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Existence of Solution for Nonlinear Fourth-order Three-point
Boundary Value Problem

Zouaoui Bekri and Slimane Benaicha

ABSTRACT: In this paper, we study the existence of solution for the fourth-order
three-point boundary value problem having the following form

uD (X)) + flt,ut) =0, 0<t<1,
u(0) = au(n), ' (0)=u"(0)=0, u(l)=/Hu(n),

where n € (0,1), a,8 € R, f € C([0,1] x R,R), and f(¢,0) # 0. We give sufficient
conditions that allow us to obtain the existence of solution. And by using the Leray-
Schauder nonlinear alternative we prove the existence of at least one solution of the
posed problem. As an application, we also given some examples to illustrate the
results obtained.

Key Words: Green’s function, Existence of solution, Leary-Schauder nonlin-
ear alternative, Fixed point theorem, Boundary value problem.
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1. Introduction

The study of fourth-order three-point boundary value problems (BVP) for or-
dinary differential equations arise in a variety of different areas of applied mathe-
matics and physics.

Many authors studied the existence of positive solutions for nth-order m-point
boundary value problems using different methods such that fixed point theorems
in cones, nonlinear alternative of Leray-Schauder, and Krasnoselskii’s fixed point
theorem, see ([2,3,4,5]) and the references therein.

In 2003, by using the Leray-Schauder degree theory, Yuji Liu and Weigao Ge
([6]) proved the existence of positive solutions for (n — 1, 1) three-point boundary
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value problems with coefficient that changes sign given as follows

ul™ (1) + Xa(t) f(u(t)) = 0, t€(0,1),
u(0) = au(n), wu(l) = Bu(n), u(i)(()) =0 fori=1,2,...,.n—2, and
ul"=2(0) = au™ 2 (), w2 (1) = pu" "I (n), u(0) =0 for i=1,2,...,n-3,

where n € (0,1), « > 0, 8 > 0, and a : (0,1) — R may change sign and R =
(—00,00), f(0) >0, A > 0 is a parameter.

In 2005, Paul W. Eloea and Bashir Ahmad ([7]) studied the existence of pos-
itive solutions of the following nonlinear nth-order boundary value problem with
nonlocal conditions

u™(t) + a(t) f(u(t) =0, te(0,1),
w(0) =0, u(0)=0,..,u"2(0)=0, auly) =u(l),

where 0 < < 1,0 <an® ! <1,a:[0,1] — [0,00) is continuous, and f is either
superlinear or sublinear. The methods used is based on the fixed point theorem in
cones due to Krasnoselkii and Guo.

Then in the year 2009, Xie, Liu and Bai ([8]) used fixed-point theory to study
the existence of positive solutions for a singular nth-order three-point boundary
value problem on time scales represented in the following figure

u™ () + h(t) f(u(t)) =0, te (0 1),

u(a) = au(n), u'(a)=0,..,ul" 2>< ) =0, u(b) = Bun),
wherea <n<b,0<a<1,0<Bn—a)"t<(1-a)b—a)"t+amn—a" 1,
f € C(a,b] x [0,00),[0,00)) and h € C(]a,b], [ 00)) may be singular at t = a and

t=0.
In 2013, Yan Sun and Cun Zhu ([9]), considered the singular fourth-order three
point boundary value problem

u®(t) + (tu()) 0, 0<t<1,
u(0) =4 (0)=u (0)=0, o (1)—au(n) =X,

where n € (0,1) and « € [0, %) are constants and A € [0,00) is a parameter, The
authors presented the existence of positive solutions by using the Krasnosel’skii
fixed point theorem.

For Some other results on fourth-order boundary value problem, we refer the
reader to the papers ([10,11,12,13,14]).

