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Almost Semicontinuous Multifunctions via Ideals
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ABSTRACT: The aim of this paper is to introduce and study upper and lower
almost semi-J-continuous multifunctions as a generalization of upper and lower semi-
J-continuous multifunctions, respectively.
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1. Introduction

It is well known that various types of functions play a significant role in the
theory of classical point set topology. A great number of papers dealing with such
functions have appeared, and a good number of them have been extended to the
setting of multifunctions [1,3,15,16,17,18,19]. This implies that both, functions
and multifunctions are important tools for studying other properties of spaces and
for constructing new spaces from previously existing ones. The concept of ide-
als in topological spaces has been introduced and studied by Kuratowski [10] and
Vaidyanathaswamy [21]. An ideal J on a topological space (X, 7) is a nonempty
collection of subsets of X which satisfies (i) A € J and B C A implies B € J and
(ii) A € Jand B € Jimplies A U B € J. Given a topological space (X, 7) with an
ideal J on X and if P(X) is the set of all subsets of X, a set operator (.)*: P(X)
— P(X), called the local function [21] of A with respect to 7 and J, is defined as
follows: for A C X, A*(7,J) = {x € X|UNA ¢ J for every U € 7(z)}, where 7(z) =
{U € 7|z € U}. A Kuratowski closure operator C1*(.) for a topology 7*(7,J) called
the *-topology, finer than 7 is defined by C1*(A) = A U A*(7,J) when there is no
chance of confusion, A*(J) is denoted by A*. If J is an ideal on X, then (X, 7,7)
is called an ideal topological space. In 1990, Jankovic and Hamlett [8] introduced
the notion of J-open sets in topological spaces. In 2002, Hatir and Noiri [5] further
investigated semi-J-open sets and semi-J-continuous functions. Recently, Akdag
and Canan [1] introduced and studied the concept of semi-J-continuous multifunc-
tions on ideal topological spaces. Also in [16], the theory of almost continuity
for multifunctions is unified using certain minimal conditions. In this paper, we
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introduce and study upper (lower) almost-J continuous multifunctions and obtain
several characterizations of upper (lower) almost semi-J-continuous multifunctions
and basic properties of such functions.

2. Preliminaries

Throughout this paper, (X,7) and (Y, o) (or simply X and Y) always mean
topological spaces in which no separation axioms are assumed unless explicitly
stated. Let A be a subset of a space X. For a subset A of (X, 1), CI(A) and Int(A)
denote the closure of A with respect to 7 and the interior of A with respect to 7,
respectively. A subset S of an ideal topological space (X, 7,J) is semi-J-open [8] if
S C CI* Int(S). The complement of a semi-J-closed set is said to be a semi-J-open
set. The semi-J-closure and the semi-J-interior, that can be defined in the same
way as Cl(A) and Int(A), respectively, will be denoted by sJ Cl(A) and sJInt(A),
respectively. The family of all semi-J-open (resp. semi-J-closed) sets of (X, 7,7) is
denoted by SJO(X) (resp. JC(X)). The family of all semi-J-open (resp. semi-J-
closed) sets of (X, 7,J) containing a point € X is denoted by SIO(X,z) (resp.
JC(X,x)). A subset A is said to be regular open [20] (resp. semiopen [11], preopen
[12], semi-preopen [2]) if A = Int(Cl(A)) (resp. A C Cl(Int(A)), A C Int(C1(A)),
A C Cl(Int(Cl(A)))). The complement of regular open (resp. semiopen, semi-
preopen) set is called regular closed (resp. semiclosed, a-closed, semi pre-closed)
set. The intersection (resp. union) of all semiclosed (resp. semiopen) set containing
(resp. contained in) A C X is called the semiclosure (resp. semiinterior) of A
and is denoted by s CI(A) (resp. sInt(A4)). The family of all regular open (resp.
regular closed, semiopen, semiclosed, preopen, semi-preopen, semi-preclosed) sets
of (X, 7) is denoted by RO(X) (resp. RC(X), SO(X), SC(X), PO(X), SPO(X),
SPC(X)). By a multifunction F' : (X,7) — (Y,0), we shall denote the upper
and lower inverse of a set B of Y by FT(B) and F~(B), respectively, that is,
Ft(By={z € X : F(z) C B} and F-(B) ={zx € X : F(z) N B # 0}. In
particular, F~(y) = {r € X : y € F(x)} for each point y € Y and for each
AC X, F(A) = Uyeq F(x). A multifunction F : (X,7,7) — (Y,0) is said to
be lower semi-J-continuous [1] (resp. upper semi-J-continuous) multifunction if
F=(V) € SIO(X, ) (resp. FT(V) € SIO(X,7)) for every V € 0. A subset N
of an ideal topological space (X, 7,7) is said to be semi-J-neighborhood of a point
x € X, if there exists a semi-J-open set V' such that x € V C N.

Lemma 2.1. The following statements are true:

1. Let A be a subset of a space (X, 7). Then A € PO(X) if and only if s C1(A) =
Int(CL(A)) [o].

2. A subset A of a space (X, T) is semi-preopen if and only if CI(A) is reqular
closed [2].

Definition 2.2. [19] A multifunction F : (X, 7,9) — (Y, 0) is said to be:

1. lower weakly semi-J-continuous if for each x € X and each open set V of Y
such that x € F~(V), there exists U € SIO(X, x) such that U C F~(Cl(V)),
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upper weakly semi-J-continuous if for each x € X and each open set V of Y
such that x € FT(V), there exists U € SIO(X, z) such that U C F*(Cl(V)),

weakly semi-J-continuous if it is both upper weakly semi-J-continuous and
lower weakly semi-J-continuous.

3. On upper and lower almost semi-J-continuous multifunctions

Definition 3.1. A multifunction F : (X, 7,9) — (Y, 0) is said to be:

1. lower almost semi-J-continuous if for each x € X and each open set V

of Y such that x € F~(V), there exists U € SIO(X,z) such that U C
F(Int(CL(V))),

upper almost semi-J-continuous if for each x € X and each open set V
of Y such that x € F*(V), there exists U € SIO(X,x) such that U C
FH(Int(C1(V))),

almost semi-J-continuous if it is both upper almost semi-J-continuous and
lower almost semi-J-continuous.

It is clear that every upper (lower) semi-J-continuous function is upper (lower)
almost semi-J-continuous. But the converse is not true as shown by the following
example.

Example 3.2. Let X = {a,b,c}, 7 = {0,{a}, X}, 0 = {0,{b}, X} and I =
{0,{a}}. Then the multifunction F : (X,7,9) = (X,0) defined by F(x) = {x} for

all x € X is upper almost semi-J-continuous but is not upper semi-J-continuous.

Theorem 3.3. The following statements are equivalent for a multifunction F :

(X,7,9) = (Y,0):

1.

2.

