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Some Properties of a Class of Analytic Functions *

Neng Xu and R. K. Raina

ABSTRACT: Making use of convolution, we introduce and investigate a certain class
of functions which is analytic in the open unit disk. We obtain interesting properties
of starlikeness and convexity for this function class. Special cases and some useful
consequences of our main results are also mentioned.
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1. Introduction and preliminaries

Let the functions

$1(2) =D arz® and ¢y(2) = b2t
k=0 k=0

be analytic in the open unit disk U= {z: z € C, |z] < 1}. The Hadamard product
(or convolution) (¢; * ¢5)(2) of ¢1(2) and ¢4(z) is defined by

(61%09)(2) = > axbz® = (63 61)(2)-
k=0
Let A be the class of normalized functions ¢(z) of the form
d(z) =z + Zakzk (1.1)
k=2

which are analytic in the open unit disk U. The subclasses of the class A denoted
by 8*(a) and K(«) are , respectively, the subclasses of starlike functions of order
a(0 < a < 1) in U, and the convex functions of order (0 < o < 1) in U. In
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particular, the classes 8*(0) = 8* and X(0) = X are well known classes of starlike
and convex functions in U, respectively.

For functions ¢(z) € A and ¢(z) € A. We say that the function ¢(z) is subor-
dinate to ¢(z) in U, and we write ¢(z) < ¢(z), if there exists an analytic function
w(z) in U such that

lw(z)| <[2] and ¢(2) = p(w(2)) (= €U).

Furthermore, if the function ¢(z) is univalent in U, then

#(2) < p(2) & ¢(0) = ¢(0) and ¢(U) C ¢(U).

Let the functions

f(2) —1+Zakz and ¢g(z —1+Zbk2 (1.2)

k=1

be analytic in the open unit disk U. We introduce and investigate a class of functions
P} (2) defined by

(F(z) = f(z) =1
(G(2) * g(2))*

which is analytic in the open unit disc U, where the functions F' and G are of the
form (1.2) with the coefficients, ay and by, respectively, replaced by fi > 0 and
gr > 0.

By applying elementary calculations, we observe that

P(z) = Ppglz) = (A >0; fra; = 1), (1.3)

®(0) = ®'(0) — 1 =0,

which asserts that the class ®(z) € A.
It is observed that when

oo /
F(z) =2 Fi(d',b';c;2) Z Fod >0, >0,¢ >0;2€)

k=1

and
0 b// k k

" /!, 1 1/ /! .
G(z) =2 Fi(a",b";c"; 2) Z c” (a" >0,0" >0,¢" >0,z € ),

k=1

then

(2F1(a/, b5 2) % f(2)) — 1
(aFy(a”, V"5 2) % g(2))
with (A > 0;a'b'a; = ¢’;z € U), where o Fy is the well-known Gaussian hypergeo-
metric function (see [11]).

The class of functions 9{3,1b,1c,;a,,7b,,75,,(z) was investigated by Khosravianarab

(I);\:"G(Z) = %2/7[)/70/;&//,17//,0// (Z) = (14)



SOME PROPERTIES OF A CLASS OF ANALYTIC FUNCTIONS 175

et al. [5].
On the other hand, when

F(z)=1+42z and G(z —1+Zz

then

h o(2) = FAz) = (A>0;z€U). (1.5)

(1+ Z jep br2F)
The class of functions F*(z) was studied by Raina and Bansal [6] and contains as
special cases the classes due to Fukui et al. [2] and Reade at al. [7]. In this paper
we investigate the geometric properties of starlikeness and convexity for the func-
tion class ®(z) defined above by (1.3). We also consider some relevant particular
cases of our main results by mentioning few known (and new) results.

2. Main results
The starlikeness property satisfied by the class of functions ®(z) defined by
(1.3) is contained in Theorem 1 below.
Theorem 1 Let ®(z) be defined by (1.3), then

14+ Az

d
(2) < 1+ Bz

(2 €D),

provided that

ka|ak|< —14+A-— Bk+2)\2kgk|bk|> +
k=2 1
+ <Z(2k 1+ 4) fk|ak|> (ng|bk> (2.1)

k=2

(EA + [kA = (A = B)[)g|bx|

M8

=~
Il

where —1 < B<A<1,B<0.
Proof. In order to prove that ®(z) < 142 (-1 < B < A < 1,B < 0) it is
sufficient to show that

2®'(2) 1+ Aw(z)
®(z) 1+ Buw(z)’
where w(z) is analytic in U and |w(z)| < 1, that is

