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Some Properties of a Class of Analytic Functions ∗
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abstract: Making use of convolution, we introduce and investigate a certain class
of functions which is analytic in the open unit disk. We obtain interesting properties
of starlikeness and convexity for this function class. Special cases and some useful
consequences of our main results are also mentioned.
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1. Introduction and preliminaries

Let the functions

φ1(z) =

∞
∑

k=0

akz
k and φ2(z) =

∞
∑

k=0

bkz
k

be analytic in the open unit disk U = {z : z ∈ C, |z| < 1}. The Hadamard product
(or convolution) (φ1 ∗ φ2)(z) of φ1(z) and φ2(z) is defined by

(φ1 ∗ φ2)(z) =

∞
∑

k=0

akbkz
k = (φ2 ∗ φ1)(z).

Let A be the class of normalized functions φ(z) of the form

φ(z) = z +

∞
∑

k=2

akz
k (1.1)

which are analytic in the open unit disk U. The subclasses of the class A denoted
by S

∗(α) and K(α) are , respectively, the subclasses of starlike functions of order
α(0 ≤ α < 1) in U, and the convex functions of order α(0 ≤ α < 1) in U. In
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particular, the classes S∗(0) = S
∗ and K(0) = K are well known classes of starlike

and convex functions in U, respectively.
For functions φ(z) ∈ A and ϕ(z) ∈ A. We say that the function φ(z) is subor-

dinate to ϕ(z) in U, and we write φ(z) ≺ ϕ(z), if there exists an analytic function
w(z) in U such that

|w(z)| ≤ |z| and φ(z) = ϕ(w(z)) (z ∈ U).

Furthermore, if the function ϕ(z) is univalent in U, then

φ(z) ≺ ϕ(z) ⇔ φ(0) = ϕ(0) and φ(U) ⊂ ϕ(U).

Let the functions

f(z) = 1 +

∞
∑

k=1

akz
k and g(z) = 1 +

∞
∑

k=1

bkz
k (1.2)

be analytic in the open unit disk U.We introduce and investigate a class of functions
Φλ

F,G(z) defined by

Φ(z) = Φλ
F,G(z) =

(F (z) ∗ f(z))− 1

(G(z) ∗ g(z))λ
(λ > 0; f1a1 = 1), (1.3)

which is analytic in the open unit disc U, where the functions F and G are of the
form (1.2) with the coefficients, ak and bk, respectively, replaced by fk ≥ 0 and
gk ≥ 0.

By applying elementary calculations, we observe that

Φ(0) = Φ′(0)− 1 = 0,

which asserts that the class Φ(z) ∈ A.

It is observed that when

F (z) =2 F1(a
′, b′; c′; z) =

∞
∑

k=1

(a′)k(b
′)k

(c′)k(1)k
zk (a′ > 0, b′ > 0, c′ > 0; z ∈ U)

and

G(z) =2 F1(a
′′, b′′; c′′; z) =

∞
∑

k=1

(a′′)k(b
′′)k

(c′′)k(1)k
zk (a′′ > 0, b′′ > 0, c′′ > 0; z ∈ U),

then

Φλ
F,G(z) = H

λ
a′,b′,c′;a′′,b′′,c′′(z) =

(2F1(a
′, b′; c′; z) ∗ f(z))− 1

(2F1(a′′, b′′; c′′; z) ∗ g(z))λ
, (1.4)

with (λ > 0; a′b′a1 = c′; z ∈ U), where 2F1 is the well-known Gaussian hypergeo-
metric function (see [11]).

The class of functions H
λ
a′,b′,c′;a′′,b′′,c′′(z) was investigated by Khosravianarab
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et al. [5].
On the other hand, when

F (z) = 1 + z and G(z) = 1 +

∞
∑

k=1

zk,

then
Φλ

F,G(z) = Fλ(z) =
z

(1 +
∑∞

k=1 bkz
k)λ

(λ > 0; z ∈ U). (1.5)

The class of functions Fλ(z) was studied by Raina and Bansal [6] and contains as
special cases the classes due to Fukui et al. [2] and Reade at al. [7]. In this paper
we investigate the geometric properties of starlikeness and convexity for the func-
tion class Φ(z) defined above by (1.3). We also consider some relevant particular
cases of our main results by mentioning few known (and new) results.