Motivated by the above works, the aim of this paper is to establish some suffi-
cient conditions for the existence of solution for the fourth-order three-point bound-
ary value problem (BVP)

u®(t) + f(t,u(t) =0, 0<t<l1. (1.1)

u(0) = au(n), wu(0)=wu (0)=0, u(l)=pu(n), (1.2)
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where n € (0,1), a, B €R, f € C([0,1] x R,R), f(¢,0) # 0, and R = (—o0, +00).

This paper is organized as follows. In section 2, we present two lemmas that
will be used to prove the results. Then, in section 3, we present and prove our main
results which consists of existence theorems and corollary for nontrivial solution
of the BVP (1.1) — (1.2), and we establish some existence criteria of at least one
solution by using the Leray-Schauder nonlinear alternative. Finally, in section 4,
as an application, we give some examples to illustrate the results we obtained.

2. Preliminaries

Let E' = C([0, 1]) with the norm [|y|| = sup,¢(o 1) |y(¢)| for any y € E. A solution
u(t) of the BVP (1.1) — (1.2) is called nontrivial solution if u(¢) # 0. To get our
results, we need to provide the following lemma.

Lemma 2.1. Lety € C([0,1]), a # 1, B> # 1, and ( = (1 — a) +n3(a — B) # 0,
then three-point BV P
uP () +y(t) =0, 0<t<1,

u(0) = au(n), « (0)=1u"(0)=0, wu(l)=PBu(n),

has a unique solution

t 31— )+ and 1
u(t) = 7%/0 (t — s)3y(s)ds + %/0 (1—s)3y(s)ds+
tBla—pB)—a [
e RUEDRTOLE

Proof. Rewriting the differential equation as u(*)(t) = —y(t), and integrating four
times from 0 to ¢, we obtain

I 3 t3 t?
u(t)=—= [ (t—9)y(s)ds + —co + —c1 + tea + cs. (2.1)
6 Jo 6 2
By the boundary conditions (1.2), we have u/(0) = v”(0) =0, i.e. ¢; =c2 =0,
and u(0) = au(n), implies
a 3

c3 = fm /On(n — 5)3y(s)ds + %Co, (2.2)

also u(1) = pu(n), we find

6(8—1)

(1—67’]3)03. (23)

Co =

R Y AN S LRI
(1_5773)/0(1 )7y (s)d (1—5773)/0(77 )3y(s)ds+

Injecting equation (2.2) in (2.3), we obtain

s B N ey N LA
O T e J, O o g ) (e
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and ¢z =

an? @

1*5355* 77—5355.
6((1*04)+773(04*5))/0(1 Vyle)d 6((1—04)+773(a—ﬂ))/0(n )y(s)d

Substituting ¢o and c3 by their values in (2.1), we obtain the solution in the state-
ment of the lemma. this completes the proof. a

Define the integral operator T': E — E, by

t 3 . o 3 1
Tu(t):—%/o (ts)gf(s,u(s))dsqL%/o (1— ) f (s, u(s))ds+
7153(0[75)70[ ! —5)3f(s,u(s))ds
= [ 9P s u)as (24)

By Lemma 2.1, the BVP (1.1) — (1.2) has a solution if and only if the operator
T has a fixed point in E. So we only need to seek a fixed point of T" in E. By
Ascoli-Arzela theorem, we can prove that T is a completely continuous operator.
Now we cite the Leray-Schauder nonlinear alternative.

Lemma 2.2. ([1,15]). Let E be a Banach space and Q be a bounded open subset
of E,0€Q. T:Q— E be a completely continuous operator. Then, either

(1) there exists u € OS2 and A > 1 such that T'(u) = Au, or

(ii) there exists a fized point u* € Q of T.

3. Existence of solution

In this section, we prove the existence of a nontrivial solution for the BVP
(1.1) — (1.2). Suppose that f € C([0,1] x R, R).

