " 9 3 ity [/ Hieg]) " 0
(mTntk)! (mTntk)!

i okt k b 5
Aiug'v]'[«4/H¢,e,j}m+n+ *we‘rj[\‘L/Hu,j]mMJr Ai“l’*j[\4/Hi,z,j}m+n+ 0 '
(mTntk)! (mFnth)! (mTntk)!

0 0 0 0 0

and ¢, = 1;q,, = 1;g, = 1 for all m,n and k. Clearly,  is unbounded sequence.
For € > 0 and for all ¢, ¢ and j we have

{m. k) € Ly an@, e [((m+ 0+ ) s D7 0) b 2

et etk mnt \ YmAntk
_p iy [ NiPei(moAn A R ] [/ Hie 5] [/ Hies
it] (/g™ (m4n+ )
=0.
Therefore z € S with the P — lim = 0. Also note that
{X%A 79i€j:|
mingk;
. 1 _ = 1/m+n+k 7
P—lim~———— YD it [((m+”+k)! |Zomintens) T ,0}
2] zlu‘lf}/j % melipgn€lig; k€l
mrntk mrntk Motk \ I/t
_p Ly Nittey;(m+n+k) [/ Hie [/Hiz ] [{/Hi ;] )
) llgn 4 m+n+tk | +
J [ Hi,é,j} (m—l—n—i—kz)
_1
2
3
Hence x ¢ [Xmenﬂkj Oicj, q} . O

Theorem 3.8. Let I;éj C Ligj. If the following conditions hold, then

3 0
0
|:XR>‘miung’ij s Ve ]7Q:|M v

CS{
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and

s P —limz =0.

050
R>"L“‘€’7j 2Vilg

3 0.,
XR)‘mi“n[’ij 5 zlj;Q:|

P—limz =S
: |

(UO<u<1aMO§[mn+n+MH%HmH&HWMHM%ﬁ}<L

1/m+n+k

(2)l<pu<ooandl< [((m—i—n—l— ) @it k45 ]) ,6} < 0.

Proof: Let © = (@ynk) be strongly {X%A - ,QMj,q} — almost P— conver-
g ting Tn

"
gent to the limit 0. Since

- _H
G [ (M4 1+ B! i)V 0] >

—_ = Lmdnak =
ImYnQk {((m+n+kz)!|xm+i7n+é7k+j|) /mtn+ ,0}

for (1) and (2), for all 4, ¢ and j, we have

7.7 m4nt+k =|H
Z Z Z dm4q,9 |: m+n+k)!|xm+i7n+é7k+j|)1/ +n+ ,0:|

’ITLGIZ[] ’I’IEIMJ ke]lgj

Z Z Z dm3y, 5 { m+n+k)! |xm+i,n+é,k+j|)1/m+n+k ’6}

z,U[Y] ilj

Z'LLZ,Y] ity meElip; n€ligj K€Ly
>6 |KQi2j (6)‘
T AiprgyHieg
where Kq,,; (€) is as in (3.1). Taking limit 4,¢,j — oo in both sides of the above
inequality, we conclude that S — P —limx = 0. O
X% 0iej

Amy Hng Tk

Definition 3.9. A triple sequence x :_(qcmnk) is said to be Riesz lacunary of x
almost P— convergent 0 if P —1lim; ¢ ; w:i;k (x) =0, uniformly in i,¢ and j, where

” ”
w:njnk (z) = w:njnk
-
Z Z Z qmqnqk{ ((m+n+B)! @miimsens )™ 0]
z,U[Y] ilj

mel; il ’I’IEIMJ ke]lgj

Definition 3.10. A triple sequence (Tynk) is said to be Riesz lacunary x almost
statistically summable to 0 if for every e > 0 the set

Ke={(i,6.5) e Nx NxN: |l 0] = e}
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i :

has triple natural density zero, (i.e) d3 (K.) = 0. In this we write

3 .
|:XR>\mi“n[’Yk~ ,ij] — P —limz =0.
J sto
That is, for every e > 0,

1
P —lim —

rst st mnk>

{i <rf<s,j<t: ‘wwj 6‘ > GH = 0, uniformly in i, and j.

Theorem 3.11. Let Ize] CLiej and ¢mq,qs [((m+n+ ) om0 k4 |>1/m+n+k,(_) <

M for all m,n,k € N and for each i,¢ and j. Let & = (Tyni) be

S — P —limz =0.
3 0.,
|:XRAm un[’vkj’ M]:|

Let

Kq,, (e) = H(m,n,k) GIi,éj S qmTn g [((m+n+k)! |zm+i,n+l,k+j|)1/m+n+k7(_):|} >el.

Then
¢
:nzk,o}
k —
) Z Z Z 4m T [ ((m+n+ k) @mpi e )T ,0}
zﬂe’YJ ilj meli; n€lig; k€li;
=iy Hos il ; Z Z Z Um0y [ (m+n+k)! |$m+i,n+e,k+j|)1/m+”+k ,(_)}
i ey zf] eIEJ ne] ke]
= iy Hie

ilj
mnk

for each i, € and j, which implies that P — lim; ¢ j w (z) =0, uniformly i, ¢ and

j. Hence, Sty — P —limyy; w:ﬁ]nk = 0 uniformly in i,£,j. Hence [X%)\ - ,91-@]} —
ke sto
P —limz = 0. To see that the converse is not true, consider the triple lacunary

sequence 0 {(21'7136714];1)} qm = 1,9, = 1,3, = 1 for all m,n and k, and the
triple sequence © = (Tyni) defined by Tppk = % for all m,n and k.
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