2. Main results

The starlikeness property satisfied by the class of functions Φ(z) defined by
(1.3) is contained in Theorem 1 below.

Theorem 1 Let Φ(z) be defined by (1.3), then

Φ(z) ≺
1 +Az

1 +Bz
(z ∈ U),

provided that

∞
∑

k=2

fk|ak|

(

k − 1 +A−Bk + 2λ

∞
∑

k=1

kgk|bk|

)

+

∞
∑

k=1

(kλ+ |kλ− (A−B)|)gk|bk|

+

(

∞
∑

k=2

(2k − 1 +A)fk|ak|

)(

∞
∑

k=1

gk|bk|

)

≤ A−B, (2.1)

where −1 ≤ B < A ≤ 1, B ≤ 0.
Proof. In order to prove that Φ(z) ≺ 1+Az

1+Bz
(−1 ≤ B < A ≤ 1, B ≤ 0) it is

sufficient to show that
zΦ′(z)

Φ(z)
=

1 +Aw(z)

1 +Bw(z)
,

where w(z) is analytic in U and |w(z)| < 1, that is
∣

∣

∣

∣

∣

∣

1− zΦ′(z)
Φ(z)

A−B
zΦ′(z)
Φ(z)

∣

∣

∣

∣

∣

∣

< 1 (z ∈ U). (2.2)

Differentiating (1.3) with respect to z, we get

zΦ′(z)

Φ(z)
=

∑∞
k=1 kfkakz

k

∑∞
k=1 fkakz

k
− λ

∑∞
k=1 kgkbkz

k

1 +
∑∞

k=1 gkbkz
k
. (2.3)
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Using (2.2) and (2.3), we get

∣

∣

∣

∣

∣

∣

1− zΦ′(z)
Φ(z)

A−B
zΦ′(z)
Φ(z)

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

C(z)

D(z)

∣

∣

∣

∣

,

where

C(z) =

(

∞
∑

k=2

(1− k)fkakz
k

)(

1 +

∞
∑

k=1

gkbkz
k

)

+ λ

(

∞
∑

k=1

fkakz
k

)(

∞
∑

k=1

kgkbkz
k

)

and

D(z) =

(

∞
∑

k=1

(A−Bk)fkakz
k

)(

1 +

∞
∑

k=1

gkbkz
k

)

+Bλ

(

∞
∑

k=1

fkakz
k

)(

∞
∑

k=1

kgkbkz
k

)

.

It follows that

|C(z)| ≤

∞
∑

k=2

(k − 1)fk|ak|+ λ

∞
∑

k=1

kgk|bk|

+

(

∞
∑

k=2

(k − 1)fk|ak|

)(

∞
∑

k=1

gk|bk|

)

+λ

(

∞
∑

k=2

fk|ak|

)(

∞
∑

k=1

kgk|bk|

)

(2.4)

and

|D(z)| ≥ A−B −

∞
∑

k=2

(A−Bk)fk|ak|

−

∞
∑

k=1

|kλ− (A−B)|gk|bk|

−

(

∞
∑

k=2

(A−Bk)fk|ak|

)(

∞
∑

k=1

gk|bk|

)

−λ

(

∞
∑

k=2

fk|ak|

)(

∞
∑

k=1

kgk|bk|

)

. (2.5)

Making use of the inequalities (2.1), (2.4) and (2.5), the assertion (2.2) is estab-
lished which proves Theorem 1.
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Definition. A function Φ(z) ∈ A given by (1.3) is said to be in the class

S
∗(A,B) (−1 ≤ B < A ≤ 1, B ≤ 0; z ∈ U)

if and only if it satisfies

zΦ′(z)

Φ(z)
≺

1 +Az

1 +Bz
(z ∈ U)

and the coefficient inequality (2.1).

