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ABSTRACT: The object of the present paper is to study generalized (k, pu)-contact
manifolds. At first we consider ¢-semisymmetric generalized (k, p)-contact mani-
folds. Beside these we study extended pseudo projectively flat generalized (k,p)-
contact manifolds. Also (k, it)-contact manifold satisfying Pe - S = 0 is also consid-
ered. As a consequence we obtain several corollaries.

Key Words: Generalized (k, 1)-manifolds, (k, u)-manifolds, Ricci tensor, Pro-

jective curvature tensor, p-projective semisymmetric manifold, n-Einstein mani-

fold.
Contents

1 Introduction 131
2 Preliminaries 133
3 p-projectively Semisymmetric Generalized (k, ;1)-Contact

Manifolds 136
4 Extended Pseudo Projectively Flat Generalized (k, u)-Contact

Manifolds 138
5 Generalized (k, 1)-Contact Manifold Satisfying P¢-S =0 139

1. Introduction

In 1995 Blair, Koufogiorgos and Papantoniou [1] introduced the notion of (k, u)-
contact metric manifolds M of dimension (2n+1) , where k and p are real constants,
and a full classification of such manifolds was given by E. Boeckx [6]. Actually
this class of space was obtained through D-homothetic deformation [14] to a con-
tact metric manifold whose curvature tensor satisfying R(X,Y )¢ = 0. There exist
contact metric manifolds for which R(X,Y )¢ = 0. For instance the tangent sphere
bundle of flat Riemannian manifold admits such a structure. Further it is well
known that [1] the tangent sphere bundle 771 M of a Riemannian manifold of con-
stant curvature ¢ is a (k, u)-contact metric space where k = ¢(2 — ¢) and u = —2c.
Thus in one hand there exists examples of (k, u)-contact manifolds in all dimen-
sions and on the other this class is invariant under D-homothetic deformation. It
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is evident that the class of (k, p1)-contact manifolds contains the class of Sasakian
manifolds, in which k£ = 1. Assuming &, y be smooth functions, T. Koufogiorgos and
C. Tsichlias introduced the notion of generalized (k, p1)-contact metric manifolds
and gave several examples [9]. Also in [9], the authors proved that the generalized
(k, p)-contact metric manifolds exist only for dimension 3 and hence we confined
ourselves to the study of 3-dimensional generalized (k, 1)-contact metric manifolds.
The (k, u)-contact metric manifold is of our special interest as it contains both the
Sasakian and non-Sasakian cases. Let M be a (2n + 1)-dimensional Riemannian
manifold with metric g and let x(M) be the set of all differentiable vector fields
on M. The Ricci operator @ of (M, g) is defined by ¢(QX,Y) = S(X,Y) , where
S denotes the Ricci tensor of type (0,2) on M and X,Y € x(M). In a Rieman-
nian manifold, if there exist a one-to-one correspondence between each coordinate
neighborhood of M and a domain in Euclidean space such that any geodesic of the
Riemannian manifold corresponds to a straight line in the Euclidean space, then
M is said to be locally projectively flat. For n > 1, M is locally projectively flat
if and only if the well known projective curvature tensor P vanishes. Here P is
defined by [13]

P(X,Y)Z = R(X,Y)Z — %[S(Y, Z)X — S(X, Z)Y], (1.1)

for all X,Y,Z € x(M), where R is the curvature tensor and .S is the Ricci tensor of
type (0,2). In fact, M is projectively flat if and only if it is of constant curvature.
Thus the projective curvature tensor is the measure of the failure of a Riemannian
manifold to be of constant curvature.

Recently B. Prasad [12] introduced a new type of curvature tensor which is known
as pseudo projective curvature tensor and is defined by

P(X,Y)Z = aR(X,Y)Z+b[S(Y,2)X —S(X,Z)Y]
_@Trﬂ)[% +Blg(Y, 2)X — g(X, Z)Y], (1.2)

where R is the curvature tensor, S is the Ricci tensor of type (0,2), r is the
scalar curvature of the manifold and a, b are non-zero constant. For a Riemannian
manifold if a + 2b = 0, then P = aP. Thus in a Riemannian manifold projective
curvature tensor is a particular case of pseudo projective curvature tensor.

