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Operators *
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ABSTRACT: In this article, we introduce (p, ¢)-variant of Stancu-Schurer operators
and discuss the rate of convergence for continuous functions. Further, We discuss
recursive estimates, Korovkin-type theorems and direct approximation results using
second order modulus of continuity, Peetre’s K-functional and Lipschitz class.
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1. Introduction

In 1885, Weierstrass gave a very famous result known as Weierstrass approxima-
tion theorem which plays an important role in the development of approximation
theory. It was considered to be typical until Bernstein gave an elegant proof of
it. Bernstein [1] considered polynomials for the continuous functions f € C[0, 1]

defined as follows

B,(f;x) = ipnk(x)f(ﬁ), neN,
k=0

n

where pp () = (})z"(1 — 2)"* and & € [0,1]. It is a powerful tool for numer-

ical analysis, computer added geometric design (CAGD) and solutions of differ-
ential equations. Barbosu introduced two important generalizations of Bernstein
i.e. Schurer-Stancu type operators [2] and Kantorovich form of Schurer-Stancu
operators [3].

For the last two decades, the application of g-calculus emerged as a new area
in the field of approximation theory. Motivated by the applications of g-calculus,
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Lupasg [4] introduced a sequence of Bernstein polynomials based on ¢-integer. An-
other form of ¢-Bernstein operators was given by Philips [5]. Several researchers
introduced different type of operators based on g¢-integers ([6]-[7]). Recently,
Mursaleen et al. applied (p, ¢)-calculus in approximation theory and introduced
(p, ¢)-analogue of Bernstein operators [8], Bernstein-Kantorovich operators [11],
Bernstein-Stancu operators [9] (see also [10]). Later on, Szész-Mirakyan operators
[12], Szdsz-Mirakyan-Baskakov operators [13], Bivariate Bernstein Chlodovsky op-
erators [14], Bivariate Schurer Stancu operators [15] (see also references therein)
are investigated based on p; g-integers. The aim of (p, ¢)-integers was to generalize
several forms of g-oscillator algebras in the earlier physics litrature [16].

Let 0 < ¢ < p < 1. Then, (p, q)-integers for non negative integers n, k are given
by

[k]p,q = and [k]p7q =1 fOT k=0.

p—q

(p, q)-binomial coefficient

(), = T

and (p, ¢)-binomial expansion

n
n (n—k)(n—k—1) k(k=1) _
E (k) P 5 q 2 a” kbk.’L'n kyk,
p.q

k=
(+y)p, = (@+y)pr+py)P°e+y)..0" 'z —q"y).

(azx + by)gﬁq

Mursaleen et al. [10] defined Bernstein-Schurer operators in the following way

n-+l
P [Vp,q
B anl D, q <pl,_(n+l)[n]pq>a (11)

for1=0,1,2,3,...,n=1,2,3, ..., where

1 n+1 seon —
bZ,z(z;PvQ)m< , > H v’ —q'x).
p 2 P,q =0

)

Motivated by the above developments, we define (p, ¢)-variant of Stancu-Schurer
operators for any
feCo,l+ 1],z €[0,1] and 0 < o < 3, as follows

n+l (n+l)—v
p Vpg ta
f,.CC b, q anl p,q ( [n]pq_:; )a (12)
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forv=0,1,2,3,...,n=1,2,3,.... One can notice that

(i) for a« = 8 =0, (2) reduce to (1).

(ii) for « = f =0 and p = 1, (2) reduces to ¢g-Stancu-Schurer [17] operators.

In the present paper, we investigate the rate of convergence and Korovkin type
theorem the operators defined by (2). Moreover, we discuss direct approxima-
tion results using second order modulus of continuity, Peeter’s K-functional and
Lipschitz class of functions.