Theorem 3.1. Suppose that f(t,0) # 0, ¢ # 0, and there exist nonnegative func-
tions k,h € L'[0,1] such that

If(t,z)| < k(t)|z] + h(t), a.e. (t,z)€[0,1] x R,

11+ jal0+®), (Y 181+ 2a] [
% 6/C] )/0(1 8] k(s)ds + =g J,

Then the BVP (1.1) — (1.2) has at least one nontrivial solution u* € C(]0,1]).

(n — s)%k(s)ds < 1.

Proof. Let

11 1+, ! 9 "
M(EjL%)/O (178)3k(s)ds+|ﬂ|+ |a|

6Icl Jo

N:(} 1+ |a|(1 +7°) 1Bl + 2]af [

P E— ' *SBSS —_— *5355.
S+ >/0(1 Phds + L2 [ sPh(s)a



EXISTENCE OF SOLUTION FOR NONLINEAR FOURTH-ORDER THREE-POINT... 71

Then M < 1. Since f(¢,0) # 0, there exists an interval [a,b] C [0, 1] such that
ming<i<p [f(¢,0)] > 0. And as h(t) > |f(t,0)|, a.e. t € [0,1], we know that N > 0.

Let A=N(1— M)t and Q = {u € E: ||u| < A}. Assume that u € 9Q and
A > 1 such that Tu = A\u, then

Ad = Mull =[|Tu]] = max [(Tu)(®)]

31 —a)+an® [!

t sl — 1), A=W u)lds
3(er — B) — U]
+ g X0 st

L, Lfal+m®)) (0 e e s
<G [ 0= )l

7|ﬂ|+2|a| ! —8)3|f (s, u(s))|ds
+ P EL o165, o
(0% 3 1
<l + D [ Pk uslas
7|ﬂ|+2|a| ! — 5)3k(s)|u(s)|ds
+ P E [ spretucoas

(0% 3 1
# G ) [ s

8]+ 2|e| [ 3
+ ———— | (n—s)°h(s)ds
6[cl Jo
=M ||u|| + N.
Therefore,
N N
A<M+ —=M+4+————=M+1-M)=1.
<M+ +N(1_M)_1 + ( )

This contradicts A > 1. By Lemma 2.3, T has a fixed point u* € Q. In view of
f(t,0) # 0, the BVP (1.1) — (1.2) has a nontrivial solution u* € E.
This completes the proof. O

Theorem 3.2. Suppose that f(t,0) # 0, ¢ > 0, and there exist nonnegative func-
tions k,h € L'[0,1] such that

[f(t,2)| < k(t)|z| + Rh(t), ae. (t,z)€]0,1] xR.

If one of the following conditions is fulfilled
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(1) There exists a constant p > 1 such that

1 6¢(1 + 3¢g)1/1
 # s < ey £ oo e ¢

(2) There exists a constant p > —1 such that

(A+pR+pB+mWE+n ae. se0,1]

HO) < T Tl ) + (Bl + Al

CA+w)C+p)B+p)(4+p)
CH 1+l +53) + (18] + 2|a)nttr

(3) There exists a constant p > —4 such that

meas{s € [0,1] : k(s) <

s*} > 0.

6¢(4 + p) "
k(S)SC+1+|04|(3+773)+|5|(178), a.e. s €[0,1],
meas{s € [0,1] : k(s) < 6c(4 +p) (1—-9)"}>0.

C+1+al@B+7n°) + 8]
(4) k(s) satisfies

§ 24¢

TG4 el(1+ ) + (18] + 2]al)n*

< 246 }>0
¢+ 1+ ol +7*) + (18] + 2lal)n* '

a.e. s €[0,1],

k(s)

meas{s € [0,1] : k(s)

(5) f(t,x) satisfies

0 = limsup ma |f(t,x)| - 24¢
= lim sup max .
o —oo tEO1] T ¢+ 14 [el(1+7%) + (18] + 2|af)n*

Then the BVP (1.1) — (1.2) has at least one nontrivial solution u* € E.