RS &

F is upper almost semi-J-continuous multifunction,

for each x € X and for each open set V' such that F(x) C V, there exists
U € SIO(X, z) such that if y € U, then F(y) C Int(Cl(V)) = s CI(V),

for each x € X and for each regular open set G of Y such that F(x) C G,
there exists U € SIO(X, x) such that F(U) C G,

for each & € X and for each closed set K such that x € FT(Y\K), there

exists a semi-J-closed set H such that x € X\H and F~(Cl(Int(K))) C H,
FT(Int(CL(V))) € SIO(X) for any open set V C Y,
F~(Cl(Int(K))) € SIC(X) for any closed set K C Y,
F*(G) € SIO(X) for any regular open set G of Y,
P

K) € SIC(X) for any regular closed set K of Y,
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9. for each point x of X and each neighbourhood V of F(x), F*(Int(Cl(V))) is
a semi-J-neighbourhood of x,

10. for each point x of X and each neighbourhood V' of F(x), there exists a semi-
J-neighborhood U of x such that F(U) C Int(Cl(V)).

Proof. (1)<(2): The proof follows from Definition 3.1 and lemma 2.1.

(2)=(3): Let x € X and G be a regular open set of Y such that F(xz) C G. By

(2), there exists U € SIO(X, z) such that if y € U, then F(y) C Int(Cl(G)) = G.

We obtain F(U) C G.

(3)=(2): Let x € X and V be an open set of Y such that F(z) C V. Then,

Int(Cl(V)) € RO(Y). By (3), there exists U € SIO(X,z) such that F(U) C

Int(CL(V)).

(2)=(4): Let z € X and K be a closed set of Y such that z € FT(Y\K).

By (2), there exists U € SJO(X,x) such that F(U) C Int(CI(Y\K)). We have

Int(CYY'\K)) = Y\ Cl(Int(K)) and U € FT(Y\ Cl(Int(K))) = X\ F~ (Cl(Int(K))).

We obtain F'~ (Cl(Int(K))) € X\U. Take H = X\U. Then, x € X\H and H is

semi-J-closed set.

(4)=(2): Let 2 € X and V be an open set of Y such that F(x) C V. Then Y\V

is closed in Y and z € FT(V) = FT(Y\(Y\V)). By (4), there exits a semi-J-

closed set L such that z € X\L and F~(Cl(Int(Y\V))) € L. This implies that

X\L C FT(Int(C1(V))). Put U = X\L. Then U € SIO(X) and if y € U, then

F(y) C Int(CL(V)).

(1)=(5): Let V be any open set of Y and z € FT(Int(Cl(V))). By (1), there

exists U, € SJIO(X,z) such that U, C FT(Int(C1(V))). Therefore, we obtain

FT(Int(CL(V))) = U U,. Hence, F*(Int(CL(V))) € SIO(X).
ceF+(Int(CL(V)))

(5)=(1): Let V be any open set of Y and z € F*(V). By (5), FT(Int(Cl(V))) €

SJIO(X). Take U = F*(Int(C1(V))). Then F(U) C Int(C1(V)). Hence, F is upper

almost semi-J-continuous.

(5)=(6): Let K be any closed set of Y. Then, Y\K is an open set of Y. By (5),

FH(Int(C(Y'\K))) € SIO(X). Since Int(CI(Y\K)) = Y\ Cl(Int(K)), it follows

that F*(Int(CI(Y'\K))) = FH(Y'\ Cl(Int(K))) = X\F~(Cl(Int(K))). We obtain

that F~(Cl(Int(K))) is semi-J-closed in X.

(6)=-(5): It can be obtained similarly as (5)=-(6).

(5)=(7): Let G be any regular open set of Y. By (5), F(Int(Cl(GQ))) = F(G) €

SIO(X).

(7)= (5): Let V be any open set of Y. Then, Int(Cl(V)) € RO(Y). By (7),

FT(Int(CL(V))) € SIO(X).

(6)=-(8): It can be obtained similarly as (5)=-(7).

(8)=-(6): It can be obtained similarly as (7)=-(5).

(5)=(9): Let z € X and V be a neighbourhood of F(x). Then there exists an

open set G of Y such that F(z) C G C V. Then we have z € F*(G) C F*(V).

Since FT(Int(C1(G))) € SIO(X), F*(Int(CL(V))) is a semi-J-neighbourhood of x.

(9)=(10): Let x € X and V be a neighbourhood of F(x). By (9), F*(Int(CL(V)))

is a semi-J-neighbourhood of z. Take U = F*(Int(Cl(V))). Then F(U) C
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Int(C1(V)).

(10)=(1): Let 2 € X and V be any open set of Y such that F(z) C V. Then
V is a neighbourhood of F(x). By (10), there exists a semi-J-neighbourhood U of
x such that F(U) C Int(Cl(V)). Therefore, there exists G € SIO(X) such that
x € G C U and hence F(G) C F(U) C Int(Cl(V)). We obtain that F is upper
almost semi-J-continuous. O

Theorem 3.4. For a multifunction F : (X, 7,7) — (Y, 0), the following statements
are equivalent:

1. F is lower almost semi-J-continuous multifunction,

2. for each x € X and for each open set V such that F(x) NV # (), there exists
U € SIO(X,x) such that if y € U, then F(y) N Int(CL(V)) # 0,

3. for each x € X and for each reqular open set G of Y such that F(x) NG # 0,
there exists U € SJIO(X,x) such that if y € U, then F(y) NG # 0,

4. for each x € X and for each closed set K such that x € F~(Y\K), there
exists a semi-J-closed set H such that x € X\H and FT(Cl(Int(K))) C H,

F~(Int(CL(V))) € STIO(X) for any open set V C Y,
. FH(Cl(Int(K))) € SIC(X) for any closed set K CY,
F(

5
b
7. F~(GQ) € SJIO(X) for any regular open set G of Y,

8. FT(K) € SIC(X) for any regular closed set K of Y.

Proof. We Prove only (1)=-(2), (2)=(3), (3)=-(4). The other proofs can be ob-
tained similarly as Theorem 3.3.

(1)=(2): Let x € X and V be an open subset of Y such that F(z) NV # (.
Since F' is lower almost semi-J-continuous, there exists U € SIO(X, z) such that
U C F~(Int(C1(V))). This implies that if y € U, then F'(y) N Int(C1(V)) # 0.
(2)=(3): Let © € z and G be a regular open subset of Y such that F'(z) N G # 0.
Then G = Int(C1l(G)) is open in Y. By (2), there exits U € SJO(X, x) such that if
y € U, then F(y) NInt(Cl(G)) # 0. That is, if y € U, then F(y) N G # 0.
(3)=(4): Let x € X and K be a closed subset of Y such that x € F~(Y\K).
Then Int(Cl(Y\K)) is regular open in Y such that 2 € F~(Int(Cl(Y\K))). Thus
F(z) N Int(C(Y\K)) # 0. By (3), there exits U € SJO(X,z) such that if
y € U, then F(y) NInt(CL(Y\K)) # 0. Hence U C F~(Int(Cl(Y\K))), and so
U C X\F*(Cl(Int(K))). Set L = X\U. Then L is a semi-J-closed set such that
x € X\L and F*(Cl(Int(K))) C L.