2. Basic estimates for Schurer-Stancu operators S’zy’f(f;x,p,q)

Lemma 2.1. [10] Let B}{(f;x) be given by (1). Then for any x € [0,1] and
0 < g <p<1, we have the following identities

BZ’?(I;:E) = 1,
By = Ltleat
’ [n]p.q
B2 ) = [”+l]p,qpn+l71$+Q[”+l]p,q[n+l*1]pyq$2
R TR o |
p.a p.a

Lemma 2.2. Let x € [0,1] and 0 < ¢ < p < 1. For the operators Sf:’f(f;:c,p,q),
we have

a,Bym., Z?q - B D54 (4i.
St (w0 0) = ]mme( )(n]pﬂ) Bt ).

1=

Proof: From (2), we get

n+l P 4o m
Sl (™ ., q) anzwp, ( o [k;

p,q
n+l

_ 2 [n]5q P V] + "

- Zb’” S Hp,q+ﬂ>m< [p.a )

(m) p_(nH)_”[V]p,q i
[1]p,q

0
—% 4l (n+l) [V]p,q g
) Zb’”“”( il )

m m

o
R0 pqiqﬂ IRLACILDD
~ (] p,qw% ( nlp

’ITL

- w2 (7 ( ,

=0

m—1

q
Bpaq )
q

)
)



140 A. WaFI, N. RAO AND DEEPMALA

Lemma 2.3. For S’n’l’ﬁ, we have

Sl (1@, p,q) =1,

o n+lp e+ o
S (t2,p,q) bt hpgrta

[n]pyq + 0 ,
n+l—1 2
Sa,ﬁ 2; _ [n + l]p,qp + + 2a)x q[n + l]nq[n +1— 1]1),1135
nt (E52:p.0) a7 8% (nlpy ¥ B
a2
RO

Proof: Using Lemma 2.1 and Lemma 2.2, we have

Sl (E75 2, p, q) = D, ( ) BY(t ).
! ([n ]quFﬂ )™ np.q !

=

For m =10
SeP (L, p,q) = BYI(Liz) = 1.
Form =1

N 1—i
S:,f(tl;z,pﬂ) = o + B pq+5 Z()( ]pq> Byt x)

K2

- ([n]‘;qu:?<1;x>+Bm< >>

([nlp,q +B)
_ Intlpgrta
a [Mlpg+6
And for m =2
o (t? p’q ~ (2 o D[y
_ [n];.q o i, i1
- ([n1p,q+ﬂ>2<[n1g,q3 e ”2[%,3 0+ 18I >>

_ ]2, a? [n+1pp" e N qln+Upqln + 1 — 1], 42°
([nlp.g + B)* \ 3 4 (3.4 [n)3.q
75,4 a ([Int+lpq
Tl + B2 (2 [l ( lh.q ) i 1)
[0+ Upgp" 71 4 20)2 I q[n + Up,q[n +1—1]p 42 o?
([nlp.q + 5)? ([nlp.g + B)? ([nlp.q +B)*
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Lemma 2.4. Let ¢’ (t) = (t —z)" and Sf:lB be the operators defined by (2). Then,
we get

Sl Wl apg) = 1,
Sl Wy (t);z,p,q) = <% = 1>x + m
SeP WA (t)iz,prq) = [n+Upgln+1- g[]:b]iqﬁ 25[7;2+ Uyl +B) »
vEs R (e
2
B 25755:]5 ’i;)g) o+ s B
Proof: Lemma 2.4 follows directly from Lemma 2.3. 5

3. Convergence properties of Sf:f(f, T, Py n)

Theorem 3.1. Let (¢n)n, (Pn)n be two real sequences such that 0 < g, < p, <1,

lim ¢, =1, lim p, =1 and lim ¢ =a, lim p}! =0 with 0 < a,b < 1. Then,
n—o0 n—oo n—o0 n—oo

for each f € C[0,1 4+ 1], we have

[ Ss,’f(f;ﬂﬁapm gn) — f() [lci0,14.= 0.

Proof: It is sufficient to show that for ¢ = 0,1, 2
IS (f5 2,y gu)(t52) — 2 [|= 0 as n — 00.