Proof. Let M be defined as in the proof of Theorem 3.1. To prove Theorem 3.2,
we only need to prove that M < 1. Since ¢ > 0, we have

Gkl [ Bl +2laf [
M = 6c /0(1 s)°k(s)ds + 6C /0(77 $)°k(s)ds.

(1) Using the Holder inequality, we have

! 1
M < [/O kp(s)ds]l/p{§+1+ |2‘£((1+U3)[/0 (15)3qd5]1/q+Wx

! _ )34 Sl/q
[Aw ads)i/ay
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18] + 2| , 39
6 '1+3q

1
/ C+1+|Oz|(1+7]3) 1
M <[ was it

_ 6¢(1+3q)1/ y
CH LAl +7°) + (18] + 2|a)pt+iold

¢+ 1+al(l+7*) + (18] +2|af)y +30/a
6¢(1 + 3¢)t/a

)1/q )1/q]

=1

(2) In this case, we have

CA+pE2+p)B+p)4+np)

CHl+lof+n’) (1 s
M < T Tl ) + (BT + 2lal)nt s 6¢ [ = orsass
1B +2|af [ u
T ; (77—5)35 ds]
A+WC+uB+mE+n)  CHltlali+n)
T AL faf(T+n3) + (18] + 2]al)ptte ¢
1 18] + 2o 0t -

I+ )2+ p)(3+p)(4+p) ¢ (A+mw2+p)B4u)(4+mp

CA+mE+mWB+mME+p)  C+1+]af(t+7°) + (18] +2lel)n™*
CH1+lal(L+7%) + (18] + 2la)n* " (1 +p)2+p)B+p)(4+p)

(3) In this case, we have

A - 6¢(4 + p1) (SRR CR /1(15)3+Hds+ 181 +2lo]
0

(+1+lal3+7%) +15] 6¢ 6¢

[lo=spa - spras

6C(4+ ) [g +1+ |o|(1+n3) /1(1 _ oPeds 4 1B +2lof
0

T (L4 al(3+n%) + (8] 6¢ 6¢
1
/(1—5)3+“ds]
0
_ 6¢(4+ p) [<+1+Ial(1+n3) 1 18] + 2| 1]
C+1+[al3+n?)+ B 6¢ A+ 6 d+p
_ 6¢(4 + 1) CH1+1aB+7)+18] _
CH+1+[alB+n%) +18 6¢(4 + p) '
(4) In this case, we have
24¢ CHltlal(+n®) [ s
e e e e e Ak
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81+ 2la] 7
P2 [

) 24¢ CHLtlala a3+ 2abnt,
C+1+al(T+n%)+ (18] + 2le)n? 24¢ 24¢ '
(5) Let € = %[C+1+|oz\(1+772;§3-(|ﬂ\+2\0¢\)774 — @], then there exists ¢ > 0 such that

24¢
CH+1+al(1+n3) + (18] + 2|al)n*

Set A = max{|f(t,x)|: (t,z) € [0,1] X [—¢, ]}, then
24¢

|f ) <

— €|z, (t,x) €[0,1] xR\ (—¢,c).

ft,x)| < —¢€llz| + A, (t,z) € [0,1] x R.
S e a
_ 24¢ .
Set k(S) = {Fital+F )+ (B[ F2la)n? — €, h(S) = A, then (4) holds.
This completes the proof. O

Corollary 3.3. Suppose f(t,0) # 0, ¢ > 0, and there exist nonnegative functions
k,h € L'[0,1] such that

|f(t,2)| < k(@)|z| + h(t), ae. (t,z)€[0,1] xR.

If one of following conditions is holds
(1) There exists a constant p > 1 such that

1
6C(1L+39YV7 1 1

S =1).
C+1+4lal+ 87 (p+q )

1
/ EP(s)ds < |

0
(2) There exists a constant pn > —1 such that

CL+ )2 +pw)B+p)(d+p)
S TP ENT] st ae. s €]0,1],

CA+p) (24 p)(3+p)(4+p)
C+1+4|al+ B

k(s) <

meas{s € [0,1] : k(s) < s*}>0.