(4)=(1): Let x € z and V be an open subset of ¥ such that z € F~ (V). Then
Y\V is closed in Y such that « € F~(Y\(Y\V)). By (4), there exits a semi-J-
closed set L such that z € X\L and F*(Cl(Int(Y\V))) C L. Set U = X\ L. Thus
U is semi-J-open in X such that x € U and U C F~(Int(C1(V))). Therefore, F is
lower almost semi-J-continuous. O
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Theorem 3.5. The following are equivalent for a multifunction F : (X,7,7) —
(Y, 0):

1. F s upper almost semi-J-continuous;

2. sICUF~(V)) C F~(CUV)) for every V € SPO(Y);

3. sICIF—(V)) C F~(CYV)) for every V € SO(Y);

4. FH(V) C sIInt(F*(Int(CL(V)))) for every V € PO(Y).

Proof. (1)—(2). Let V be any semi-J-open set of Y. Since CI(V) € RC(Y), by
Theorem 3.3 F~—(Cl(V)) is semi-J-closed in X and F~ (V) C F~(Cl(V)). There-
fore, we obtain sJ CI(F~(V)) C F~—(Cl(V)).

(2)—(3). This is obvious since SO(Y) C SPO(Y).

(3)—=(4). Let V € PO(Y). Then, we have V' C Int(CL(V)) and Y\V D Cl(Int(Y'\V)).
Since Cl(Int(Y\V)) € SO(Y), X\F*(V) = F~(Y\V) D F~(Cl(Int(Y\V))) D
sICL(F~(Cl(Int(Y\V)))) =

sTCHF~(Y\ Int(Cl(V)))) = sT CLCY(X\ F*(Int(CL(V))))

= X\sIInt(F T (Int(C1(V)))). Therefore, F*(V) C sJInt(F*+(Int(CL(V)))).
(4)—(1). Let V be any regular open set of Y. Since V € PO(Y), we have
FH (V) C sJInt(F*(Int(CL(V)))) = sIInt(FT(V)) and hence F*(V) € SIO(X).
It follows from Theorem 3.3, that F' is upper almost semi-J-continuous. O

Theorem 3.6. The following are equivalent for a multifunction F : (X,7,3) —
(Y,0):

1. F is lower almost semi-J-continuous;

2. sSICIFT(V)) C FH(CUV)) for every V € SPO(Y);

3. sICIFT(V)) C FH(CUV)) for every V € SO(Y);

4. F=(V) C sTInt(F~ (Int(CLV)))) for every V € PO(Y).
Proof. The proof is similar to that of Theorem 3.5 and is thus omitted. O
Definition 3.7. Let (X, 7,J) be an ideal topological space and let (x,) be a net in

X. It is said that the net (o) semi-J-converges to x if for each semi-J-open set G
containing x in X, there exists an index oy € I such that xo € G for each o > «y.

Theorem 3.8. If F: (X, 7,7) = (Y, 0) is a lower (upper) almost semi-J-continuous
multifunction, then for each x € X and for each net (x4) which semi-J-converges
to x in X and for each open set V. CY such that x € F~ (V) (resp. v € F+(V)),
the net (z4) is eventually in F~ (Int(CL(V))) (resp. F+(Int(CL(V)))).
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Proof. Let (z,) be a net semi-J-converges to x in X and let V' be any open set in
Y such that € F~ (V). Since F is lower almost semi-J-continuous multifunction,
there exists a semi-J-open set U in X containing = such that U C F~ (Int(CL(V))).
Since (z4) semi-J-converges to x, there exists an index ag € J such that z, € U
for all @ > ay. So we obtain that 2, € U C F~ (Int(C1(V))) for all a > «. Thus,
the net (z,) is eventually in F~ (Int(Cl(V))).

The proof of the upper almost semi-J-continuity of F is similar to the above. O

Definition 3.9. Let (X,7) be a topological space. The collection of all regular
open sets forms a base for a topology 7*. It is called the semireqularization. In
case when T = 7*, the space (X, 7) is called semiregular [20].

Theorem 3.10. Let F : (X,7,9) — (Y,0) be a multifunction from a topological
space (X,7) to a semiregular topological space (Y,o). Then F is lower almost
semi-J-continuous multifunction if and only if F is lower semi-J-continuous.

Proof. Let 2 € X and let V be an open set such that 2 € F~ (V). Since (Y,0) is a
semiregular space, there exist regular open sets U; for ¢ € I such that V = UI U;.
ic

We have F~ (V) = F_(,UI U, = u F~(U;). By Theorem 3.3, F~—(U;) € SJIO(X)
1€ 1€

for i € I. We obtain F~ (V) € SJIO(X). Hence F is lower semi-J-continuous. The
converse is obvious. O

Corollary 3.11. A multifunction F : (X,7,3) — (Y,0) is lower almost semi-J-
continuous multifunction if and only if F : (X,7,9) — (Y,0%) is lower semi-J-
continuous.

Suppose that (X, 7), (Y,0) and (Z,n) are topological spaces. It is known that
if i1 (X,7,9) = (Y,0) and Fy : (Y,0) — (Z,n) are multifunctions, then the
composite multifunction Fs o Fy : (X,7) — (Z,n) is defined by (Fs o Fy)(z) =
F5(Fy(x)) for each z € X.

Theorem 3.12. If F : (X,7,9) — (Y,0) is an upper (lower) semicontinuous
multifunction and G : (Y,0) = (Z,n) is an upper (lower) semicontinuous multi-
function, then GoF : (X, ) — (Z,n) is an upper (lower) almost semi-J-continuous
multifunction.