Now we define extended pseudo projective curvature tensor P¢ of type (1,3) as
follows:

Pe(X,Y)Z = P(X,Y)Z—n(X)P(&Y)Z
—n(Y)P(X,§)Z —n(Z)P(X,Y)E. (1.3)

From the definition of extended pseudo projective curvature tensor it is clear that if
the manifold is pseudo projectively flat then it is also extended pseudo projectively
flat, but converse is not true, in general.

In 2006, Venkatasha and C. S. Bagewadi [16] studied pseudo projective p-recurrent
Kenmotsu manifold. Later C. S. Bagewadi et. al. [5] studied pseudo projective
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curvature tensor of a contact metric manifold. In ([10], [11]), the authors have
extended this notion to Kenmotsu manifolds, Sasakian manifolds, LP-Sasakian
manifolds and (k, u)-contact manifolds and obtain the condition for these mani-
folds to be of Einstein, n-Einstein and pseudo projectively flat.

Motivated by the above studies, in this paper we study extended pseudo projec-
tively flat and the curvature condition P¢- S = 0 in generalized (k,u)-contact
manifold. Besides this in this paper we study ¢-projectively semisymmetric gener-
alized (k, p)-contact manifolds.

The paper is organized as follows:

After brief introduction in Section 2, we discuss about some preliminaries that will
be used in the later sections. In section 3, we consider (p-semisymmetric general-
ized (k, p)-contact manifolds and prove that a ¢-projectively semisymmetric non-
Sasakian generalized (k, p1)-contact manifold is an N (k)-contact manifold. Section
4 is devoted to study extended pseudo projectively flat generalized (k, p)-contact
manifolds. Finally, we consider (k, u1)-contact manifold satisfying P¢-S = 0. As a
consequence we obtain several corollaries.

2. Preliminaries

A (2n + 1)-dimensional smooth manifold M is said to admit an almost contact
metric structure if it admits a tensor field ¢ of type (1,1), a vector field £ and a
1-form n satisfying ( [2],[3])

(@) o =—-T+n®¢& (b) n€) =1, (¢) ¥¢=0, (d) nop=0. (2.1)

An almost contact metric structure is said to be normal if the almost complex
structure J on the product manifold is defined by

d

Dy (ox — fenx) Ly

X, f—
I ’fdt dt

is integrable, where X is tangent to M, ¢ is the coordinate of R and f is the smooth
function on M x R. Let g be a compatible Riemannian metric with almost contact
structure (¢, 7, §), that is,

9(pX, Y ) = g(X,Y) = n(X)n(Y). (2.2)

Then M becomes an almost contact metric structure (¢, &,7,¢g). From (2.1) it can
be easily seen that

(a)  g9(X,9Y)=—g(pX,Y), (b)) g(X,§)=n(X). (2.3)

for all vector fields X,Y. An almost contact metric structure becomes a contact
metric structure if

g(X, (pY) = dn(XaY)a (24)

for all vectors fields X,Y. The 1-form 7 is called a contact form and £ is its
characteristic vector field. We define a (1,1) tensor field h by h = %f ¢, where
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£ denote the Lie derivative. Then h is symmetric and satisfies the conditions
he = —ph, Tr.h = Tr.oh = 0 and hé = 0. Also

Vx&=—pX — phX. (2.5)

holds in a contact metric manifold. A normal contact manifold is a Sasakian
manifold. An almost contact metric manifold is a Sasakian manifold if and only if

(Vxe)(Y) = g(X,Y){ —n(Y)X, (2.6)

where X, Y € x(M) and V is the Levi-Civita connection of the Riemannian metric
g. A contact metric manifold M?"+1(p, & n, g) for which ¢ is a Killing vector is
said to be a K-contact metric manifold. A Sasakian manifold is K-contact but not
conversely. However a 3-dimensional K-contact manifold is Sasakian. It is known
that the tangent sphere bundle of a flat Riemannian manifold admits a contact
metric structure satisfying R(X,Y){ = 0. On the other hand, on a Sasakian
manifold the following relation holds

R(X,Y)E =n(Y)X —n(X)Y. (2.7)

As a generalization of both R(X,Y)¢ = 0 and the Sasakian case: D.E. Blair, T.
Koufogiorgos and B. J. Papantoniou [1] introduced the (k, p)-nullity distribution
on a contact metric manifold and gave several reasons for studying it.