(3) k(s) satisfies

24¢

") S T T dlal 1 18]

a.e. s €[0,1],

24¢
C+1+4|al + (]

meas{s € [0,1] : k(s) <

(4) f(t,x) satisfies

}>0.

. f(t,x) 24¢
= lim sup max < .
Q |m|~>oop te[0,1] | x | C + 1+ 4|Oé| + |ﬂ|

Then the BVP (1.1) — (1.2) has at least one nontrivial solution u* € E.
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Proof. In this case, we have

I S R/ P Bl +2lal (7 s
M= 6c /0(1 s)°k(s)ds + 6 /0(77 $)°k(s)ds

(+1+2al /! 3 18] +2]af [ 3
< 67§/0 (1—s) k(s)ds—i—T/O (1— 5)3k(s)ds

_ G 1+dlof+]8] [
6¢ 0
Proof of this Corollary 3.3 is the same method in the proof Theorem 3.2. O

(1 —8)3k(s)ds.

Theorem 3.4. Suppose f(t,0) #0, « >0, 3> 0, ¢ <0, and there exist nonneg-
ative functions k,h € L*[0,1] such that

|f(t,z)| < k(@)|z| + h(t), ae. (t,z)€[0,1] xR.

If one of the following conditions is fulfilled
(1) There exists a constant p > 1 such that

1 1
—6¢(1 4+ 3¢)1/a
kP(s)ds < P
/0 ) < B+ (5 1 2080
(2) There exists a constant pn > —1 such that

—C(1+p)(2+ p) (3 + p) (4 + )
o B 3z T e s< ]

I+ )2+ p)B+p)(4+p)
2a + B + (B + 2a)yttr
(3) There exists a constant p > —4 such that

—6¢(4 + 1)
M= ST

k(s) <

meas{s € [0,1] : k(s) <

st} > 0.

(1—=s)*, ae. se]|0,1],

—6¢(4+p)

meas{s € [0,1] : k(s) < m

(1—s)"} > 0.

(4) Kk(s) satisfies

—24¢
k(s) < 2a + 03 + (B + 2a)n?t’

) —24¢
200+ B + (B + 2a)n?

a.e. s € [0,1],

meas{s € [0,1] : k(s)

(5) f(t,z) satisfies

}>0.

=1 < .
¢ Tiﬁf‘;p relo) | T | 2a+ B + (B + 2a)n?

Then the BVP (1.1) — (1.2) has at least one nontrivial solution u* € E.
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Proof. Let M be given as in the proof of Theorem 3.1. To prove Theorem 3.4, we
only need to prove that M < 1. Since o > 0, 5 > 0, and ¢ < 0, we have

2 3ot 2a "
M= M/ (1—5)%k(s)ds + f+2a (n — 5)°k(s)ds.
—6¢  Jo —6¢ Jo
Proof of this Theorem 3.4 is the same method in the proof Theorem 3.2. O

Corollary 3.5. Suppose f(t,0) #0, « >0, 8> 0, { <0, and there exist nonneg-
ative functions k,h € L'[0,1] such that

|t 2)| < k(@)|z| + h(t), ae. (t,z)€[0,1] xR.

If one of the following conditions is holds
(1) There exists a constant p > 1 such that

! —3¢(1 + 3¢)"/1 1
P P z
/Ok(s)d8<[ 200+ I, P

(2) There exists a constant p > —1 such that

bs) < SSATNCTHE+ LA+

1
+-=1).
. )

< 220+ B) , a.e. s€0,1],
meas{s € [0,1] : k(s) < —C(L+ M)(;(;Faﬂ—)i_(:;;r w+p) st} > 0.
(3) E(s) satisfies
k(s) < 2;?%, a.e. s €[0,1],
meas{s € [0,1] : k(s) < 2;132} > 0.
(4) f(t, ) satisfies
Q= s V5 < 25

Then the BVP (1.1) — (1.2) has at least one nontrivial solution u* € E.