Proof. Let V. C Z be any regular open set. From the definition of G o F', we
have (G o F)*(V) = FT(G*(V)) (resp. (Go F)~ (V) = F~ (G~ (V))). Since G
is upper (lower) semicontinuous multifunction, G* (V) (resp. G~ (V)) is an open
set. Since F is upper (lower) semi-J-continuous multifunction, F+(G*(V)) (resp.
F~(G—(V))) is a semi-J-open set. It shows that G o F' is an upper (resp. lower)
almost semi-J-continuous multifunction. O

Theorem 3.13. A multifunction F : (X,7,7) — (Y,0) is upper almost semi-
J-continuous if and only if sC1F : (X,7,9) — (Y,0) is upper almost semi-J-
continuous, where s Cl F(x) = s Cl(F(x)) for each point x € X.
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Proof. Suppose that F' is upper almost semi-J-continuous. Let V' be any open set of
Y such that s ClF(x) C V. Then F(z) C V and by Theorem 3.3, there exists U €
SIO(X, z) such that F(U) C sCl(V). For each u € U, F(U) C sCl(V) and hence
(sCILE)H(V) C sIInt(s C1F)T (s CI(V)). It follows from Theorem 3.3, that s C1 F'
is upper almost semi-J-continuous. Conversely, suppose that sCl1F : (X, 7,7) —
(Y, o) is upper almost semi-J-continuous. Let V' be any open set of Y and x €
F*(V). Then F(z) C V and sClF(z) C sCI(V). There exists U € SIO(X, x)
such that sC1F(U) C sCl(V). Therefore, we have U C (sClF)*(sCIl(V)) C
FT(sCl(V)) and hence z € U C sIInt(FT(sCl(V))). Thus, we obtain F*(V) C
sJInt(F*(sCl(V))) and by Theorem 3.3, F is upper almost semi-J-continuous. O

Theorem 3.14. A multifunction F : (X,7,9) — (Y,0) is lower almost semi-
J-continuous if and only if sCIF : (X,7,7) — (Y,0) is lower almost semi-J-
continuous.

Proof. Suppose that F' is lower almost semi-J-continuous. Let z € X and V be
any open set of Y such that s CI(F)(x) NV # (. Then we have x € (s C1F)~ (V)
= F~ (V) and F(z) NV # 0. By Theorem 3.4, there exists U € SIO(X, ) such
that F(U) N sCL(V) # () for every u € U. Therefore, we obtain that (s C1F)(u) N
sClV) # 0 for every u € U. It follows from Theorem 3.4, that s ClF is lower
almost semi-J-continuous. Conversely, suppose that s Cl F' is lower almost semi-J-
continuous. Let z € X and V be any open set of Y such that F'(z) NV # . Then,
we have x € F~(V) = (sClLF)~ (V) and hence (sC1F)(z) NV # 0. Since s CIF
is lower almost semi-J-continuous, by Theorem 3.4, there exists U € SIJO(X,x)
such that (sClF)(u) N sClV) # 0 for every u € U. Therefore, we obtain that
F(u)NsClV) # () for every u € U. It follows from Theorem 3.4, F' is lower almost
semi-J-continuous. O

Definition 3.15. A subset A of a topological space (X,T) is said to be:

1. a-regular [9] if for each a € A and any open set U containing a, there exists
an open set G of X such that a € G C CI(G) C U;

2. a-paracompact [9] if every X -open cover A has an X -open refinement which
covers A and is locally finite for each point of X .

Lemma 3.16. [9] If A is an a-paracompact and a-regular set of a topological space
(X,7) and U an open neighborhood of A, then there exists an open set G of X such
that AC G C CI(G) C U.

Lemma 3.17. If F : (X,7,7) — (Y,0) is a multifunction such that F(zx) is a-
paracompact and a-reqular for each x € X, then we have the following

1. GT(V) = F*(V) for each open set V of Y,

2. G= (V)= F~(V) for each closed set V of Y, where G denotes C1F or sJCLF.
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Proof. (1). Let V be any open set of Y and z € GT(V). Then G(z) C V and
F(x) € G(z) C V. We have z € F*(V) and hence GT(V) C F*(V). Then we
have F(x) C V and by Lemma 3.16, there exists an open set H of V' such that
F(z) c HC CI(H) C V. Since F* (V) C GT(V). Therefore, GT (V) = F*(V).

(2). This follows from (1). O

Theorem 3.18. Let F: (X,7,7) — (Y,0) be a multifunction such that F(x) is
a-paracompact and a-reqular for each x € X. Then the following statements are
equivalent:

1. F is upper almost semi-J-continuous;
2. sJCLF is upper almost semi-J-continuous;
3. C1F is upper almost semi-J-continuous.

Proof. We put G = sJCIF or CIF. Suppose that F is upper almost semi-J-
continuous. Let z € X and V be any open set of Y containing G(z). By Lemma
3.17, x € GT(V) = F*(V) and there exists U € SIO(X,z) such that F(U) C
s Cl(V). Since F(u) is a-paracompact and a-regular for each u € U, there exists an
open set H such that F(u) C H C Cl(H) C s CI(V) hence G(u) C CI(H) C sCl(V)
for each u € U. Therefore, we obtain G(U) C s C1(V). This shows that G is upper
almost semi-J-continuous. Conversely, suppose that G is upper almost semi-J-
continuous. Let z € X and V be any open set of Y containing F(z). By Lemma
3.17,z € FH(V) = GT(V) and hence G(z) C V. There exists U € SIO(X, z) such
that G(U) C s Cl(V'). Therefore, we obtain F'(u) C s Cl(V). This shows that F is
upper almost semi-J-continuous. O

Theorem 3.19. Let F : (X,7,7) — (Y,0) be a multifunction such that F(x) is
a-paracompact and a-reqular for each x € X. Then the following statements are
equivalent:

1. F is lower almost semi-J-continuous;
2. sJICLF is lower almost semi-J-continuous;
3. CLF is lower almost semi-J-continuous.

Proof. We put G = sJCIF or CIF. Suppose that I is lower almost semi-J-
continuous. Let z € z and V be any open set of Y such that G(xz)NV # ). Since V is
open, F(z)NV # () and there exists U € SIO(X, z) such that F(u)NInt(CL(V)) # 0
for each u € U. Therefore, we obtain G(u) N Int(CL(V)) # () for each u € U. This
shows that G is lower almost semi-J-continuous. Conversely, suppose that G is
lower almost semi-J-continuous. Let z € X and V any open set of Y such that
F(z)NV # 0. Since F(z) C G(x), G(z) NV # 0 and there exists U € STO(X, x)
such that G(u) N Int(CL(V)) # @ for each u € U. Therefore, by Theorem 3.4, F is

lower almost semi-J-continuous. O
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Theorem 3.20. For a multifunction F : (X,7,7) — (Y,0) such that F(z) is an
a-reqular and a-paracompact set for each x € X, the following are equivalent:

1. F is upper weakly semi-J-continuous,
2. F is upper almost semi-J-continuous,
3. F' is upper semi-J-continuous.

Proof. (1)=(3). Suppose that F' is upper weakly semi-J-continuous. Let € X and
G and open set of Y such that F(x) C G. Since F(z) is a-regular a-paracompact,
by Lemma 3.16, there exists an open set V' such that F(z) ¢ V C Cl(V) C G.
Since F' is upper weakly semi-J-continuous at x and F(z) C V, there exists U €
SIO(X, z) such that F(U) C CI(V) and hence F(U) C CI(V) C G. Therefore, F

is upper semi-J-continuous. O

Corollary 3.21. Let F : (X,7,7) — (Y,0) be a multifunction such that F(x) is
compact for each x € X and Y is reqular. Then, the following are equivalent:

1. F is upper weakly semi-J-continuous;

2. F is upper almost semi-J-continuous;

3. F' is upper semi-J-continuous.

Lemma 3.22. [17] If A is an a-regular set of X, then for every open set G which
intersects A, there exists an open set D such that AN D # () and CI(D) C G.