The (k, u)-nullity distribution N(k,p) [1] of a contact metric manifold M is
defined by

N(k,p) = p— Np(k,p)
= {W e T,M : R(X, Y)W = (kI + puh)(g(Y, W)X — g(X,W)Y)},

for all X,Y € TM, where (k, 1) € R%. Thus we have
R(X,Y)¢ = (kI + ph)Ro(X,Y)E, (2.8)
where Ro(X,Y)¢=nY)X —n(X)Y .

A contact metric manifold M with £ € N(k, p) is called a (k, u)-contact metric
manifold. If = 0, the (k, u)-nullity distribution reduces to k-nullity distribution
[15]. The k-nullity distribution N (k) of a Riemannian manifold is defined by [15]

N(k) :p — Ny(k) = {Z € T,M : R(X,Y)Z = Klg(Y, 2)X — g(X, Z)Y}.

k being a constant. If the characteristic vector field £ € N(k), then we call a con-
tact metric manifold a N (k)-contact metric manifold. If £ = 1, then the manifold
is Sasakian and if £ = 0, then the manifold is locally isometric to the product
E™1(0) x S™(4) for n > 1 and flat for n = 1.
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Moreover, in a (k, 1) -contact manifold the following relation holds :

h? = (k—1)¢* k< 1. (2.9)
R(§, X)Y = k[g(X,Y)§ = n(Y)X] + plg(hX,Y)§ — n(Y)hX], (2.10)
SXY) = [2(n—1) —nulg(X,Y) + [2(n — 1) + p]g(hX,Y)
+[2(1 —n) + n(2k + ) In(X)n(Y),n > 1. (2.11)
QX = [2n—1)—nu)X +2(n—1)+plhX
+[2(1 = n) +n(2k + p)n(X)E,n > 1. (2.12)
S(X,€) = 2nkn(X), (2.13)
QE = 2nke, (2.14)
(Vxn)Y = g(X + hX,¢Y), (2.15)
(Vxh)Y = (1-k)g(X,¢Y){+ g(X, hoY)E +n(Y)(h(pX + hX))
—pmn(X)phY. (2.16)

A generalized (k, p)-contract manifold M? (¢,&,1,g) is a (k, u)-contract man-
ifold in which &,y are smooth functions M?3. A generalized (k, ;1) contract metric
manifold does not exist for dimension greater then three [9]. In a generalized
(k, u)-contact metric manifold M3(p, &, n, g), beside the relations (2.1) — (2.15) the
following relations also hold [9]

&k =0, (2.17)

h grad u = grad k. (2.18)

Generalized (k, pt)-contact manifolds have been studied by several authors such as
Gouli-Andreou et al. [8], Yildiz et. al. [18], De et al. [7] and many others.

Definition 2.1. A generalized (k, p)-contact manifold is said to be @-projectively
semisymmetric if
(P(X,Y) ’ (p)Z =0,

for all smooth vector fields X,Y, Z.

Now we state the following Lemma and Proposition which will be used latter.



136 P. MaJjH1 AND G. GHOSH

Lemma 2.2. [/] Let M3 be a contact metric manifold with contact metric structure
(p,&,n,9). Then the following conditions are equivalent:
(a) M3 is n-Einstein manifold,

(b) Qp = ¢Q,
(¢) € belongs to the k-nullity distribution.

Proposition 2.3. [17] In a non-Sasakian (k, p)-contact metric manifold, the fol-
lowing are equivalent :

(a) n-FEinstein manifold,

(b) Qv = ¢Q.