Remark 1. Let

Ψ(A,B) =
1

A−B

(

∞
∑

k=2

fk|ak|

(

k − 1 +A−Bk + 2λ
∞
∑

k=1

kgk|bk|

)

+

∞
∑

k=1

(kλ+ |kλ− (A−B)|)gk|bk|

+

(

∞
∑

k=2

(2k − 1 +A)fk|ak|

)(

∞
∑

k=1

gk|bk|

))

,

then it is easy to verify that

∂Ψ

∂A
≤ 0 and

∂Ψ

∂B
≥ 0,

where fk ≥ 0, gk ≥ 0,−1 ≤ B < A ≤ 1, B ≤ 0. We have thus the following
inclusion relations:

If −1 ≤ B0 ≤ B < A ≤ A0 ≤ 1 and B ≤ 0, then

S
∗(A,B) ⊆ S

∗(A0, B0) ⊆ S
∗(−1, 1) = S

∗.

To establish the next result, we state here a known lemma which is due to
Ruscheweyh [8].

Lemma 1. Let φ(z) ∈ K, ϕ(z) ∈ S
∗ and Ψ(z) be analytic in U. Then

φ ∗Ψϕ

φ ∗ ϕ
(U) ⊂ coΨ(U),

where coΨ(U) denotes the convex hull of Ψ(U).

By applying Lemma 1, we derive following convolution conditions for S∗(A,B).

Theorem 2. Let Φ(z) ∈ S
∗(A,B)(−1 ≤ B < A ≤ 1, B ≤ 0) and ϕ(z) ∈ K.

Then (Φ ∗ ϕ)(z) ∈ S
∗(A,B).

Proof. Let Φ(z) ∈ S
∗(A,B)(−1 ≤ B < A ≤ 1, B ≤ 0), then

W (z) =
zΦ′(z)

Φ(z)
≺

1 +Az

1 +Bz
(z ∈ U). (2.6)
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From Remark 1, we have Φ(z) ∈ S
∗. If we let Ψ = Φ ∗ ϕ, ϕ ∈ K, then

zΨ′(z)

Ψ(z)
=

z(Φ ∗ ϕ)′(z)

(Φ ∗ ϕ)(z)
=

ϕ(z)(zΦ′(z))

ϕ(z) ∗ Φ(z)
=

ϕ(z) ∗ (Φ(z)W (z))

ϕ(z) ∗ Φ(z)
(z ∈ U). (2.7)

Since Φ(z) ∈ S
∗, ϕ(z) ∈ K and 1+Az

1+Bz
(−1 ≤ B < A ≤ 1) is convex univalent in U,

then upon using (2.6), (2.7) and Lemma 1, we deduce that

zΨ′(z)

Ψ(z)
≺

1 +Az

1 +Bz
(z ∈ U),

that is (Φ ∗ ϕ)(z) ∈ S
∗(A,B) and the proof is complete.

For a function φ(z) ∈ A, the generalized Bernardi-Libera operator is defined by
(see[1,3])

Jβφ(z) =
β + 1

zβ

∫ z

0

tβ−1φ(t)dt (β > −1). (2.8)

We prove the following

Corollary 1. Let Φ(z) ∈ S
∗(A,B)(−1 ≤ B < A ≤ 1, B ≤ 0) and JβΦ(z) be

defined by (2.8) with β > 0. Then JβΦ(z) ∈ S
∗(A,B).

Proof. Let Φ(z) ∈ S
∗(A,B)(−1 ≤ B < A ≤ 1, B ≤ 0) and JβΦ(z) be defined

by (2.8) with β > 0. Then

JβΦ(z) =
β + 1

zβ

∫ z

0

tβ−1Φ(t)dt = (Φ ∗ ϕ)(z),

where

ϕ(z) = z +

∞
∑

k=2

β + 1

β + k
zk (β > 0; z ∈ U).