Theorem 3.23. For a multifunction F : (X,7,7) — (Y,0) such that F(z) is an
a-regular set of Y for each x € X, the following are equivalent:

1. F is lower weakly semi-J-continuous,
2. F is lower almost semi-J-continuous,
3. F is lower semi-J-continuous.

Proof. (1)=-(3): Suppose that F is lower weakly semi-J-continuous. Let x € X and
G an open set of Y such that F(z) NG # 0. Since F(z) is a-regular, by Lemma
3.22, there exists an open set D of Y such that F'(z) N D # ) and CI(D) C G.
Since F is lower weakly semi-J-continuous at z, there exists U € SIO(X, ) such
that F(u) N CI(D) # 0 for each w € U. Since CI(D) C G, we have F(u) NG # 0
for each u € U. Therefore, F' is lower semi-J-continuous. O

Theorem 3.24. Let F : (X,7,7) — (Y,0) be a multifunction such that F(x) is
closed in'Y for each x € X and Y is normal. Then the following are equivalent:

1. F s upper weakly semi-J-continuous,

2. F is upper almost semi-J-continuous,
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3. F' is upper semi-J-continuous.

Proof. (1)=(3): Suppose that F is upper weakly semi-J-continuous. Let z € X
and G an open set of Y containing F(z). Since F(x) is closed in Y, by the
normality of ¥ there exists an open set V' of Y such that F'(z) CV C CI(V) C G.
Since F' is upper weakly semi-J-continuous, there exists U € SIO(X, x) such that
F(U) c CI(V) C G. This shows that F' is upper semi-J-continuous. O

Definition 3.25. A topologial space (X, T) is said to be rimcompact if each point
of X has a base of neighborhoods with compact frontiers.

Theorem 3.26. If (Y,0) is a rimcompact space and F : (X,7,79) — (Y,0) is a
compact valued multifunction with the closed graph, then the following are equiva-
lent:

1. F s upper weakly semi-J-continuous;
2. F is upper almost semi-J-continuous;
3. F' is upper semi-J-continuous.

Proof. Suppose that F' is upper weakly a-continuous. Let x € X and V be any
open set of Y containing F(x). Since Y is rimcompact, for each z € F(x). Since
Y is rimcompact, for each z € F(z) there exists an open set W(z) such that z €
W(z) C V and the frontier Fr(W(z)) is compact. The family {W(z) : z € F(z)}
is a cover of F'(z) by open sets of Y. Since F(x) is compact, there exists a finite
number of points, say, z1, 22, ..z, in F(x) such that F(z) C U{W(z;): 1 <j <n}.
Let W = U{W(z;) : 1 < j < n}, then we have Fr(W) is compact, F(x) C
W CVand F(z) N Fr(W) = F(z) N CI(W) N C(Y\W) C F(z) N Y\W = 0.
For each y € Fr(W), (z,y) € X x Y\G(F). Since G(F) is closed, there exist
open sets U(y) € X and V(y) C Y containing x and y, respectively, such that
F(U(y))NV(y) =0. The family {V(y) : y € Fr(W)} is a cover of Fr(W) by open
sets of Y. Since Fr(W) is compact, there exists a finite subset K of Fr(W) such
that Fr(W) Cc U{V(y) : y € K}. Since F is upper weakly semi-J-continuous, there
exits Uy € STO(X, x) such that F(Uy) C CL(W). Put U = UyN(N{U(y) : y € K}).
Then we obtain U € SIO(X,z), F(U) C CI(W) and F(U)NFr(W) = (). Therefore,
we obtain F(U) C W C V. This shows that F' is upper semi-J-continuous. O

Corollary 3.27. If (Y,0) is a rimcompact space and [ : (X,7,3) — (Y,0) is an
almost semi-J-continuous function with closed graph, then f is semi-J-continuous.

For a multifunction F : (X, 7,J) — (Y, 0), the graph multifunction Gp : X =
X xY is defined as follows: Gp(x) = {a} x F(z) for every x € X.

Lemma 3.28. For a multifunction F : (X, 7,9) — (Y,0) , the following hold:
1. GYF(Ax B) = AN F+(B),
2. G-F(Ax B) = AN F~(B)
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for any subsets AC X and BCY [15].

Theorem 3.29. Let F: (X,7,7) — (Y,0) be a multifunction such that F(x) is
compact for each x € X. Then F is upper almost semi-J-continuous if and only if
Gr: X — X XY is upper almost semi-J-continuous.

Proof. Suppose that Gp : X — X x Y is upper almost semi-J-continuous. Let
x € X and V be any open set of Y containing F'(x). Since X x V isopen in X x Y
and Gp(z) C X x V , there exists U € SIO(X, z) such that Gp(U) C Int(CL(X x
V)) = X x Int(Cl(V)). By Lemma 3.28, we have U C GL(X x Int(Cl(V))) =
F*(Int(Cl(V))) and F(U) C Int(Cl(V)). This shows that F'is upper almost semi-
J-continuous. Conversely, suppose that F : (X,7,7) — (Y,0) is upper almost
semi-J-continuous. Let z € X and W be any open set of X x Y containing Gp(x).
For each y € F(x), there exist open sets U(y) C X and V(y) C Y such that
(x,y) € U(y) x V(y) € W. The family of {V(y) : y € F(z)} is an open cover
of F(x). Since F(x) is compact, it follows that there exists a finite number of
points, say y1, Y2, Y3, ..., Yn in F(z) such that F(z) € UW{V(y;) : i = 1,2,...,n}.
Take U = N{U(y;) : i = 1,2,...on} and V = U{V(y;) : i = 1,2,...,n}. Then U
and V are open sets in X and Y, respectively, and {z} x F(z) C U xV C W.
Since F' is upper almost semi-J-continuous, there exists Uy € SIO(X, z) such that
F(Up) € Int(C1(V)). By Lemma 3.28, we have U N Uy C U N FT(Int(CL(V))) =
GH(U x Int(CL(V))) C GL(Int(CUU x V))) C GE(Int(CL(W))). Therefore, we
obtain U NUy € SIO(X, z) and Gp(U NUp) C Int(Cl(W)). This shows that Gp is
upper almost semi-J-continuous. O

Theorem 3.30. A multifunction F : (X, 7,9) — (Y,0) is lower almost semi-J-
continuous if and only if Gp : X — X X Y s lower almost semi-J-continuous.

