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Existence of Three Solutions to the Discrete Fourth-order Boundary
Value Problem with Four Parameters
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ABSTRACT: In this work, we will prove the existence of three solutions for the
discrete nonlinear fourth order boundary value problems with four parameters. The
methods used here are based on the critical point theory.
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1. Introduction

Let T > 2 be a positive integer and [2,T]z be the discrete interval given by
{2,3,4.....,T}. In this paper, we will examine a discrete nonlinear fourth order
boundary value problems (BVP) with four parameters with intention of proving
the existence of three solutions.The problem to be studied can be viewed as a
discrete version of the generalized beam equation. Consider the fourth BVP :

Atk — 2) — alPu(k — 1) + Bu(k) = M (k, (k) + pg(k, u(k)), k € [2,T)7

u(l) = Au(0) = Au(T) = ABU(O) _ ABU(T “1)=0 (1.1)

where A denotes the forward difference operator defined by Au(k) = u(k + 1) —
u(k), AFly(k) = A(AMu(k)), f,g : [2,T]z x R — R are two continuous
functions, and «, 3, A\, u are real parameters and satisfy : A >0, u > 0 and

1+ (T —1).Ta_+T(T-1)%5_>0, (1.2)
where : a_ =min(w,0) and [_ =min(,0).

The theory of nonlinear difference equations has been widely used to study
the discrete models in many fields such as computer science, economics, neural
network, ecology, cybernetics, etc. In recent years, a great deal of work has been
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done in the study of the existence and multiplicity of solutions for discrete boundary
value problem. For the background and recent results, we refer the reader to the
monographs [1-13] and the references therein. In this work , we will examine some
applications of the variational methods to study the BVP (1).

Depending on the values of the parameters a, 8, A and p, BVP (1.1) covers many
problems . If A =1 and p = 0 the BVP (1) becomes

Atu(k —2) — aA?u(k — 1) + Bu(k) = f(k,u(k)), kel[2,T],
Au(0) = Au(T) = A%u(0) = A3u(T — 1) =0,

has been recently investigated in [17], and existence results of sign-changing solu-
tions are obtained using a topological degree theory and fixed point index theory.
Also, If A > 0 and g = 0 this problem has been studed by M.Ousbika and Z.El
allali in [18], using the critical point theory and the direct method of calculus vari-
ational. Here, we will wish the existence of three solutions for BVP (1) by using
some basic theorems in critical point theory and variational methods under some
conditions imposed on the nonlinear functions f and ¢ .

In this paper, we introduce in section 2 some preliminary theorems, the corre-
sponding variational framwork of BVP (1) and we present some lemmas to prove
our main results , in section 3 we obtain the existence of three solutions for BVP

(1).
2. Preliminaries

Let us collect some theorems and lemmas that will be used below. One can
refer to [14,19,20] for more details.

Proposition 2.1. [see 1] Let E be a real reflexive Banach space and E* be the
dual space of E. Suppose thatT : E — E* is a continuous operator and there exists
w > 0 such that

(Tu —Tv,u—v) > wllu—v|*u,v e E.

Then T : E — E* is a homeomorphism between E and E*

Theorem 2.2. [see ,20,theorem 1] Let E be a real reflexive Banach space, E*
be the dual space of E , ¢ : E — R be a continuously Gateaux differentiable and
sequentially weakly lower semicontinuous functional that is bounded on subsets of E
and whose Gateaux derivative admits a continuous inverse on E*. ¢ : E— R be a
continuously Gateauz differentiable functional whose Gateauz derivative is compact
such that ¢(0) = 1(0) = 0.

Assume that there exist r >0 and u € E with r < ¢(@) such that

(0
(i) wEs~ (oo " IO
r p(u)
(ii) for each A € A =] ZEZ;, supr e [, ¢ — X\ is coercive.
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Then , for each compact interval [a,b] C A , there exists v > 0 with the following
property : for each \ € [a,b] and every C* functional T : E — R with compact
derivative, there exists ¢ > 0 such that , for each p € (0,(], the functional ¢ — b —
ul has at least three distinct critical points in E whose norms are less than .