3. p-projectively Semisymmetric Generalized (k, ;)-Contact Manifolds

In this section we deal with -projectively semisymmetric generalized (k, u)-
contact manifolds. Suppose

(P(X,Y)- o)W =0.
Then
P(X, Y)W — o(P(X,Y)W) = 0. (3.1)
Using (1.1), (2.8) and (2.11) in (3.1) yields

0 = {(1-F)geY,W)n(X) —gleX, W)n(Y)] — (1 — p)[g(phY, W)n(X)
—g(ehX, Wn(Y)]}§ — g(Y + hY, W)(pX, phX)
+9(X + hX, W)(Y, phY ) — g(oY + phY, W)(X + hX)
+9(pX + hX, W)Y + 1Y) = n(W){(1 — k)[n(X)pY —n(Y)pX]

+(1 = @) [n(X)phY —n(Y)phX]} — %[S(Y, PW)X — S(X, W)Y
—S(Y,W)pX + S(X,W)pY]. (3.2)

Putting Y = W = £ in the above equation yields

w(phX) = 0. (3.3)
Taking inner product with Y in (3.3) implies
ng(phX,Y) = 0.

Therefore p = 0, since g(phX,Y) # 0 for non-Sasakian generalized (k, u)-contact
manifold . Therefore we can state the following:

Theorem 3.1. A @-projectively semisymmetric non-Sasakian generalized (k, p)-
contact manifold is an N (k)-contact manifold.
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Now taking inner product with Z in (3.2) yields
0 = {A=K)gleY, W)n(X) —gleX, W)n(Y)] — (1 — u)[g(hY, W)n(X)
—g(eh X, Wn(Y)[}n(Z) — g(Y + Y, W)[g(¢X, Z) + g(phX, Z)]
+9(X +hX, W)lg(¢Y, Z) + g(phY, Z)] — g(¢Y + phY, W)[g(X, Z)
+9(hX, Z)] + g(pX + oh X, W)[g(Y, Z) + g(hY, Z)]
—n(WH{({1 = k)[n(X)g (<PY Z) =n(Y)g(eX, Z)] + (1 — p)[n(X)g(hY, Z)
—n(Y)g(phX, Z)]}*—[ (Y, eW)g(X, Z) = S(X, eW)g(Y, Z)
—S(Y, W)g(eX, Z) +5(X, W)g(eY, Z)]. (3.4)

\/\/

Contracting Y and Z in the above equation yields
0 = (k=3)g(eX, W)+ (24 n)g(phX, W) — 2g(heW,hX) + S(X, W)
+%S(@X, W). (3.5)
Replacing W by W in the above equation we have
0 = (k=3)g(eX, W)+ 2+ u)g(phX, oW) + 29(0hW, ohX) + S(pX, W)
£3S(pX, W), (3.6)
Using (2.2) and (2.11) in (3.6) implies,

0= (k=3=2u)[g(X, W) —n(X)n(W)] + Bu+1)g(hX, W)
+g(h*W, X). (3.7)

Using (2.9) in (3.7) yields

0 = (k—=3-2u)[g(X, W) —=n(X)n(W)]+ Bu+1)g(hX, W)
+(k = 1)g(*W, X). (3.8)

Using (2.1) in (3.8) we get
=2(u+ Dg(X, W) +2(u + Dn(X)n(W) + Bp + Dg(hX, W) = 0. (3.9)
Putting the value of g(hX, W) from (2.11) in the above equation yields

plp—1)
3p+1

(5p 4 3)

seew) = (M X))

) g(X, W) + 2k +

Thus we can state the following:

Theorem 3.2. A p-projectively semisymmetric generalized (k, u)-contact manifold
reduces to an n-FEinstein manifold.

Thus in virtue of Prop 2.1 and Theorem 3.2 we can state the following:
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Corollary 3.3. Let M be a non-Sasakian p-projectively semisymmetric generalized
(k, u)-contact manifold. Then the Ricci operator commutes with p. That is, Qp =

PQ.
Suppose Q¢ = ¢@Q. Then from (2.12)

phe = 0. (3.10)

Therefore either ;4 = 0 or hyp = 0. Suppose hp = 0, operating h both sides of this
equation and using (2.9) we have (k — 1)pX = 0, that is, K = 1 and consequently
the manifold becomes Sasakian. Thus for a non-Sasakian generalized (k, )-contact
manifold, applying Lemma 2.1 we can state the following:

Corollary 3.4. Let M3(p,£,m,9) be a p-projective semisymmetric non-Sasakian
generalized (k, ) contact metric manifold. Then the following conditions are equiv-
alent:

(a) M3 is n-Einstein manifold,

(b) Qo = ¢Q,
(¢) & belongs to the k-nullity distribution.