Proof. Suppose that F is lower almost semi-J-continuous. Let x € X and W be
any open set of X x Y such that € Gr(W). Since W N ({z} x F(z)) # 0,
there exists y € F(xz) such that (z,y) € W and hence (z,y) € U x V C W for
some open sets U and V of X and Y, respectively. Since F(z) NV # (), there
exists G € SIO(X,x) such that G C F~(Int(C1(V))). By Lemma 3.28, UNG C
UnNF~(Int(CL(V))) = Gr(U x Int(CL(V))) C Gr(Int(Cl(W))). Furthermore,
x € UNG € SIO(X) and hence G is lower almost semi-J-continuous. Conversely,
suppose that G is lower almost semi-J-continuous. Let z € X and V be any
open set of Y such that 2 € F~ (V). Then X x V is open in X x Y and Gr(z)N
(X xV)={z} x Fl))Nn(X xV)={z} x (F(z)NV) # (. Since G is lower
almost semi-J-continuous, there exists a semi-J-open set U containing = such that
U C Gz(Int(Cl(X x V))). Since Gx(Int(CL(X x V))) = Gr(X x Int(CL(V))), by
Lemma 3.28, we have U C F~(Int(Cl(V))). This shows that F' is lower almost
semi-J-continuous. O

Definition 3.31. Let F : (X,7,9) — (Y,0) be a multifunction. The multigraph
G(F) is said to be semi-J-closed graph in X XY if for each (z,y) € X x Y\G(F),
there exist semi-J-open set U and an open set V containing x and y, respectively,
such that (U x V)NG(F) = 0.
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Theorem 3.32. Let F : (X,7) — (Y,0) be an upper almost semi-J-continuous
and punctually a-paracompact multifunction into a Hausdorff space (Y,c). Then
the multigraph G(F) of F' is a semi-J-closed graph in X x Y.

Proof. Suppose that (zo,y0) ¢ G(F). Then yo ¢ F(x0). Since (Y, o) is a Hausdorff
space, then for each y € F(zg) there exist open sets V(y) and W(y) containing y
and yo respectively such that V(y) N W(y) = 0. The family {V(y) : y € F(z0)} is
an open cover of F(xg) which is a-paracompact. Thus, it has a locally finite open
refinement ® = {Ug : § € I} which covers F(zg). Let Wy be an open neighbour-
hood of yo such that Wy intersects only finitely many members Ug, ,Usg,,...,Ug,
of ®. Choose y1,¥2,...,yn in F(xo) such that Us, C V(y;) for each i = 1,2,...n

and set W = Wy N (61 W(y;)). Then W is an open neighbourhood of yo with
Wﬂ(BUI Ug) = 0, which implies that WﬂInt(Cl(BUI Us)) = 0. By the upper almost
€ €
J continuity of F, there exists U € SJO(X, ) such that F'(U) C Int(Cl(ﬁUI Ug)).
€

It follows that (U x W) N G(F) = ). Therefore, the graph G(F) is a semi-J-closed
graph in X x Y. O

Let {X, :a € vV} and {Y, : @ € V} be any two families of topological spaces
with same index set V. For each o € V, let F,, : X, — Y, be a multifunction.
The product space II{X, : a € vV} will be denoted by II1X, and the product
multifunction ITF, : 11X, — 1Y, defined by F(z) = [I{F,(z4) : @ € V} for each
x ={xs} € IX,, is simply denoted by F : 11X, — Y,.

Theorem 3.33. Let F,, : (X, 7,9) = (Y, 0)a be a multifunction for each o € V and
F: X — 1IY,, a multifunction defined by F(x) = II{F,(x) : a« € V} for eachz € X.
If F is upper almost semi-J-continuous (resp. lower almost semi-J-continuous),
then F,, is upper almost semi-J-continuous (resp. lower almost semi-J-continuous)
for each o € V.

Proof. Let © € X, a € V and V, any regular open set of Y, containing F, (z).
Then PyY(Vy) = Vo x II{Ys : B € V and B # a} is a regular open set of I1Y,
containing F(x), where P, is the natural projection of IIY,, onto Y,. Since F' is
upper almost semi-J-continuous, there exists U € SIJO(X,x) such that F(U) C
Pa (Vo). Therefore, we obtain F,(U) C Po(F(U)) C Pa(Py'(Va)) = Va. This
shows that F, : (X,7,9) — (Y,0), is upper almost semi-J-continuous for each
« € V. The proof for lower almost semi-J-continuous is similar and is thus omitted.
O

Theorem 3.34. If (Y,0) is a Hausdorff space and F,G : (X,7,9) — (Y,0) are
multifunctions such that

1. F(z) and G(z) are compact for each z € X,

2. G is upper weakly semi-J-continuous,

3. F is upper almost semi-J-continuous,
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then the set A= {x € X : F(z) N G(z) # 0} is semi-J-closed in X .

Proof. Let x € X\ A. Then F(z) NG(z) = . Since F(x) and G(z) are compact in
a Hausdorff space (Y, o), there exist disjoint regular open sets V and W of Y such
that F(x) C V, G(z) C W and V N Cl(W) = (. Since F is upper almost semi-J-
continuous, there exists U; € SIO(X, z) such that F(Uy) C V. Since G is upper
weakly semi-J-continuous, there exists Us € SIO(X, x) such that G(Usz) C CL{W).
Put U = Uy NUs, then U € SIO(X, z) and F(U)NG(U) = (). Therefore, we obtain
UNA=0and z € X\sJCI(A). Hence A is semi-J-closed in X. O

Theorem 3.35. If F' : (X,7,7) — (Y,0) is an upper almost semi-J-continuous
multifunction such that F(x) is a-nearly paracompact for each x € X and Y s
Hausdorff, then for each (x,y) € X x Y\G(F), there exist U € SIO(X,z) and an
open set V' containing y such that (U x CI(V))NG(F) = 0.

Proof. Let (z,y) € X x Y\G(F), then y € Y\F(x). Since Y is Hausdorff, for each
a € F(X) there exist open sets V(a) and W(a) containing a and y, respectively,
such that V(a) N W(a) = 0, hence Int(CL(V(a))) N W(a) = @. The family V =
{Int(Cl(V(a))) : a € F(x)} is a cover of F(x) by regular open sets of Y and F'(z) is
a-nearly paracompact. There exists a locally finite open refinement H = {H,, : o €
vV} of V such that F(z) C U{H, : « € V} . Since H is locally finite, there exists
an open neighborhood Wy of Y and a finite subset Vo of V such that Wo N H, = 0
for every a € V\Vy. For each a € Vg, there exists a(a) € F(x) such that H, C
V(a(e)). Now, put W =Wy N (N{W(a(a)) : « € Vo}) and H = U{H, : a« € V}.
Then W is an open neighborhood of y, H is open in Y and W N H = (. Therefore,
we obtain F(z) C H and CL{W)N H = {) an hence F(x) C Y\ CI(W). Since W is
open, Y\ CI(W) is regular open in Y. Since F' is upper almost semi-J-continuous,
there exists U € SJIO(X, z) such that F(U) C Y\ CI(W), hence F(U)NCI(W) = 0.
Therefore, we obtain (U x CI(V)) N G(F) = 0. O

Corollary 3.36. If F : (X,7,7) — (Y,0) is an upper almost semi-J-continuous
multifunction such that F(x) is compact for each x € X and Y is Hausdorff, then
for each (xz,y) € X x Y\G(F), there exist U € SIO(X,x) and an open set V
containing y such that (U x CL(V)) N G(F) = 0.