Proof. In this case, we have

_ 2a+ pnp? ! 3 B42a ("
M= 2L /O (1= k(s + Z22 [ 5 h(s)ds
200+ 6 [1 3 B+2a [1 3
<= J, (1 —9)°k(s)ds + “6c J, (1 —9)°k(s)ds
1
= 2%;}25 ; (1 — 5)%k(s)ds.

The rest procedure is the same as for Theorem 3.4. O
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4. Examples

In order to illustrate the above results, we consider some examples.

Example 4.1. Consider the following problem

u® + Llufcos Yu+2t+1=0, 0<t<l,
(4.1)

/ 1"

w(0) =2u(1/2), w (0)=u (0)=0, wu(l)=—-14u(1/2).

Setn = %, a=2,=-14, and
t
ft,z) = g|x|cos\3/5+2t+1,

k(t) ==, h(t)=2t+1,

55
It is easy to prove that k,h € L*[0,1] are nonnegative functions, and

If(t,z)| < k(t)|z] + h(t), a.e. (t,z)€[0,1] x R,

and
(=(1-a)+ia—p) =1£0.

Moreover, we have

1 1+]a[(1+7°) /1 3 Bl + 2] (7 5
M=(=+ ) | (1 —s)’k(s)ds + (n—s)°k(s)ds
6 6] 0 61Cl  Jo
17 (! s 172 1 s 17 3
M=— [ (1-s)32d — 5P lds = — + —— =0.019 < 1.
24/0( 2 2S+3/0 (2 ) 5% =960 T 1280 ~ V010 <

Hence, by Theorem 3.1, the BVP (4.1) has at least one nontrivial solution u* in E.

Example 4.2. Consider the following problem

u(4)+2/?’11#sinu2—et—3:0, 0<t<l,
(4.2)

’ 12

w(0) =1/2u(1/2), w (0)=wu (0) =0, wu(l)=1/4u(1/2).
Setn=1/2,a=1/2, B =1/4, and
_ 2/337+ tx sin 22

t
125 7 —e — 3,

f(t,x)

2,
k(t) = g6/7 +t, h(t)=e" +3.
It is easy to prove that k,h € L'[0,1] are nonnegative functions, and

|[f(t,x)] < k(t)|x| + h(t), a.e. (t,z)e€[0,1] xR.
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and 17
(=(-a)+ifla=§) = >0

Letp=3,q= %, such that % + % =1, then

1 1
8 60
p = J— —_
/0 kP (s)ds /0 27(7 + s)ds 57

Moreover, we have

6¢(1 + 3¢)'/4

P = 23.788.
CF 1+ Tal(i+ ) + (8] + 207

[

Therefore,

! 6¢(1 + 3¢)"/
0 < e e A

Hence, by Theorem 3.2 (1), the BVP (4.2) has at least one nontrivial solution u*
in I.

]P

Example 4.3. Consider the following problem

u® + —sinw® _\f_1=0, 0<t<]l,

W,
(9+2u2) ¥t
"

w(0) = 2u(1/3), « (0)=u"(0)=0, wu(l)=—79u(1/3).

Setn=1/3, a=2, B =-79, and

3

f(t,ZC) = me_Sinz o \/E_ 1,
1
k(t) = ¥ h(t) =Vt +1.