For ¢ = 0, it is obvious.
For ¢ =1, we have

n+1p,.q.T+a
[n]Pan + /B

n+1p..qn 1 o
< (] py.gn )iﬂ - (1] .gn + B

I Ss;lﬁ(t;z,pn,qn) —z| —0 as n— oo.

|Ss;zﬁ(t;$vpm%) *z| = -z
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For ¢ =2,

|S::lﬁ(t2;zapna%z) - 1'2| =

_ [n + l]pn7Qn (pn+l 14 200)x n qnln + l]pmqn [n+1— 1];Dn,qnx2
([nlpy.gn + B)? ([nlpna. +B)?
_;’_a—Q — 2
(In]pn.q. + B)?

[n + l]pn7Qn (pn+l '+ 200)w qnln + l]pn,qn [n+1— 1]107”% 1|22
> 5 — LT
([n]pn,qn +B)? ([n]pnﬂn +8)
I S
([n]pnalJn + /8)2
—0 as n — oo
and this proves the theorem. O

Theorem 3.2. Let 0 < q, < p, < 1 be two real sequences such that lim g, = 1,
n—oo
lim p, =1 and lim ¢ =a, lim p) =b with 0 < a,b <1. Then
n—roo

n—oo n—roo

1S2P(f1 2, pnsan) — F(@)] < 20(f31/007 (@),

for all f € Cl0.1+1] and 537 (x) = /S2P (W2 (0): .. 4n).

Proof: Calculating the difference, we find

n+l
1SEL (f32,Pns ) — f@)] = Z by (250, q)

[n];Dan + ﬂ

(n+l)—v U
f<pn [ ];Dn,qn +O‘> — f(z)

n+l (n+l) l/[l/] +a
< 1+ by (x5, P n — x| pw ;5%”6 T
{ 5o ﬁ Z I\ T3P, q [n]pngn + 6 (f ( ))
1 n+l p(nJrl)fv[V] +a 9
< 14 b (3 p, - P n —x w ;6%’5 T
{ o | 2 halip (e e ) pelfi6n @)

s

{1+—\/S‘”’ ;@ pn,qn)}w(f;&'i’ﬁ(w))

choosing d;, "6 \/Sa’ﬂ 2(t); 2, pn, qn), we get the desired result.
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Theorem 3.3. For 0 < a < 3, z € [0,1] and 0 < g, < pn < 1 such that

lim ¢, =1, lim p, =1 and lim q;, =a, lim p] =b with 0 < a,b < 1, we have
n— o0 n—o00 n—00 n—oo

1520 (fr2) = f(@)] < wil([nlpg +B8)7Y)
RO {1+, + /s wiom |

where f'(x) has continuous derivative over [0,1+ 1] and w1(f;0n,p) is the modulus
of continuity of f'(x).
Proof: For t1,ty € [0,b] and t; < 7 < to, it is known that

f(t) = flta) = (tr—ta)f'(n),

= (ti—t2)f'(t1) + (1 — t2)[f' () — f'(t2)], (3.1)
and from Lorentz[ [18], p. 21, Theorem 1.6.2], we have
[t = t2)[f'(n) = f1(t)]] < [t = t2| (A + Dw1 (6), (3:2)

where A\ = \(z1, 29;6) is the integer [|t; — t2]6 ']
Now, we have

1507 (f;2) — fl2)| =

n+l (n+l)—v
v . Pn [V] nqn +a
;)bn,z(w,p, q)f( [n]pn,qanrqﬂ ) — f(x)|.

Using (3) and (4), we get
(S0 (1) = ()]

< ibmz;p, ) ( W “) f’(x)‘
+ w1<6z:f>§ BT W 20 s,
Swl(cﬁjf){ 2 p(n+[l:l];[:]jf% R T
oS e (e ) e

n+l

(n+1l)—v

a p [V]pn gn T

Swl((gnﬁ) § : ) o
! v=0 [n]Pnaqrz, + 6

+ i nz-i_l p(n+l)71j[y]pnvqn ta
[n]Pan + /B

by (73D, q)

5ﬁ

n p=0

2
- w) by, (z;p,q)

Sep (W3 )
Sw1(5£)< Sz,’f(i/fi;z) + ’ZT
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=w1(05)4/ S&F (2

Taking 57‘2 = ([n]p,q +8)”

o)
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SeP (2 )
1+ 3
On
, we get

|Se (f52) = f(@)] < 0r(([nlp.g + B) /S W2 (0); x>{1 /(g + B)\/S2P W2 () x>}.