Corollary 3.37. If f : (X,7,7) = (Y,0) is a semi-J-continuous function into a
Hausdorff space Y, then G(f) is semi-J-closed.

Theorem 3.38. Suppose that (X,7) and (X, Ta) are topological spaces, where

a € J. Let F: X — TI X, be a multifunction from X to the product space
acJ

I X, and let P, : TI X, — X be the projection for each o € J. If F' is upper
acJ acJ

(lower) almost semi-J-continuous multifunction, then P, o F is upper (resp. lower)
almost semi-J-continuous multifunction for each v € J.

Proof. Take any ag € J. Let V,, be an open set in (Xa,,Ta,). Then (Py, o
F)T(Int(CL(Vay,))) = FH (P (Int(Cl(Va,)))) = FT(Int(CL(Va,))) X ;1;[ Xo (resp.
aFag
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(Paoo ) (Int(Cl(Vay ) = F~ (Py, (Int(Cl(Va,)))) = F~ (Int(Cl(Viy)) % 71'5'[ Xa))-

Since F' is upper (resp. lower) almost semi-J-continuous multifunction and since
Int(Cl(Va,)) x T X, is a regular open set, it follows that F'*(Int(C1(V,,)) x

aFag
I X,) (resp. F~(Int(Cl(Va,)) x T Xa)) is semi-J-open in (X, 7). It shows
atag aFag
that P,, o F' is upper (lower) almost semi-J-continuous multifunction. Hence, we
obtain that P, o F'is upper (lower) almost semi-J-continuous multifunction for each

a € J. O

Theorem 3.39. Suppose that for each « € J, (X, Ta), (Ya,04) are topological
spaces. Let F, : X, — Y, be a multifunction for each o € J and let F': 11 X4 —

acJ
I Y, be defined by F((xo)) = I Fa(za) from the product space TI X, to the
acJ acJ acJ
product space TI Y. If F is upper (lower) almost semi-J-continuous multifunction,

aeJ
then each F, is upper (resp. lower) almost semi-J-continuous multifunction for

each a € J.

Proof. Let V,, C Y, be an open set. Then Int(Cl(V,,)) x II Y3 is a regular open
a8

set. Since F is upper (lower) almost semi-J-continuous multifunction, it follows that
FT(Int(Cl(V,)) x T Yz) = Ff(Int(Cl(V,))) x I Xg (resp. F~(Int(ClL(V,)) x
a#pB a#pB
II Yg) =F, (Int(Cl(V,)))x II Xp)isasemi-J-open set. Consequently, we obtain
a#p

a#p
that £ (Int(C1(V4,))) (resp. F, (Int(Cl(V,,)))) is a semi-J-open set. Thus, we show

that F, is upper (resp. lower) almost semi-J-continuous multifunction. |

Theorem 3.40. Suppose that (X,7), (Y,0), (Z,n) are topological spaces and F :
(X,7,9) = (Y,0), Fo: (X,7) = (Z,n) are multifunctions. Let Fy X Fy : (X,7,7) —
(Y,0) x Z be a multifunction which is defined by (Fy X Fy)(x) = Fy(x) x Fy(x) for
each x € X. If Fy X Fy is upper (lower) almost semi-J-continuous multifunction,
then Fy and Fy are upper (resp. lower) almost semi-J-continuous multifunctions.

Proof. Let * € X and let K C Y, H C Z be open sets such that z € F;"(K)
and z € Fy (H). Then we obtain that F(r) C K and Fy(z) C H and so Fi(z) x
FQ(,CE) = (Fl X FQ)(,CE) C K x H. We have x € (F1 X F2)+(K X H).Since Fi x Fy
is upper almost semi-J-continuous multifunction, there exists a semi-J-open set
U containing x such that U C (F; x Fo)T(Int(Cl(K x H))). We obtain that
U C F (Int(Cl(K))) and U C F; (Int(Cl(H))). Thus, we obtain that Fy and F
are upper almost semi-J-continuous multifunctions. The proof of the lower almost
J continuity of F} and F5 is similar to the above. O

Lemma 3.41. [5] Let A and B be subsets of an ideal topological space (X,7,7).
Then

1. If A€ SJIO(X) and B € 7, then AN B € SJIO(B);
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2. If A€ STIO(B) and B € SIO(X), then A € SIO(X).

Lemma 3.42. If F : (X,7,9) — (Y,0) is an upper almost semi-J-continuous
(lower almost semi-J-continuous) multifunction and U € T, then F|, : (U, 7y, Ju) —
(Y, o) is upper almost semi-J-continuous (lower almost semi-J-continuous).

Proof. Suppose that V' is an open subset of Y. Let x € U and let « € (Fjy)~ (V).
Since F' is lower almost semi-J-continuous multifunction, there exists a semi-J-
open set G such that x € G C F~ (Int(Cl(V))). By Lemma 3.41, we obtain that
reGNU € SIOWU) and GNU C (Fjy)~ (Int(CL(V))). Hence Fjy is lower almost
semi-J-continuous. The proof of the upper almost semi-J-continuity of Fj is similar
to the above. a

Theorem 3.43. Let {U, : « € A} be an open cover of a space (X, 7). Then a
multifunction F : (X, 7,9) = (Y, 0) is upper almost semi-J-continuous (resp. lower
almost semi-J-continuous) if and only if the restriction Fiy, : (Un,Ta) — (Y,0)
is upper almost semi-J-continuous (resp. lower almost semi-J-continuous) for each
a € A.

Proof. We prove only the case for F' upper almost semi-J-continuous, the proof for
F lower almost semi-J-continuous being analogous. Let o € A and V' be any open
set of Y. Since F is upper almost semi-J-continuous, F'* (Int(C1(V))) is semi-J-open
in X. By Lemma 3.41, (Fjy, )" (Int(CL(V))) = F*(Int(CL(V'))) N U, is semi-J-open
in U, and hence Fjy, is upper almost semi-J-continuous. Conversely, let V' be
any open set of Y. Since Fjy, is upper almost semi-J-continuous for each a € A,
(Flu,)T(Int(CL(V))) = F*(Int(CL(V))) N Uy is semi-J-open in Ux. By Lemma
3.41, (Fp,)*(Int(Cl(V))) is semi-J-open in X for each o € A. We obtain that
FT(Int(CL(V))) = QLEJA(F‘UQ)JF(Int(Cl(V))) is semi-J-open in X. Hence F is upper

almost semi-J-continuous. O

Recall that a multifunction F : (X,7) — (Y,0) is said to be punctually con-
nected if for each 2 € X, F(x) is connected.