Theorem 2.3. [see ,19,theorem 2] Let E be a real reflexive Banach space with the
norm ||.||g, E* be the dual space of E . Let ¢ : E — R be a coercive, continuously
Gateauz differentiable and sequentially weakly lower semicontinuous functional that
is bounded on subsets of E and whose Gateaux derivative admits a continuous
inverse on E* and ¥ : E — R be a continuously Gateaux differentiable functional
whose Gateaux derivative is compact. Assume that ¢ has a strict local minimum
ug with ¢(ug) = P(ug) = 0. Let
P(u) P(u)

d = max{0, limsup ——=, limsup ——=},
Jullz—oe P(U) " jlufp—0 H(u)

and
_ P(u)
n= sup VIR
wed—1(0,00) H(1)
11
n’ 0
K > 0 with the following property : for each p € [a,b] and every C' functional
I': E — R with compact derivative, there exists ¢ > 0 such that, for each A € (0,(],
the functional ¢ — My — ul’ has at least three distinct critical points in E whose
norms are less than K.

and assume that § < n. Then , for each compact interval [a,b] C (=, 5) , there exists

We define the real vector space E
E={u:[0,T+2]z >R , u(l)=Au(0) = Au(T) = A’u(0) = A’u(T—1) = 0},
which is a (T-1)-dimentional Hilbert space , see [17] with the inner product

k=T

The associated norm is defined by
k=T
lull = (Y lu(k)*)z.
k=2

Definition 2.4. We say that v € E is a weak solution of problem (1) if for any
v € E, we have

A Fku(R))o(k) + 1Y | gk ulk)v(k) =D Atuk - 2)u(k)
k=2 k=2 k=2
—ay  Au(k - 1)v(k)
+8 u(k)o(k)
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Lemma 2.5. For any u,v € E, we have

k=T k=T+1
> Atu(k = 2)u(k) = i A?u(k — 2)A%0(k — 2) (2.1)
k=2 k=2
k=T
> Au(k - 1)Av(k - 1) Z A%y (k) (2.2)
k=2

Proof: We first prove (2.1). For any u,v € E, by the summation by parts formula
and the fact that Av(0) = Av(T) = 0, it follows that

T+1
> Au(k—2)A%(k—2) = Au(T)Av(T) - A%u(0)Av(0)
k=2
T+1
- Z Au(k — 2)Av(k — 1)
T+1

:—ZA3 k—2)Av(k —1)

:—ZA3 kE—2)Av(k — 1),

in other hand , by the summation by parts formula and the fact that A3u(0) =
A3u(T — 1) =0, we have

T T
> A%u(k - 2)Av(k — 1) = A%u(T — D)o(T) — A%u(0)o(1) = Y Atu(k — 2)v(k),
k=2 k=2
50 T T+1
> Ak - 2)v(k) =Y APu(k - 2)A%(k - 2),
k=2 k=2

i.e.,(2.1) holds.
Next, we show (2.2). Again, by the summation by parts formula and the fact that
Au(T) =0 and v(1) = 0, we have

T T
> Auk—1)Av(k—1) = Au(T)o(T) - Au(l)o(1) = > A%u(k — 1)v(k)
k=2 k=2
== APu(k—1)v(k)
k=2

This completes the proof of the lemma. O
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We consider the functional as follows:

1 T+1 T T
P(u) 5(2 A%u(k = 2)]” +a Y [Aulk = 1)+ 8 |u(k)]), (2.3)
k=2 k=2 k=2
and
p=0+(T—-1).Ta_+T(T-1)>*B )T 1T —-1)"3 (2.4)