From [9, Theorem 5] when β > 0, ϕ(z) is convex univalent in U. Hence, from The-
orem 2, we have JβΦ(z) ∈ S

∗(A,B).

Corollary 2. Let Φ(z) ∈ S
∗(A,B)(−1 ≤ B < A ≤ 1, B ≤ 0), then functions

Gµ(z) is also in the class S
∗(A,B)(|z| < r0), where Gµ(z) is defined by

Gµ(z) = (1− µ)Φ(z) + µzΦ′(z) (0 < µ ≤ 1) (2.9)

and

r0 =
1

2µ+
√

4µ2 − 2µ+ 1
, (2.10)

the radius r0 is best possible.

Further, if Gµ(z) ∈ S
∗(A,B)(z ∈ U), then Φ(z) ∈ S

∗(A,B) for z ∈ U.
Proof. For 0 < µ ≤ 1,Φ(z) ∈ S

∗(A,B)(−1 ≤ B < A ≤ 1, B ≤ 0), we can write
(2.9) as

Gµ(z) = (υ ∗ Φ)(z),
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where

υ(z) = (1 − µ)
z

1− z
+ µ

z

(1− z)2
= z +

∞
∑

k=2

(1 + (k − 1)µ)zk ∈ A.

It is well known that the function υ(z) is convex for |z| < r0, where r0 is given
by (2.10) and this radius is best possible. Applying Theorem 2, we infer that
Gµ(z) ∈ S

∗(A,B)(|z| < r0).
On the other hand, we have from (2.9) that

Φ(z) = ω(z) ∗Gµ(z),

where

ω(z) =

∞
∑

k=1

1

1 + (k − 1)µ
zk (z ∈ U).

Since ω(z) is convex univalent for 0 < µ ≤ 1 (see [9, Theorem 5]), hence we have
Φ(z) ∈ S

∗(A,B) for z ∈ U.

Theorem 3. Let Φ(z) ∈ S
∗(A,B)(−1 ≤ B < A ≤ 1, B ≤ 0), then

(Φ ∗ hσ)(z) 6= 0 (z ∈ U\{0};σ ∈ C, |σ| = 1), (2.11)

where

hσ(z) = z +
1 +Aσ − 2(1 +Bσ)

σ(A−B)
·

z2

1− z
−

1 +Bσ

σ(A−B)
·

z3

(1− z)2
.

Proof. Let Φ(z) ∈ S
∗(A,B)(−1 ≤ B < A ≤ 1, B ≤ 0), then

zΦ′(z)

Φ(z)
≺

1 +Az

1 +Bz
(z ∈ U),

which is equivalent to

zΦ′(z)

Φ(z)
6=

1 +Aσ

1 +Bσ
(z ∈ U;σ ∈ C, |σ| = 1, 1 +Bσ 6= 0)

or to

(1+Bσ)zΦ′(z)−(1+Aσ)Φ(z) 6= 0 (z ∈ U\{0};σ ∈ C, |σ| = 1, 1+Bσ 6= 0). (2.12)

We note that

Φ(z) = Φ(z) ∗

(

z +
z2

1− z

)

(2.13)

and

zΦ′(z) = Φ(z) ∗

(

z +
∞
∑

k=2

kzk

)

= Φ(z) ∗

(

z +
2z2

1− z
+

z3

(1− z)2

)

. (2.14)
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Making use of (2.12)-(2.14), we have

Φ(z) ∗

{

(1 +Bσ)

(

z +
2z2

1− z
+

z3

(1− z)2

)

− (1 +Aσ)

(

z +
z2

1− z

)}

6= 0

for z ∈ U\{0};σ ∈ C and |σ| = 1. This given the desired result (2.11).
Next, we give some inequalities.

Theorem 4. Let Φ(z) ∈ S
∗(A,B), then

ℜ

{

Φ(z)

z

}γ

>

{

(1 −B)
(A−B)γ

B , (B 6= 0; z ∈ U),
e−Aγ , (B = 0; z ∈ U),

(2.15)

where −1 ≤ B < A ≤ 1, B ≤ 0, A−B ≤ 1 and 0 < γ ≤ 1.
Proof. Let Φ(z) ∈ S

∗(A,B)(−1 ≤ B < A ≤ 1, B ≤ 0, A−B ≤ 1), then

zΦ′(z)

Φ(z)
≺

1 +Az

1 +Bz
(z ∈ U).