_ 28()
1 - 50

B 2P/ (2)
A-B 8]

<1l (z€U). (2.2)

Differentiating (1.3) with respect to z, we get

20'(2) Y kfraxz® \ > ey kgrby 2" (23)
(2) Yooy fruarzk 1+ >0 gebrzt’ '
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Using (2.2) and (2.3), we get

2®' (2
-5 ‘C(Z)
A =@ " DG
where
(Z k) frarz ) <1 + ngbkzk> + A (Z fkakzk> <Z kgkbkzk>
k=2 k=1 k=1 k=1
and

D(Z) = <Z(A — Bk:)fkakzk> <1 + ngbkzk>
k=1

k=1
+BA <Z fkakzk> (Z kzgkbkzk> .
k=1 k=1

It follows that

oo

IC(2) < Y (k= 1) frlan] + A kgelbel

k=2 k=1

<i Y fk|ak|> (ngbk)

k=2

+A i |ak|> <Zkgk|bk|> (2.4)

k=2

and

|ID(z)] > A-B-— Z(A Bk) fr|ax|

=D IkA = (A = B)[gulb]

(m (A~ BE) mm) (Zgum)
k=2
T |ak|> (Zk9k|bk|>- (2.5)

Making use of the inequalities (2.1), (2.4) and (2.5), the assertion (2.2) is estab-
lished which proves Theorem 1.
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Definition. A function ®(z) € A given by (1.3) is said to be in the class
$*(A,B) (-1<B<A<1,B<0; zeU)
if and only if it satisfies

2®'(z) 1+ Az
< (=
D(2) 1+ Bz

el
and the coefficient inequality (2.1).

Remark 1. Let

1 o0 o0
U(A,B) = m(ka|ak|<k1+ABk+2AZkgk|bk|>

k=1
F3 0N+ A~ (4 - Bl
k=1
+ i(% -1+ A) fk|ak|> (ng|bk ))
k=2
then it is easy to verify that
g—i <0 and % >0,

where fr, > 0,9 > 0,—1 < B < A < 1,B < 0. We have thus the following
inclusion relations:

If—1<By<B<A<Ay<1and B<0, then
8*(A, B) € 8"(Ao, By) C 8"(~1,1) = 8".

To establish the next result, we state here a known lemma which is due to
Ruscheweyh [8].

Lemma 1. Let ¢(z) € K, p(z) € 8 and V(z) be analytic in U. Then

o* Uy
Pxg
where €0V (U) denotes the convex hull of ¥(U).

(U) C co¥(U),

By applying Lemma 1, we derive following convolution conditions for 8*(A4, B).

Theorem 2. Let ®(z) € 8*(A,B)(—1 < B< A<1,B<0) and p(z) € K.
Then (P * ¢)(z) € 8*(A, B).

Proof. Let ®(z) € 8*(A4,B)(-1 < B< A<1,B<0), then
2®'(z) - 1+ Az (
D(z2) 1+ Bz

W(z) = z e ). (2.6)
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From Remark 1, we have ®(z) € 8*. If we let ¥ = & % ¢, ¢ € K, then

2V(z) _ 2(@2x9)'(2) _ p(2)(29'(2) _ p(2) * (B(2)W(2))
U(z)  (Pxp)(2)  p(2)x(2) p(2) x @(2)

Since ®(z) € 8%, ¢(z) € K and i Z(—=1 < B < A <1) is convex univalent in U,
then upon using (2.6), (2.7) and Lemma 1, we deduce that

(zeU). (2.7

20'(z) 14 Az
~<
U(z) 1+ Bz

(=€),

that is (@ * ¢)(z) € 8*(A, B) and the proof is complete.
For a function ¢(z) € A, the generalized Bernardi-Libera operator is defined by
(see[1,3])

s = o [ o (5> ). 28)

We prove the following

Corollary 1. Let ®(z) € 8*(A,B)(—1 < B< A<1,B<0) and JgP(z) be
defined by (2.8) with > 0. Then Jg®(z) € 8*(A, B).
Proof. Let ®(z) € 8*(4,B)(-1< B < A<1,B<0) and Jg®(z) be defined

by (2.8) with 8> 0. Then

Jg®(z) = ﬁz—; ! /z P10 (t)dt = (@ * @) (2),

(=)

where

‘P(z):ZJngI]lfzk (B>0;z€U).
—2

From [9, Theorem 5] when 5 > 0, ¢(z) is convex univalent in U. Hence, from The-
orem 2, we have Jz®(z) € §*(A, B).