Definition 3.44. [13] An ideal topological space (X, 7,J) is called semi-J-connected
provided that X is not the union of two nonempty disjoint semi-J-open sets.

Theorem 3.45. Let F' be a multifunction from a semi-J-connected topological space
(X, 7) onto a topological space (Y, o) such that F is punctually connected. If F is
an upper almost semi-J-continuous multifunction, then Y is a connected space.

Proof. Let F : (X,7,7) — (Y,0) be an upper almost semi-J-continuous multifunc-
tion from an J connected topological space X onto a topological space Y. Sup-
pose that Y is not connected and let Y = H U K be a partition of Y. Then
both H and K are open and closed subsets of Y. Since F is upper almost
semi-J-continuous, F*(H) and F*(K) are semi-J-open subsets of X. In view of
the fact that FT(H), FT(K) are disjoint and F is punctually connected, X =
FT(H)UFT*(K) is a partition of X. This is contrary to the semi-J-connectedness
of X. Hence, it is obtained that Y is a connected space. O
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Recall that a multifunction F : (X, 7) — (Y, 0) is said to be punctually closed
if for each « € X, F(z) is closed.

Theorem 3.46. Let F' be an upper almost semi-J-continuous punctually closed
multifunction and G be an upper almost continuous punctually closed multifunction
from a space (X, 7) to a normal space (Y,0). Then the set K = {x € X : F(x) N
G(z) # 0} is semi-J-closed in X .

Proof. Let x € X\K. Then F(x)NG(z) = (. Since F' and G are punctually closed
multifunctions and Y is a normal space, there exists disjoint open sets U and V'
containing F'(x) and G(z), respectively. Since F' and G are upper almost semi-
J-continuous and upper almost continuous, respectively the sets F*(Int(Cl1(U)))
and GT(Int(C1(V))) are semi-J-open and open sets, respectively containing z. Let
H = Ft(Int(Cl(V))) N G* (Int(C1(V))). Then H is a semi-J-open set containing x
and H N K = (). Hence, K is J closed in X. O

Definition 3.47. An ideal topological space (X, 7,7) is said to be semi-J-To [13] if
for each pair of distinct points x and y in X, there exist disjoint semi-J-open sets
U andV in X such that x € U and y € V.

Theorem 3.48. Let F : (X,7,7) — (Y,0) be an upper almost semi-J-continuous
multifunction and punctually closed from a topological space (X,T) to a normal
topological space (Y,o) and let F(x) N F(y) = O for each distinct pair z,y € X.
Then X is a semi-J-T5 space.

Proof. Let x and y be any two distinct points in X. Then we have F(x)NF(y) = 0.
Since (Y, o) is a normal space, it follows that there exist disjoints open sets U and V'
containing F'(z) and F(y), respectively. Thus F'*(Int(CL(U))) and F'* (Int(C1L(V)))
are disjoint semi-J-open sets containing x and y, respectively. Thus, it is obtained
that (X, 7) is semi-J-T5. O

Definition 3.49. The semi-J-frontier of a subset A of a space (X, T), denoted by
sIFr(A), is defined by sTFr(A) = sTCI(A) NsICL(X\A) = sTCI(A)\TInt(A).

Theorem 3.50. The set all points of X at which a multifunction F : (X,7,7) —
(Y, o) is not upper almost semi-J-continuous (lower almost semi-J-continuous) is
identical with the union of the semi-J-frontier of the upper (lower) inverse images
of reqular open sets containing (meeting) F(x).

Proof. Let x € X at which F' is not upper almost semi-J-continuous. Then there
exists a regular open set V of Y containing F () such that UN (X \F*(V)) # 0 for
every U € SIO(X, z). Therefore, we have z € sJCL(X\FT(V)) = X\IInt(F*(V))
and z € FT(V). Thus, we obtain x € sJFr(F*(V)). Conversely, suppose that
V is a regular open set of Y containing F'(z) such that x € IFr(F*(V)). If F is
upper almost semi-J-continuous at x, then there exists U € SIJO(X,x) such that
U C F*(V); hence x € sIJInt(F*(V)). This is a contradiction and hence F is not
upper almost semi-J-continuous at x.

The case for lower almost semi-J-continuous is similarly shown. O
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In the following (D,>) is a directed set, (Fy) is a net of multifunction F) :
(X,7,7) = (Y,0) for every A € D and F is a multifunction from X into Y .

Definition 3.51. [3] Let (F\)xep be a net of multifunctions from X to Y. A
multifunction F* : (X, 7,7) = (Y, 0) is defined as follows: for each x € X, F*(x) =
{y € Y: for each open neighborhood V' of y and each p € D, there exists A € D
such that X\ > p and V N F\(x) # 0} is called the upper topological limit of the net

(FA\)xeD-

Definition 3.52. A net (F)\)xep is said to be equally upper almost semi-J-continu-
ous at xg € X if for every open set V' containing Fx(xo), there exists a semi-J-open
set U containing xo such that F)(U) C Int(CL(Vy)) for all X € D.

Theorem 3.53. Let (F)\)aep be a net of multifunctions from a topological space
(X, 7) into a compact space (Y, o). If the following are satisfied:

1. U{F,(x) : p > A} is closed in'Y for each A € D and each x € X ;

2. (Fx)xep is equally upper almost semi-J-continuous on X, then F* is upper
almost semi-J-continuous on X, then F* is upper almost semi-J-continuous
on X.

Proof. We have F*(z) = N{(U{F,.(x) : p > A}) : A € D}. Since the net (U{F,(z) :
> A}P)aep is a family of closed sets having the finite intersection property and
Y is compact, F*(z) # 0 for each x € X. Now, let 79 € X and let V be a
proper open subset of Y such that F*(zo) C V. Since F*(xg) N (Y\V) = 0,
F*(zo) # 0 and Y\V # 0, N{(U{F.(x0) : p > A}) : A€ D}N(Y'\V) = 0 and hence
N{(U{Fu(zo) N (Y\V) : > A}) : A € D} = 0. Since Y is compact and the family
{(U{Fu(zo) N (Y\V) : > A}) : A € D} is a family of closed sets with the empty
intersection, there exists A € D such that F},(zo) N (Y\V) = 0 for each p € D
with g > A. Since the net (F))xep is equally upper almost semi-J-continuous on
X, there exists a semi-J-open set U containing z such that F),(U) C Int(Cl(V))
for each p > A, that is, F,(z) N (Y\Int(Cl(V))) = 0 for each z € U. Then we
have U{F,(z) N (Y\Int(CL(V))) : & > A} = 0 and hence N{U{F,(z) : p > A} : X €
D}IN(Y\Int(Cl(V))) = (0. This implies that F*(U) C Int(CL(V)). If V =Y, then it
is clear that for each semi-J-open set U containing xy we have F*(U) C Int(CL(V)).
Hence F™* is upper almost semi-J-continuous at zg. Since z is arbitrary, the proof
completes. O
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