Applying the result of Suffridge [10, Theorem 3], then

∫ z

0

(

Φ′(t)

Φ(t)
−

1

t

)

dt ≺

∫ z

0

1+At
1+Bt

− 1

t
dt =

∫ z

0

A−B

1 +Bt
dt,

that is

log
Φ(z)

z
≺

∫ z

0

A−B

1 +Bt
dt.

Hence
Φ(z)

z
≺ (1 +Bz)

A−B
B = ϕ1(z) (B 6= 0; z ∈ U) (2.16)

and
Φ(z)

z
≺ eAz (B = 0; z ∈ U). (2.17)

For −1 ≤ B < A ≤ 1, A−B ≤ 1, the ϕ1(U) is symmetric with respect to the real
axis and the function ϕ1(z) is convex univalent in U because

ℜ

{

1 +
zϕ′′

1 (z)

ϕ′
1(z)

}

= ℜ
1 + (A−B)z

1 +Bz
> 0 (z ∈ U).

Therefore, with the aid of the elementary inequality ℜ(wγ) ≥ (ℜw)γ(0 < γ ≤ 1)
and ℜw > 0, it follows from (2.16) and (2.17) that

ℜ

{

Φ(z)

z

}γ

≥

{

ℜ
Φ(z)

z

}γ

>

{

(1−B)
(A−B)γ

B , (B 6= 0; z ∈ U),
e−Aγ , (B = 0; z ∈ U)

for 0 < γ ≤ 1. This proves (2.15) and the proof is complete.
From (2.16) and (2.17), we have
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Corollary 3. Let Φ(z) ∈ S
∗(A,B), then

∣

∣

∣

∣

arg
Φ(z)

z

∣

∣

∣

∣

≤

{

(A−B)
B

arcsinB, (B < 0,−1 ≤ B < A ≤ 1, A−B ≤ 1; z ∈ U),
A, (B = 0, 0 < A ≤ 1; z ∈ U).

Remark 2. When A = 0, B = −1 and γ = 1, then from Theorem 4 and
Corollary 3, we have

Φ(z) ∈ S
∗(
1

2
) ⇒ ℜ

Φ(z)

z
>

1

2
and

∣

∣

∣

∣

arg
Φ(z)

z

∣

∣

∣

∣

<
π

2
(z ∈ U).

The next result gives sufficient conditions such that the function Φ(z) defined
by (1.3) belongs to K(α)(0 ≤ α < 1).

Theorem 5. LetΦ(z) be defined by (1.3), then Φ(z) ∈ K(α)(0 ≤ α < 1),
provided that there exist numbers p, q, where 1

p
+ 1

q
≤ 1, satisfying the following

inequalities:
∞
∑

k=1

(pk(λ+ 1) + 1− α)gk|bk| ≤ 1− α (2.18)

and
∞
∑

k=1

|kλ− 1|(qk + 1− α)gk|bk|

+

(

1 +

∞
∑

k=1

gk|bk|

)

∞
∑

k=2

k(1− α+ q(k − 1))fk|ak|

+qλ

∞
∑

k=1

k2gk|bk|

∞
∑

k=2

fk|ak|

+
∞
∑

k=1

kgk|bk|
∞
∑

k=2

(q|λ + k(1− λ)|+ λ(1− α))fk|ak| ≤ 1− α. (2.19)

Proof. Let the inequalities (2.18) and (2.19) be satisfied for the function Φ(z).
We prove that

ℜ

{

1 +
zΦ′′(z)

Φ′(z)

}

> α (z ∈ U). (2.20)

After some calculations, we get

1 +
zΦ′′(z)

Φ′(z)
= 1−

(

(λ+ 1)