Corollary 2. Let ®(z) € 8*(A,B)(—1 < B < A <1,B <0), then functions
G.(2) is also in the class 8*(A, B) (|z| < 1), where G, (2) is defined by

Gu(z) = (1= p)@(2) + pz®’(z) (0<p<1) (2.9)

and

1
ro = (2.10)

2+ /A2 —2u+ 1
the radius ro is best possible.

Further, if G,(z) € 8*(A,B)(z € U), then ®(z) € 8*(A, B)
Proof. For 0 < 4 < 1,®(2) € 8*(A,B)(-1<B<A<1,B
(2.9) as

for z € U.
< 0), we can write

Gu(z) = (v ®)(2),
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where

o0

U@)za—uhfz+ O—Z 2+ > 1+ MEENS

k=2

It is well known that the function v(z) is convex for |z| < 7o, where ry is given
by (2.10) and this radius is best possible. Applying Theorem 2, we infer that
Gu(z) € 8* (A, B)(|z] < ro).

On the other hand, we have from (2.9) that

P(2) = w(z) * Gu(z),
where

= 1
:];71_’_(1{;_1)'uzlC (z € U).

Since w(z) is convex univalent for 0 < p < 1 (see [9, Theorem 5]), hence we have
®(z) € 8*(A, B) for z € U,

Theorem 3. Let ®(z) € 8*(A,B)(-1 < B< A<1,B<0), then

(Dxhe)(z) #0 (2€U\{0};0€C,lo|=1), (2.11)
where
B 1+ Ao —2(1+ Bo) 2?2 1+ Bo 23
ho(z) =2+ o(A—B) .1—270(A—B).(1—z)2'

Proof. Let ®(z) € 8*(A,B)(—1 < B < A<1,B<0), then

2®(z) - 1+ Az
D(z) 1+ Bz

(=€),

which is equivalent to

2®'(z) | 14 Ao
D(z2) 1+ Bo

(z€U;oeC,lo|=1,14+Bo #0)
or to
(14Bo)z®'(2)— (1+A0)®(2) #0 (2 € U\{0};0 € C,|o| =1,1+Bo #0). (2.12)

We note that

@@:@@*G+22) (2.13)

and

, = 222 23
2®'(2) = ®(2) * (z + ;k%) = ®(z2) x (z + T + = 2)2) . (2.14)
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Making use of (2.12)-(2.14), we have

2 23

ﬂ@*{ﬂ+B@(z+§é;+atzﬁ)O+A®(z+1fz)}#0

for z € U\{0}; 0 € C and |o| = 1. This given the desired result (2.11).
Next, we give some inequalities.

Theorem 4. Let ®(z) € 8*(A, B), then

T N A G (215)

where -1 < B<A<1,B<0,A—-B<land 0<~y<1.
Proof. Let ®(z) € 8*(A,B)(-1< B<A<1,B<0,A— B <1), then
2®'(z) - 1+ Az
D(2) 1+ Bz

(z € U).

Applying the result of Suffridge [10, Theorem 3], then

o) 1 By it *A-B
/ ( ()——)dH/ Ldt:/ dt,
o L)t 0 t o 1+ Bt

that is B(2) s A_B
. _

log—z </0 1+Btdt

Hence o
§)<O+B@%§:¢JQ(B¢mzem (2.16)

and o

() <et* (B=0;2€U). (2.17)

z

For -1 < B< A<1,A— B <1, the ¢;(U) is symmetric with respect to the real
axis and the function ¢, (z) is convex univalent in U because

2zl (2) B 1+(A-DB)z B
8‘%{1+ @i(z)}_%iHBz >0 (zeU).

Therefore, with the aid of the elementary inequality R(w?) > (Rw)7(0 < v < 1)
and Rw > 0, it follows from (2.16) and (2.17) that

A () {42955 ey

for 0 < v < 1. This proves (2.15) and the proof is complete.
From (2.16) and (2.17), we have
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Corollary 3. Let ®(z) € 8*(A, B), then

()| _

arg

AB) aresin B, (B<0,-1<B<A<1,A-B<1;z¢eU),
A, (B=0,0< A<1;z€l).

Remark 2. When A = 0,B = —1 and v = 1, then from Theorem 4 and
Corollary 3, we have

D(z) € 8*(%) = %? > % and arg?‘ < g (z € U).

The next result gives sufficient conditions such that the function ®(z) defined
by (1.3) belongs to K(a)(0 < o < 1).