Lemma 2.6. For any u € E, we have
1
O(u) >0 and P(u)> §p|\u|\2

Proof: Let uw € F and k € [2,T]z , note that

k
Au(k — 1) = Au(0) + Z A?u(i —2)

=2

in fact that Au(0) = 0, then by Holder’s inequality, we have

k T+1
[Aulk—1)] < Y |A%u=2)] < Y |A%u(i—-2)|
T+1
< ﬁ(ZWu(i —2)P)z,

SO
T+1

T
S lAuk = 1) <T(T = 1) Y |A%u(k - 2)[.
k=2 k=2

Similarly, for any v € E and k € [2,T]z , note that

k
u(k) =u(l) + Z Au(i—1),

=2

in fact that «(1) = 0, then by Hdélder’s inequality, we have

ub)| < D lAuli—1)] < Y|Au(i - 1)

T 1
< VT —1()_|Au(i = 1)P)2,

then
T T

D (k)P < (T =1)* Y |Aulk — 1)1,

k=2 k=2
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SO
T T+1

S lu(B)? < (T - 1)* 3| A%u(k - 2)P,
k=2

k=2

therefore, from (2.3) and by summation the parts inequalities, we deduce that

T+1
d(u) > %(1+T(T1)a+T(T1)3ﬂ);|A2u(k2)|2
> S+ T(T ~ Do +T(T ~ 15T 1T~ 1) >tk

1
> 5(1 +T(T — Va_ +T(T - 1)*B)THT —1)7?|Jul?,
then by (2.1), we deduce that
1 2
()20 and ®(u) = 5plul

the proof of lemma is completed. O

Note that , for u € F,

T
Uy (u) =Y F(ku(k)), (2.5)
k=2
and .
Uy(u) =Y Gk, u(k)), (2.6)
k=2
where

F(k,x):/ozf(k,t)dt and G(k,x):/ozg(k,t)dt ke T

The functional corresponding of BVP(1) is given by
[:=® AU, — s, (2.7)

With any fixed A >0 and p > 0, the functionals ®,W; |, Uy and I is of class
CY(E,R), and for u,v € E, we have

T+1 T T
(@' (u),0) = Y Au(k—2)A%0(k—2)+a > Au(k—1)Av(k—1)+8>_ u(k)v(k),
k=2 k=2 k=2

(2.8)
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T
(T (w),v) =Y fk, u(k))o(k), (2.9)
k=2
T
(Wh(w),v) = g(k, u(k))v(k) (2.10)
k=2
and
(I'(u),v) = (2’ (u), v) = AP} (u), v) — (V5 (u), v). (2.11)

The search of solutions of BVP (1) reduce to finding critical points u € E of
the functional I by the following,

Lemma 2.7. If u € E is a critical point of the functional I then u is a solution
of BVP (1).

Proof: Let u € F is a critical point of the functional I then
(I'(u),v) =0, YveE,

so from (2.7) — (2.10) and lemma 2.5 , we deduce that

0 = ) (Afu(k-2)—a) Auk-1)+p> ulk)v(k)
k=2 k=2 k=2
T
A (fke,u(k)) + g(k,u(k)o(k),  forall ve E,
k=2

thus by the arbitrarieness of v € FE, we have
Atu(k —2) — aA?u(k — 1) + Bu(k) = A (k, u(k)) + pg(k, u(k)),

then u € F is a solution of BVP (1).This completes the proof. O

3. Main results

Theorem 3.1. Assume that the following conditions holds :

(H1) There exists ¢ >0 and d > 0 such that ¢ < dvT — 1.

(H2) There exists 6 >0 and 0 < s < 2 such that for all x € R and k € [2,T]z:
Flk,x) < 61+ [2]").