Generalized pg—Schurer—Stancu operators for the function »©
T T

T T T T T T T
For g=.2, p=1
0.9 s For g=.5, p=1
m— For g=.8, p=1
0.8 mmmmm fiynction 7
0.7F B
06 B
05 4
04 4
0.3F B
02f B
01F 1
D Il Il 1 Il 1 Il 1 Il
0 0.1 02 03 04 05 06 07 08 09 1
x (for n=50, I=10, alpha=0.2 and beta=0.3 )
Generalized pgq—Schurer—Stancu operators for the function <
1 T T T T T T T T T
For g=.5, p=1
0.9r Forg=27, p=1
m— For g=9, p=1
08 s fynction 7
07 4
06 4
05+ 1
04 4
03f 4
0.2 4
01f B
0 Il Il 1 Il 1 Il 1 Il
0 0.1 02 03 04 05 06 07 08 09 1

x (for n= 50, I=10, alpha=0.2 and beta=0.3 )
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Generalized pg—Schurer—Stancu operators for the function 2
1 T T T T T T
Forg=.6, p=1

0.9 s For =8, p=1 1
e For =9, p=1
0.8} s fiunction

06

04r

02

| 1 1 1 1 1 I I
0 0.1 02 03 04 05 06 07 08 09 1
x (for n=70, 1=30, alpha=0.2 and beta=0.3 )

Generalized pg—Schurer—Stancu-Kantorovich operators for the function s
1 T T T T T T T T T
For g=.8, p=1 /i
0.9 Forq=85 p=1 7
m— For q=9, p=1
08 m— 0 ction q

07r

05-

03r

02r

0.1r

1 1 1 1 1 1 1
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
x (for n=150, I=50, alpha=0.15 and beta=0.25 )

4. Direct results for S’gf(f,x)

Let C5[0, 00) denote the space of real valued continuous and bounded functions
f on [0,00) endowed with the norm

If1l = S |f ()]

<z<oo

Then, for any é > 0, Peeter’s K-functional is defined as

Ks(f,8) = inf{llf — gl +8llg"ll - g € CE[0,00)},
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where C%[0,00) = {g € Cp[0,00) : ¢’, ¢ € Cp[0,00)}. Now, we know that there
exits an absolute constant C' > 0 Devore and Lorentz[[19], p.177, Theorem 2.4]
such that

Ky (f;6) < Cuws(f;V6),

where wa(f;0) is the second order modulus of continuity given by

wa(f, Vo) = sup  sup |f(z+2h) —2f(x+ h)+ f(z)].
0<h<+/§ 2€[0,00)

Theorem 4.1. Let f € C%[0,1 + 1] and (gn)n, (Pn)n be two sequences such that
0<gqn<pn <1, limg, =1, lim p, =1, lim ¢} = a and lim p] = b with

0 <a,b<1. Then for all x € [0,1] there exists a constant K > 0 such that

| SEf ) = f@)| < Kea(f5y/032)
(It Upnan S
+w (f’ <[n]lﬂn,qn + ﬁ 1) ’ + [n]pm% + ﬁ>
where
[TL + l]pnvqn

2
By = SUB((t—a)a Tt g |
0xf(z) = SY((t—2)%x)+ <<[n]pmqn e 1> T Tl +6>

Proof: First, we consider the auxiliary operators §:: lB

& !
Spl(fix) = Spf (fi o) + f (@) — f<(% —~ 1)95 + m> (4.1)

We find that

~

Sz,’lﬁ(l;z) =1,
§::l5(t —z;7) =0,
1Sl (fi ) < 3£ (4.2)

