Approximation properties of (p,g)-variant of Stancu-Schurer operators

Abdul Wafi?, Nadeem Rao?

“Department of Mathematics, Jamia Millia Islamia, New Delhi-110 025, India

Abstract

In this article, we have introduced (p,q)-variant of Stancu-Schurer operators and discussed the rate of conver-
gence for continuous functions. We have also discussed recursive estimates, Korovkin-type theorems and direct
approximation results using second order modulus of continuity, Peetre’s K-functional and Lipschitz class.
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1. Introduction

In 1885, Weierstrass gave a very famous result known as Weierstrass approximation theorem which plays an
important role in the development of approximation theory. It was considered to be typical until Bernstein gave
an elegant proof of it. Bernstein [I]] considered polynomials for the continuous functions f € C[0, 1] defined as
follows

" k
Bu(fix) = mek(x)f(;), k=0,1,2,.,n=1,2,3,..
k=0

where p,,x(x) = (})x*(1 —x)" % and x € [0,1]. It is a powerful tool for numerical analysis, computer added geo-
metric design (CAGD) and solutions of differential equations. Barbosu introduced two important generalizations
of Bernstein i.e. Schurer-Stancu type operators [2] and Kantorovich form of Schurer-Stancu operators [3]].

For the last two decades, the application of g-calculus emerged as a new area in the field of approximation the-
ory. Motivated by the applications of g-calculus, Lupas [4] introduced a sequence of Bernstein polynomials based
on g-integer. Another form of g-Bernstein operators was given by Philips [S]. Several researchers introduced
different type of operators based on g-integers ([6]]-[7]). Recently, Mursaleen et al. applied (p,q)-calculus in
approximation theory and introduced (p, ¢)-analogue of Bernstein operators [8]], Bernstein-Kantorovich operators
[L1], Bernstein-Stancu operators [9] (see also [L0]]). The aim of (p, g)-integers was to generalize several forms of
g-oscillator algebras in the earlier physics litrature [12].

Let 0 < g < p < 1. Then, (p,q)-integers for non negative integers n,k are given by

g
klpg= and k], =1 for k=0
Klpg P—gq [Klp.g
(p,q)-binomial coefficient
([ —
k P [Klp.g!n—klp.q!
and (p,q)-binomial expansion
L (n—k)(n—k—1)  k(k—1)
(axt+by)p, = ) Z) P2 g 7 d T,
k=0 Py
)y = @+ (px+p)(PPx+ay)..(p" 'x—=q"y).
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Mursaleen et al. [10]] defined Bernstein-Schurer operators in the following way

n+l

P.q _ Vo Vlpg _ _
B = me,(x,p,q)f(pv(nw> 1=0,1,2,3,..n=1,2.3,... (1)
v=0 Pq
vv—1) _ nHl=v—1 . .
where b} (x;p,q) = W(":ﬂ)pﬂ Y 'Ho (P! —q’x).
P 2 J=
Motivated by the above developments, we define (p, g)-variant of Stancu-Schurer operators for any
fe€C0,l+1],x€[0,1] and 0 < ¢ < f3, as follows
op n+l v p(nH)_V[V]],_q—l—(X
Sui (fix,pq) =Y by (xip,q)f / v=0,1,2,3,...n=1,2,3,.... )
' v=0 (n]pq+B

One can notice that

(i) for a = B =0, (2) reduce to (1).

(ii) for ¢ = B =0 and p = 1, (2) reduces to g-Stancu-Schurer [13] operators.

In the present paper, we investigate the rate of convergence and Korovkin type theorem the operators defined
by (2). Moreover, we discussed direct approximation results using second order modulus of continuity, Peeter’s
K-functional and Lipschitz class of functions.

2. Basic estimates for Schurer-Stancu operators Sf’lﬁ

(f:x,p.9)

Lemma 2.1 [10] Let Bﬁ_’[q
following identities /

(f;x) be given by (1). Then for any x € [0,1] and 0 < g < p < 1, we have the

Bi:[q(l;x) = 1,
By — et
' [n]p.q
357;1(12;)6) _ [n+ l]pyqfn+]71x gn+ l] [” j‘ l— l]p qx .
: (]34 (]34

Lemma 2.2 Let x € [0,1] and 0 < ¢ < p < 1. For the operators SZ’,B (f3x,p,q), we have

aﬁ x [nl5q o (m\ [ o " P (4.
=" 5 () <H> B (59

Proof From (2), we get

op o (P )"
nl ( X, Dy q) - ‘gobn,l(x’p7q)< [n]p,q +P[;I
— (o v X: [n}’p”ﬂ p(n-H) V[V}Faq+a "
- Ll ’p’q)([n]p,ﬁﬁ)’”( g )
[n]m n+l m mi (n+1)—v !
= . B }qurﬁman;qul:ZO( >< ) (p [n],,LV]pq)
_ L Vo epa [P Wea )
~ (n ]ptf"ﬁ) ( ) X:: pa ( [n]p.q
SeP (" x,p.q) = 7([ }[Ig%ﬁ) y ( ) B (i)



Lemma 2.3 For §% B we have

nl
Sz}ﬁ(l;x,p,q) — 1,

Sﬁi*]ﬁ(t;x,p,q) _ W’

% mna) = [n+l]<lf}f]i:1;3>+22a)x+q["+l<]f;]qzjﬁ_>zl]””x2+([n}pjimz.

Proof Using Lemma 2.1 and Lemma 2.2, we have

St ("x,p.q) = ([n]p,qi—qﬁ)’”i;(z‘) (MM) B (t':x).