(H3) iF(k,d) > 0.
k=2
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2
pc T
Hj) — F(k,d T-1 F(k
( 4) d2’7 Zk:Q ( ) )> ( (k,z)e[g,l%)z(x[—c,c] ( ,ZL') J)
where : v :=10+3a4 + (T'—1)B,..
Then for each compact interval
yd? pc?
b C A=
[, ¢ A =l— 2T 1) max Flh o)l
92 Z F(k,d) (k,x)€[2,T)zx[—c,c]
k=2

there exist ¢ > 0 such that , for each \ € [a,b] there exist n > 0 such that , for
each p € (0,7], the BVP(1) has at least three distinct solutions in E whose norms
are less than (.

Proof: To prove the theorem 3.1, we will apply theorem 2.2 with ¢» = ¥; and
I'=W,.

Firsty, we show that the functionals ® , ¥; and W, satisfy the regularity assump-
tions of theorem 2.2. By lemma 2.6, we prove that ® is coercive, sequentielly
weakly lower semicontinuous and is bounded on each bounded subset of E. From
(2.3) and (2.8), we have

Vue E o (P'(u),u) =2®(u),
then
Vu,o €E 0 (P (u) — ' (v),u —v) = 28(u — v) > pllu— 0|

Hence by proposition 2.1, (®')~! : E* — E exist and is continuous.

Secondly, we show that ¥} and ¥hare compacts. Suppose that u,, — « € E then
since f and g are continuous and from (2.9), (2.10), we deduce that ¥/ (u,) — ¥} (u)
and WS (uy,) — Wh(u) , thus ¥} and ¥, are compacts, also ®(0) = ¥(0) = 0.

1
Next, put: r = §pc2 and pick @ € E defined as for k € [2,T]z : a(k) = d.
using lemma 2.6 with v = w and ¢ < dy/T — 1 , we have

1 1 1
®(u) > §P|W||2 = §P(T* 1)d* > 5002 =T
Taking into the fact that , for any k € [2,T]z

(k)] < lul < /220,

we have
O ((—o0, 7)) C{uc E: |ulk)| <c, ke [2,T)z},
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then
T
sup Uy(u) = sup ZF(kz,u(k))
ueP—1((—o0,r]) u€P~!((—oo,r]) o
<(T-1) max F(k,x),

(k,z)€[2,T)zX[—c,c]

therefore, it follows from (Hy) that

T
pc? Z F(k,d)
sup Uy (u) < h=2 = r2\P(ﬂ)
wed—1((—oo,r]) d?y yd?

It is easy to verify that
_ 1 90 1 5
d(u) = 5(10 +3a+ (T —-1)p)d” < §7d

then ()
sup 1(u
ued—1((—o00,r)) Uy (a)

r < @)

this imply that the assumption (i) of Theorem 2.2 is verified.
From (H3) and by lemma 2.6, we deduce that for u € E, we obtain

T

1 S 1 S

I(u) = Spllull* - AD 6+ fu(k)f) = Plull® = AT = 1) = AS(T = 1),
k=2

sinse s < 2, then I is coercive, this imply that the assumption (ii) of Theorem 2.2 is
verified, therfore according to theorem 2.2, the proof of theorem 3.1 is completed.

O
Theorem 3.2. Assume that the following conditions holds :

(H5) There exists C > 0 such that maz(g°; g>°) < C , where

k k
¢ = max limsup M and ¢°° = max limsup M
k€2,T)z |z|—=0 z k€2, Tz |g]s00 T
T
(H6) There exists d > 0 such that Z G(k,d) >0 and
k=2

T
QpZG(k,d) > Cd®y, where: v :=10+ 3oy + (T —1)8,

k=2
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yd?

2% " F(k,d)
k=2

such that, for each p € [a,b], there exists n > 0 such that for each X € (0,n], the
BVP(1) has at least three distinct solutions in E whose norms are less than (.

Then for each compact interval [a,b] C A =] [, there exist ( > 0

3

Ql=

Proof: As in proof of theorem 3.1, we see that &, ¥y and W5 satisfy the regularity
assumptions of theorem 2.3. By lemma 2.6 , for ug = 0 , ® has a strict local
minimum and it is clearly that ®(0) = ¥U5(0) = 0.