Let g € C%[0,00). By the Taylor’s theorem

mw:g@w%ufmyu»+/u7vm%mw. (4.3)
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Now
t
Sel(giw) — g(x) = g (2)SgL (¢ — 252) +§Z‘f(/(tfv)g (v)dv z)
. T
= / v)dv; x)
t
= / v)dw; x)
n + l AT lpngn o B I
< W + 1>x+ 7[71]%7% e v)g (v)dv.
Therefore
t
3%(g5) - @) < |52 ( [ (¢~ v)g" (0)dui)
(e I
N+ Upn,gn o B ,,
" z/ <([n]pmqn +0 1)$+ Mpn.gn + B U>g (v)dv|.
Since

t

=g @

x

<(t=a)?lg" Il (4.4)

then we have

Ca,p
[+ lpng. ) a Ny,
‘ m/ (([n]qun 4+ ﬂ e+ [n]qun + ﬂ ’U)g (U)dv

It Upnan ) o N\, \
< (([n]pn,qn+g 1o+ [n]pn,qn+ﬂ) 9" Il (4.5)
where [ '

_ (Pt lpg a
e ([n]pmqn +5 1) v [Mpngn + 8

From (6), (7) and (8), we have
Sad(gim) —g@] < ST =) )l

n—i—lp q ) e )2 .
+ nsysdn _1 $+ g
{ pn w08 [n]pmqn + 3 H ”

= o7 (@llg"ll (4.6)

)
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Next, we have

1520 (fr2) — f@)] < 1SEP(f = gia) |+ 1(f — 9)(@)] + 182 (g5 2) — g(x)]

n—l—lpmqn - « B
< pn qdn + /8 1>:L' - [n]Pn7Qn + ﬂ)) f(x)‘

Using (9), we have

27 (F2) = f@)] < Allf =gl + 83 (g:2) — g(@)]
7+ Upn,gn . ) @ )_
" ’f<([n]pmqn+ﬂ b (1] p.gn + B f@)
< 4lf—gl+027 @)g"

. 7+ Upn,an . ) o
+W<f, ([n]pmqn + et ["]pn,an +ﬂ>'

By the definition of Peetre’s K-functional, we have

|S,°;’f(f;:c) —fl@)] < Cwafs GSlﬁ(z))

A Intlpngn ) o
ulf; ([n]pmqn + b (] pgn +ﬂ>.

d

Now, we discuss the rate of convergence of the operators S, lﬁ in Lipschitz class
Lipar(7), given by

Lipy(y) ={f € C[0,00) : | f(t) — f(x)] < M|t —z|" : z,t € [0,1]}
where M is a constant and 0 < v < 1.
Theorem 4.2. Let f € Lipp (). Then, we have
S5 (f12) = f(@)] < M7 (w),

where 5z7f(x) = Sa’ﬁ((t — )% 7).

n,l

Proof: Let y =1and 0 < ¢, < p, <1, lim ¢, =1, lim p, =1, lim ¢ =a
n—00 n—00 n—r00
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and lim pI" = b with 0 < a,b < 1. Then for f € Lipp(1), we have
n—o0

SEP i) — 1@ <5 W g [ 22 W 0}
v=0 ' [n]pnﬁqn + ﬂ
ntl (n4l)—v
v p”l [V]Pn dn + «
<MY by (x50, qn) ’ —x
I;) ! [n]pn,7Qn + /B

= M8 (|t — al; )
< M(SP((t = 2)%))F
= M3 ()%
Thus, the assertion holds for v = 1. Now, we will prove for 4 € (0,1). From the

Hélder inequality with ¢ = =,

to = ﬁ, we have

n+l
|S§f(f,z)ff(:c)| = (Zb;l(z;pn,qn)

n+l =
<anl T Pnsdn )

ntl (n+l)—v
(sz,l(z;pna%z) f(pn [V]pn,qn +a> *f(l')
v=0

[n]Pan + ﬁ
Since f € Lipa(7), we obtain

pn("H)_V[V]pmqn ta
! ( [Mpn.an + B /@)

IN

ntl N gl
S22 ()~ S < M<Zb;,l<x;pn,qn> 2 Is]pm[:jpl’%ﬁa—w)
< M(SSP (|t~ al:2))?
< M(Spp((t—2)%2))?
= M5 (@))%

)

g
Remark 4.3. Approzimation results obtained for Bernstein-Schurer by Mursaleen
et al. (see[10]) are the particular case of our results for o = 5 = 0.
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