Theorem 5. Let®(z) be defined by (1.3), then ®(z) € K(a)(0 < a < 1),
provided that there exist numbers p,q, where % + % < 1, satisfying the following
inequalities:

WK

(PkA+1)+1—a)grlb] <1-—« (2.18)

=~
Il

1

and

S [kA = 1(gk + 1 — a)guoxl

k=1
+ (1 + ng|bk|> D k(1= a+ gk — 1)) frlakl
k=1 k=2
gAY K gilbel > frlal
k=1 k=2
+ > kgelbel Y (A + B = N+ A1 = @) filar] <1 - a. (2.19)
k=1 k=2

Proof. Let the inequalities (2.18) and (2.19) be satisfied for the function ®(z).
We prove that

2®"(2)
§R{1+ () }>a (z € U). (2.20)

After some calculations, we get

1+

z@”(z) . Zl?;l kgkbkzk M(Z)
) <(“”1+22°_19kbkzk N(z))’

where

(oo}

M(z) = )\Z k2gkbkzk_1 Z fkakzk — Z k(k — 1)fkakzk_1 (1 + ngbkzk>
k=1 k=1 k=1 k=1
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= kgrbez* Y frap(X + (k(1 - )2
k=1 k=1

and
N(z) =2+ kfrarz" + > gibpz"™ +> " gubez® Y kfrar
k=2 k=1 k=1 k=2

-A (Z kgrbrz"1 + Z grbr2" 1 Z fkakzk> .
k=1 k=1

k=2
It readily follows that

%{1 + Z(I)H(Z)} —1-% (()\+ 1y Sz hobet M

N
~—
N——

(I)/(Z) 1+ Zzil grbp2* N(Z)
oo k
> ‘ (A+1) %:1 kgkblgzz B ‘M(Z) (2.21)
1+ Zk:l grbrz N(z)

and in view of (2.18), we infer that

‘()\Jrl)ZZ'il kgrbez® | _ (A +1) 32, kgelbs| _ 1-a

< O0<a<1). (222

L4 3000 grbrz” L= gklbel = p
Also - . .
[M(2)] < k(X = 1)grlbe] + A kgelbel D felax]
k=1 k=1 k=2
+ > k(k—1) filax| (1 + ng|bk|>
k=2 k=1
+ > kgrlbel Y IN+ k(1= N)] filax]
k=1 k=2
and

IN(2)] = <1 - ZV?)\* 1|9k|bk|> - Zkfk|ak| (1 + ng|bk|>
k=2 k=1

k=1

N> " kgilor] > frlax].
k=1 k=2

Making use of (2.19), we get

11—«
q

‘M(Z) . (2.23)

N(z)

Applying (2.21) to (2.23), we conclude that the inequality (2.20) holds true and
the proof is complete.
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3. Some consequences of main results

In this concluding section, we consider some consequences of our main results
proved in section 2.

Remark 3. For

> /
F()nglabcz:Z k ¥ (' >0,b/ >0, >0;2€)
k=1

and

oo bn
G(z) =2 Fi(a",b";c"; 2) Z #zk (a”" >0,b">0,c" >0;2 €U),

/
— ()k(Dr
A=1-2a0 < a < 1),B = —1, Theorems 1 and 5 after some elementary
simplification reduce to the results [5, Theorems 1 and 2].
If we set N o
S a6 <143
then

(14350 brzk)>

Dha(2) =W(z) = (A>0;2 € ), (2.24)

where

s1(2) =2, sn(z)=2z+ Zakzk(n =2,3,---) (z€l).
k=2

From Theorems 1 and 4, we have

Corollary 4. The function

X sn(2) .
€S (AB) (-1<B<A<1.B<0.A>0:
Wal) = Tse oy €S A (F1SB<ASLE<OA>02€0)

if and only if

Z|ak|<k1+ABk+2>\Zk|bk|>+z kX + |kX — (A = B)|)|by|
k=2 k=1

k=1

+> ol D2k — 1+ A)|ax| < A- B,
k=1 k=2

and when —1<B<A<1,B<0,A—-B<1,A>0,0<vy<1, then

Waz) " 1-B)“F", (B+#0;ze0),
éR{ z } >{€A77 (B=0;z€0).
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Also, from Theorem 5, we have

Corollary 5. The function W) (z) is in K(a)(0 < a < 1), provided that there
ezist number p,q > 0 such that % + % < 1 satisfying the following inequalities:

Zpk A+ +1—-a)bp| <1-«
k=1

and

> kA = 1[(gk + 1 — )b
k=1

+ <1 +Z|bk|> > k(1 —a+q(k = 1))|ax|
k=1 k=2
gAY R [bk] Y axl
k=1 k=2

D kB> (@A + R = N[+ A1 =) |ax] <1 -,
k=1 k=2

where W)\(2) be defined by (2.24).