From (H6), there exists r > 0 and R > 0 with » < R, such that

g(k, )

xT

<C V |(z|<r or |z|>R),

then for k € [2,T]z, we have
glk,x) < Cx:Vx € [0,r)U(R,+00) and g(k,z) > Cx: V€ (—oo, —R)U(—r,0].

g(k,z) — Cx

5 , is continuous on [— R, r|U[r, R],then there
T

Since g is continuous, x
exists C’ > 0 such that

g(k,z) < Cx + C'z? : Vo € [0,+00) and g(k,z) > Cx —C'2? : Vo € (—o0,0].
Therfore, for any k € [2,T]z , we have

1 1
G(k,z) < 50302 + §C’|x|3 :Va € R,
so, for u € E, we have
1 2, 1y 3
Gk, u(k)) < Cllull” + (T = Du".

Then from (2.7) and by lemma 2.6 , we deduce that for v € E

\IIQ(U) C 2 /
< — 4+ =C(T - 1)||ul,
i) < 5 3, Dl

then v o
lim sup 2(u) < —. (3.1)
lu—0 ®(w) ~ p
By definition of ¢g°, there exists A > 0 such that
k
IR oy > A
x
then

gk,x) < Cx:Vr € (R,+00) and g(k,x)> Cx,Vo € (—o0,—R).
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Since g is continuous then there exists C” > 0 such that
g(k,x) < Cx+C" :Vr €[0,40) and g(k,z) > Cx—C" Vo € (—00,0].
Therfor, for any k € [2,T]z , we have
G(k,z) < %CwQ + C"|z|,Vx € R.
So, for u € FE, we have
Gk, u(k)) < %CIIUII2 + (T = 1)full-

Then from (2.7) and by lemma 2.6 , we deduce that for v € E

lim sup < —. 3.2
fulsoo P(u) ~ p (3.2)
Hence, from (3.1) and (3.2), we see that
d = max{0; lim sup ; lim sup < —.
ful oo (W) " umo P(u) p

Next, for d > 0, we pick @ € E defined as for k € [2,T]z : @(k) = d, then by
lemma 2.6, we have
p(T —1)d?

O(u) > 5

>0, so  u€dH0,+00).

Then

23" Gk, d) 25" Gk, d)
D= s Uo(u) _ Wa(u) _ kZ—Q 2

= > :
ued—1(0,400) (I)(u) - (I)(ﬂ) (10 + 3a + (T — 1)6)d2 - ’Yd2

where v := 104+ 3ay + (T - 1)5,.
Then from (H6), we infer that, § < 7. Hence , all the assumptions of Theorem 2.3
are satisfied. This completes the proof of the theorem.O O

We conclude this work with the example as follows to illustrate our results.

Example 3.1. .

We consider the BVP (1) witha=1 , pg=1 and T =05.
Then p= %10_3 and vy =17.

For k€ [2,5]z andzeR ,let f:[2,5]z x R— R, and

|k si|z| > 1
g(k,z) = { ka? silz| <1
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It is clear that, g =0 and ¢~ =0.

Then (H5) holds for any C' > 0, (for example C = 1075).
It is easy to see that

m k(z—2) siz>1
G(k,x) :/ g(k,t)dt = §  gka® sifz] <1
0 k(z+2) siz<-1
we choose d = 1, then we have
> 14 > 175,
Gk,1)=—=>0 , Cd*y=1710"° and 2 G(k,1) = —10"
;2 (k1) = Y pk; (k1) = —

therfore H (6) is satisfied.

We deduce that for each compact interval [a, b] satisfying [a,b] C]2L, 25102], there

2878

exist ¢ > 0 such that, for each p € [a,b], there exists n > 0 such that for each
A € (0,7], the BVP(1) has at least three distinct solutions in E whose norms are
less than (.
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