∑∞
k=1 kgkbkz

k

1 +
∑∞

k=1 gkbkz
k
+

M(z)

N(z)

)

,

where

M(z) = λ

∞
∑

k=1

k2gkbkz
k−1

∞
∑

k=1

fkakz
k −

∞
∑

k=1

k(k − 1)fkakz
k−1

(

1 +
∞
∑

k=1

gkbkz
k

)
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−

∞
∑

k=1

kgkbkz
k−1

∞
∑

k=1

fkak(λ+ (k(1− λ))zk

and

N(z) = z +

∞
∑

k=2

kfkakz
k +

∞
∑

k=1

gkbkz
k+1 +

∞
∑

k=1

gkbkz
k

∞
∑

k=2

kfkakz
k

−λ

(

∞
∑

k=1

kgkbkz
k−1 +

∞
∑

k=1

gkbkz
k−1

∞
∑

k=2

fkakz
k

)

.

It readily follows that

ℜ

{

1 +
zΦ′′(z)

Φ′(z)

}

= 1−ℜ

(

(λ+ 1)

∑∞
k=1 kgkbkz

k

1 +
∑∞

k=1 gkbkz
k
+

M(z)

N(z)

)

≥ 1−

∣

∣

∣

∣

(λ + 1)
∑∞

k=1 kgkbkz
k

1 +
∑∞

k=1 gkbkz
k

∣

∣

∣

∣

−

∣

∣

∣

∣

M(z)

N(z)

∣

∣

∣

∣

(2.21)

and in view of (2.18), we infer that

∣

∣

∣

∣

(λ + 1)
∑∞

k=1 kgkbkz
k

1 +
∑∞

k=1 gkbkz
k

∣

∣

∣

∣

≤
(λ+ 1)

∑∞
k=1 kgk|bk|

1−
∑∞

k=1 gk|bk|
≤

1− α

p
(0 ≤ α < 1). (2.22)

Also

|M(z)| ≤

∞
∑

k=1

|k(kλ− 1)|gk|bk|+ λ

∞
∑

k=1

k2gk|bk|

∞
∑

k=2

fk|ak|

+
∞
∑

k=2

k(k − 1)fk|ak|

(

1 +
∞
∑

k=1

gk|bk|

)

+
∞
∑

k=1

kgk|bk|
∞
∑

k=2

|λ+ k(1− λ)|fk|ak|

and

|N(z)| ≥

(

1−

∞
∑

k=1

|kλ− 1|gk|bk|

)

−

∞
∑

k=2

kfk|ak|

(

1 +

∞
∑

k=1

gk|bk|

)

−λ

∞
∑

k=1

kgk|bk|

∞
∑

k=2

fk|ak|.

Making use of (2.19), we get

∣

∣

∣

∣

M(z)

N(z)

∣

∣

∣

∣

≤
1− α

q
. (2.23)

Applying (2.21) to (2.23), we conclude that the inequality (2.20) holds true and
the proof is complete.
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3. Some consequences of main results

In this concluding section, we consider some consequences of our main results
proved in section 2.

Remark 3. For

F (z) =2 F1(a
′, b′; c′; z) =

∞
∑

k=1

(a′)k(b
′)k

(c′)k(1)k
zk (a′ > 0, b′ > 0, c′ > 0; z ∈ U)

and

G(z) =2 F1(a
′′, b′′; c′′; z) =

∞
∑

k=1

(a′′)k(b
′′)k

(c′′)k(1)k
zk (a′′ > 0, b′′ > 0, c′′ > 0; z ∈ U),

A = 1 − 2α(0 ≤ α < 1), B = −1, Theorems 1 and 5 after some elementary
simplification reduce to the results [5, Theorems 1 and 2].

If we set

F (z) = 1 +
n
∑

k=1

zk, and G(z) = 1 +
∞
∑

k=1

zk,

then

Φλ
F,G(z) = Wλ

n (z) =
sn(z)

(1 +
∑∞

k=1 bkz
k)λ

(λ > 0; z ∈ U), (2.24)

where

s1(z) = z, sn(z) = z +

n
∑

k=2

akz
k(n = 2, 3, · · · ) (z ∈ U).