It is observed that when n = 1, then W7 = F*(z), where F*(z) is defined by
(1.5) and consequently Corollaries 4 and 5 extend and improve the results of Raina
and Bansal [6, Theorem 1 and 2.

In particular, if we set by = 0(k = 1,2,3,---) in (2.24), then W) (2) = 5,(2)
and Corollary 4 then yields the following result:

Corollary 6. The function
sn(2) €8"(A,B) (-1<B<A<1,B<0;z€0U)
if and only if

Z|ak| — 14+ A—Bk)<A-B,

and when —1 < B<A<1,B<0,A— B <1, then

{ B)*F", (B#0;z€0U),
(B=0;z€0).

If we set

- Z( ) k26 (0<p<1,8>0;2€U),
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then the function g(z) is convex univalent in U (see [9, Theorem 5]) and from
Corollary 4, we have

Corollary 7. The function

vy (2) = - L €8 (A,B) (-1<B<A<1,B<0,A>0)
14307 BHLY ko k
k=1 \ 8%k | P

if and only if

e ﬁ+1 .
>+ (4 - B) (m)p <A-p

and when —1 < B<A<1,B<0,A— B<1, then

- 1 >{ (1-B)*%, (B#0;z€U),

00 e 4, B=0;2€0U).

(5 () ) e
Acknowledgments

The authors wish to thank the referee for pointing out few corrections in the
original draft.

References

1. S. D. Bernardi, Convex and starlike univalent functins, Trans. Amer. Math. Soc. 135(1969),
429-446.

2. S. Fukui, S. Owa and K. Sakaguchi, Some properties of analytic functions of Koebe type, in:
H.M. Srivastava, S. Owa (Eds.), Current Topics in Analytic Function Theory, World Scientific
Publishing Company, Singapore, New Jersey, London and Hong Kong, 1992, p. 106.

3. R. J. Libera, Some classes of regular univealent functions. Proc. Amer. Math. Soc., 16(1965),
753-758.

4. D. S. Mitrinovic, On the univalence of rational functions, Univ. Beograd. Publ. Elektrotehn.
Fak. Ser. Mat. Fiz. 634-677 (1979) 221-227.

5. Sh. Khosravianarab, S. R. Kulkarni and R. K. Raina, On a certain class of analytic functions
involving hypergeometric functions, J. Math. Appl. 32(2010), 1-10.

6. R. K. Raina and D. K. Bansal, Some properties of a certain class of rational functions, Appl.
Math. Comput., 187(2007), 403-407.

7. M. O. Reade, H. Silverman, and P. G. Todorov , Classes of rational functions, in: D.B. Shaker
(Ed.), Contemporary Mathematics: Topics in Complex Analysis, 38, American Mathematical
Society, Providence, Rhode Island, 1985, pp. 99-103.

8. S. Ruscheweyh, Convolutions in Geometric Function Theory, Les Presses de 1’Université de
Montréal, Canada, 1982.

9. S. Ruscheweyh, New criteria for univalent functions, Proc. Amer. Math. Soc. 49(1975),
109-115.

10. T. J. Suffridge, Some remarks on conver maps of the unit disk, Duke Math. J. 37(1970),
TT5-TTT.



186 NENG XU AND R. K. RAaINA

11. H. M. Srivastava and P. W. Karlsson, Multiple Gaussian Hypergeometric Series. A Halsted
Press Book (Ellis Horwood Limited, Chichester), John Wiley and Sons, New York, Chichester,
Brisbane, and Toronto, 1985.

Neng Xu,

Department of Mathematics,
Changshu Institute of Technology ,
Changshu 215500, Jiangsu,
People’s Republic of China.

E-mail address: ~ xun@cslg.edu.cn

and

R. K. Raina,

Department of Mathematics,

M.P. University of Agriculture and
Technology, Udaipur 313001, Rajasthan,
India.

Present address:

10/11, Ganpati Vihar Opposite Sector 5,
Udaipur-313002 Rajasthan,

India.

E-mail address: rkraina_ 7@hotmail.com



	Introduction and preliminaries
	 Main results
	Some consequences of main results