4. Extended Pseudo Projectively Flat Generalized (k, 1)-Contact
Manifolds

In this section we study extended pseudo projectively flat generalized (k, u)-
contact manifolds. From (2.8) we have

R(£,X)¢ = Ro(§, (kI + ph)X)E
n((kI 4 ph) X)E — n(&) (kI 4 ph) X
= kn(X)¢ — kX — phX. (4.1)

Putting Z = £ in (1.2) we have

P(X,Y)¢ = aR(X,Y)E+b[S(Y,6)X — S(X,€)Y]
‘ﬁ[% +b][g(Y,6)X — g(X,€)Y]. (4.2)

Using (2.11) in (4.2) we obtain

P(X,Y)¢ = a(kl+ ph)— 2kb— m[% + b)) Ro(X, V).
= l(o+200)(0k = s+ aph]Ro(X, V)6 (4.3)
Also from the above equation,
P(&,X) = [(a+ 20b)(k — 5——)|Ro(X, ) + auRo(€, hX).  (4.4)

2n(2n + 1)



CERTAIN RESULTS ON GENERALIZED (k, /1)-CONTACT MANIFOLDS

Consequently, we have

r

PEX)¢ = la+2md)(k— 55—y

Now putting Y = Z = ¢ in (1.3) we obtain

0=PX, 8¢ = P(X,6¢—n(X)P(& &)
—n(§)P(X, )& —n(§) P(X, E)E.
Therefore,
0= —P(X, €.
Using (4.3) in (4.7) yields
r

0= (a+2b)(k— 6)(77(X)€ - X)—auhX.

Using (2.1) in (4.8) implies

2k 4 p

(a+ 2b)( )2 X = aphX.

Using (2.9) in (4.9) we have
(a4 2b)(2k 4+ p)h* X = 3ap(k — 1)hX.
Therefore,

h2 30’:“’(k — 1)

(e +20)(2k +p)

Taking trace on both sides of the above equation we have
Tr.h* =0.

Using (2.9) in (4.11) yields

Thus we have:

)I(X)§ = X) — aphX.

139

(4.5)

(4.11)

Theorem 4.1. An extended pseudo projectively flat generalized (k, pv)-contact man-

ifold is a Sasakian manifold.

As a corollary we obtain the following:

Corollary 4.2. A pseudo projectively flat generalized (k, p)-contact manifold is a

Sasakian manifold.
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5. Generalized (k,)-Contact Manifold Satisfying P¢- S =0

In this section we characterize a generalized (k, j1)-contact manifold satisfying
the curvature condition (P¢(X,Y)-S)(U,V) = 0.
Now using (2.3), (2.11) and (2.12) we have,

PUEYVIU = (a+20)[(k— @)Y — (k+ n(X)n(¥)e
+aun(U)RY]. (5.1)

Putting U = ¢ in the above equation we obtain,

PEY)E = (a+2)[(k— )Y = (k+ n(Y)S
+aphY). (5.2)
Suppose
(P(X,Y)-S)(U, V) =0.
Then
S(P¢(X,Y)U,V)) + S(U, P¢(X,Y)V) = 0. (5.3)
Putting X =V = ¢ in (5.3) we have
S(Pe(§,Y)U,E)) + S(U, P*(£,Y)€) = 0. (5:4)
Using (5.1) and (5.2), in (5.4), we get

0 = —(at 2b)(% 2R )l + (a -+ 20)(k + DSV, U)]

+apS(hX,Y). (5.5)
From (2.11) in (5.5) yields

0 = —(a+ W) 2RV In(U) + (a+ 2B)(k + D)V, D)

+ap[—pg(hY,U) + pg(h?Y, U)). (5.6)
Using (2.1) and (2.11) in (5.6) yields
SY,U) = ag(Y,U) + Bn(X)n(Y),

where
- 3ak
~ (a+2b)(4k — p) — 3au

and
—k(a+ 2b)(3a — 2 — 4k)
(a+2b)(4k — p) — 3ap

Thus we can state the following:

8=

Theorem 5.1. A generalized (k, u)-contact manifold satisfying the curvature con-
dition P¢-S = 0 is an n-Einstein manifold, if a + 2b # 0 and FEinstein manifold if
a+2b=0.
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