From Theorems 1 and 4, we have

Corollary 4. The function

Wλ
n (z) =

sn(z)

(1 +
∑∞

k=1 bkz
k)λ

∈ S
∗(A,B) (−1 ≤ B < A ≤ 1, B ≤ 0, λ > 0; z ∈ U)

if and only if

n
∑

k=2

|ak|

(

k − 1 +A−Bk + 2λ

∞
∑

k=1

k|bk|

)

+

∞
∑

k=1

(kλ+ |kλ− (A−B)|)|bk|

+

∞
∑

k=1

|bk|

n
∑

k=2

(2k − 1 +A)|ak| ≤ A−B,

and when −1 ≤ B < A ≤ 1, B ≤ 0, A−B ≤ 1, λ > 0, 0 < γ ≤ 1, then

ℜ

{

Wλ
n (z)

z

}γ

>

{

(1−B)
(A−B)γ

B , (B 6= 0; z ∈ U),
e−Aγ , (B = 0; z ∈ U).
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Also, from Theorem 5, we have

Corollary 5. The function Wλ
n (z) is in K(α)(0 ≤ α < 1), provided that there

exist number p, q > 0 such that 1
p
+ 1

q
≤ 1 satisfying the following inequalities:

∞
∑

k=1

(pk(λ+ 1) + 1− α)|bk| ≤ 1− α

and
∞
∑

k=1

|kλ− 1|(qk + 1− α)|bk|

+

(

1 +
∞
∑

k=1

|bk|

)

n
∑

k=2

k(1− α+ q(k − 1))|ak|

+qλ

∞
∑

k=1

k2|bk|

n
∑

k=2

|ak|

+

∞
∑

k=1

k|bk|

n
∑

k=2

(q|λ+ k(1− λ)|+ λ(1− α)) |ak| ≤ 1− α,

where Wλ
n (z) be defined by (2.24).

It is observed that when n = 1, then Wλ
1 = Fλ(z), where Fλ(z) is defined by

(1.5) and consequently Corollaries 4 and 5 extend and improve the results of Raina
and Bansal [6, Theorem 1 and 2].

In particular, if we set bk = 0(k = 1, 2, 3, · · · ) in (2.24), then Wλ
n (z) = sn(z)

and Corollary 4 then yields the following result:

Corollary 6. The function

sn(z) ∈ S
∗(A,B) (−1 ≤ B < A ≤ 1, B ≤ 0; z ∈ U)

if and only if
n
∑

k=2

|ak|(k − 1 +A−Bk) ≤ A−B,

and when −1 ≤ B < A ≤ 1, B ≤ 0, A−B ≤ 1, then

ℜ
sn(z)

z
>

{

(1 −B)
A−B

B , (B 6= 0; z ∈ U),
e−A, (B = 0; z ∈ U).

If we set

g(z) = 1 +
∞
∑

k=1

(

β + 1

β + k

)

ρkzk (0 < ρ ≤ 1, β > 0; z ∈ U),
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then the function g(z) is convex univalent in U (see [9, Theorem 5]) and from
Corollary 4, we have

Corollary 7. The function

νλβ,ρ(z) =
z

(

1 +
∑∞

k=1

(

β+1
β+k

)

ρkzk
)λ

∈ S
∗(A,B) (−1 ≤ B < A ≤ 1, B ≤ 0, λ > 0)

if and only if

∞
∑

k=1

(kλ+ |kλ− (A−B)|)

(

β + 1

β + k

)

ρk ≤ A−B,

and when −1 ≤ B < A ≤ 1, B ≤ 0, A−B ≤ 1, then

ℜ
1

(

1 +
∑∞

k=1

(

β+1
β+k

)

ρkzk
)λ

>

{

(1−B)
A−B

B , (B 6= 0; z ∈ U),
e−A, (B = 0; z ∈ U).
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