It is easy to prove that k,h € L*[0,1] are nonnegative functions, and
|f(t,z)| < k(@)|z| + h(t), ae. (t,z)€]0,1] xR.

and
(=(1-a)+n*(a—pB)=2>0.
Let p = —% > —1, then

CA+p)@2+p)B+p)4+p

= 3.35.
¢+ 1+ laf(I+n) + (18] + 2laf)n*+x

Therefore,
s75 < 3.35.57%,
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CA+pwC+p)B+uE+p)
CH+1+]al(1+n3) + (18] + 2|lal)nt+H

Hence, by Theorem 3.2 (2), the BVP (4.3) has at least one nontrivial solution u*
mn L.

meas{s € [0,1] : k(s) < st} > 0.

Example 4.4. Consider the following problem

) “Zeosu+td—-2=0, 0<t<l,

* 7(34u2) §/(1—t)2 ¢

’ "

w(0) =1/3u(1/2), w (0)=wu (0)=0, wu(l)=1/4u(1/2).

(4.4)

Setn=1/2, a =1/3, B =1/4, and

x —2t 3
t,r) = e “"cosx +t7 — 2,
i) T34 x2) /(1 —1t)2

1

K= e

h(t) =3 + 2.

It is easy to prove that k,h € L'[0,1] are nonnegative functions, and

[f(t,2)| < k(t)|z| + h(t), ae. (t,z)€]0,1] xR.

and o
(=(1-a)+n’(a—p)= >0
96
Let p = —% > —4, then
6C(4+ p) 1404
CH1+lalB+n%) + 8] 285"
Therefore,
1 1 2 1404 2
k(s) = ————===(1-5)"5< —(1—9)"5
=) 65/(1—s)2 g9 285 LT
6¢(4+p)

meas{s € [0,1] : k(s) <

CriteGrm Y0

Hence, by Theorem 3.2 (3), the BVP (4.4) has at least one nontrivial solution u*
mn L.
Example 4.5. Consider the following problem

u(4)+8(1t+‘;2)_64t_1:0, 0<t<l,
(4.5)

’ 12

w(0) = —3u(1/5), ' (0)=u"(0)=0, wu(l)=—2u(1/5).
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Setn=1/5, a =-3, §=-2, and

ta® at
fa) = — 2 et
fe) =iy —¢ b

E(t) ==, h(t)=e" +1.

—_ O]

It is easy to prove that k,h € L*[0,1] are nonnegative functions, and

[f(t,2)| < k(t)|z| + h(t), ae. (t,z)€]0,1] xR.

and 190
_(1_ R N
(=1-a)+n(a=p)= 5= >0
Moreover, we have
24¢ 29940
CH1+[a|(1+73) + (18] +2]al)n* — 2509 °
Therefore,
s 29940
k(s) = £ < o000 1
(8) =5 < 5509 5€0.1)

246 }>0
¢+ 1+ ol +7*) + (18] + 2lal)n® '

Hence, by Theorem 3.2 (4), the BVP (4.5) has at least one nontrivial solution u*
in I,

meas{s € [0,1] : k(s) <

Example 4.6. Consider the following problem

M®+ﬂ%%F7t+1:Q 0<t<l,

(4.6)

’ 1"

u(0) = —u(1/2), w (0)=wu (0)=0, wu(l)=—-3u(l/2).
Setn=1/2, a =-1, f=-3, and

Ttz

f(tax)zm

—t+1,

k(t)=Tt*, h(t)=t+1.
It is easy to prove that k,h € L'[0,1] are nonnegative functions, and
|f(t,z)| < k(@)|z| + h(t), ae. (t,z)€]0,1] xR.
and

(=(-a)+r'la—p=7 >0
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Moreover, we have

24¢ _ 86
CH1+[a|(T+73) + (18] +2[al)nt — 757
and f( ) - )
t,x
Q= e g 1 = e + )
Therefore,
. f(t,z) 24¢
=1 < .
Q= s e | | < CF T I+ ) + (B + 2l

Hence, by Theorem 3.2 (5), the BVP (4.6) has at least one nontrivial solution u*
n E.

Remark: We can give examples similar in relation to the Corollary 3.3, The-

orem 3.4, and Corollary 3.5.
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