Form=0
Sﬁf}ﬁ(léx,p,q) =B (1x) = 1.
Form=1
1 1-i
aﬁ(t XPQ) = Z(l) Bpﬁq(ti.x)
q+ﬁ i=0 n,l
17(1+ﬁ (np,q 11
- w
pg+B
And form =2

ocﬁ . _ ]34 2, (2 o = P (4
(t 2 ‘D = ([n]p.,quB)z l;() (l) <[n]p’q> BnJ (l ) )

n)? 2 o
- L [oc2 B (1%5x) +2 By (1) + 1B (1;x)

([n]P-,q + 13)2 ]p,q [n]PJ]
_ [n ]f,q a? (1,0 gln+ 1, gn+1—1]p 4%
([ ]Pq+ﬁ) [ ]pq [n]gza,q [ ]127,(]
a n+1]pqx
* zmmq< M >+1>
_ [+ 1pgp" ! —|—2a)x+ qln+1pgln+1—1]p g2 n o’
([”}p,quﬁ)z ([”]p,qJFB)Z ([”]p,q+ﬁ)2.

Lemma 2.4 Let yi (1) = ( — x)i and S be the operators defined by (2). Then, we get

Sﬁ’,’lﬁ(w?(t);x,p,q) =1,
op x _ (g ), @
(e (0)ix.p.0) <Mbg+ﬁ 1) ROPEY
g% /5 N It lpgln =109 =2[n+1]p4([n]pg +B) + ([n]pg +ﬁ)2x2
(W00 = 20 L
+[""’”p.q([’nﬂil‘|'205)_205([”}17,11‘|'ﬁ)x+ o? '
([”]nq"‘ﬁ)z (n+B)?

Proof Lemma 2.4 follows directly from Lemma 2.3.



3. Convergence properties of ng (fs%, Pn,qn)
Theorem 3.1 Let (g,),, (pn)n be two real sequences such that 0 < g, < p, <1, limg, =1, lgn pn =1 and
n—roo n—yoo

lim ¢! = a, lim p}} = b with 0 < a,b < 1. Then, for each f € C[0,]+ 1], we have
n—oo

n—yoo
| S (f X, Pnsqn) — f (%) ”C[O,Hl]: 0.
Proof It is sufficient to show that fori =0, 1,2
| SZ"IB(f;x,pn,q,l)(t";x)—xi |[—0 as n— oo,

For i = 0, it is obvious.
For i =1, we have

[I’L + l]Pn«‘]n'x ta

SP (623, pusgn) —2 = —x
‘ ml ( Pn qn) ‘ [’ﬂﬂnﬂn‘i’ﬁ
< [n—’_l]l’nyqn 1 |x+ o
[n]pn-,qn [”]qun +B
I SZ‘lﬁ(t;x,pn,qn)—xH | —0 as n— oo,

Fori=2,
(n+ 1,9, (Pn w4 20)x gn[n+1p, g, n+1-1]p qxz o 2
|Sayﬁ(t2;x7p ’q )_x2| — nyqn nsqn nsqn _|_ —x
ml e (M pygn +B)? ([l ppgn +B)? ([l pgn + B)?
[+ Upgn (P 4 200x | N guln 41 p, g, [0 +1= 1,4, 112
- ([ ]pn;ﬂn+ﬁ) ([n]pn-,‘h—’—ﬁ)z
R
([ pr.gu +B)?
||SZ’13(I2;x,pn,qn)fx2|| —0 as n— oo

and this proves the theorem.

Theorem 3.2 Let 0 < g, < p, <1 be two real sequences such that lim ¢, =1, lim p, =1 and lim ¢}, = a,
n—yoo n—oo n—oo
lim p;; = b with 0 < a,b < 1. Then

n—oo

|S,(Z’,ﬁ(f;x,pmqn) —f0) <20(f; %B(x))’

for all f € C[0,1+1] andéaﬁ \/Sn 1)5X, Pny Gn)-

Proof Calculating the difference, we find

n+l (n+1)—v
apBp. _ _ \% Pn [v}pn,(In +a o
1Sut (3%, Pnsgn) = f(N)] - = v;o 0t (6P 9) ( T ) f(x)

n+l (n+1)—v

v n~n+a

(1] pr.gn + B

—x }w(f;&f"B(X))

)z}wms:‘ﬁ(x))

IN

3a’ﬁ v=0 [n]Pn«LIn + ﬁ

I+

n+l ger»l)fV v a
{1+ b ,l('x’p?q)<‘p [ ]anQn x

. pn,qn>}w<f; 5P (x))
4

5%P



choosing 6 P \/ S (W2(t); X, puyqn ), We get the desired result.

Theorem 3.3 For 0 < o < 3, x € [0,1] and 0 < g, < p, < 1 such that 1i_r>n qn =1, 1i_r>n pn =1 and 1i_r>n q! =a,
n—oo n—oo n—oo
lim p!! = b with 0 < a,b < 1, we have

SEP () = £091 < 01((Elp ) S R0 14\t B SEP (020000

where f’(x) has continuous derivative over [0,/+ 1] and @ (f; 6, g) is the modulus of continuity of f'(x).

Proof For t;,1, € [0,b] and t; < 1 < 1, it is known that

f)=fn) = (n—-n)f'(n),
= (n—-n)ft)+n—-n)f(n)—rf ) 3)

and from Lorentz[[14], p. 21, Theorem 1.6.2], we have
[t =p)[f (M) = f )] < I —nl(A + o (3), )

where A = A (x1,x,;8) is the integer [|t; — 2|6 1].
Now, we have

ISP (i) — ()| = )

& Voo p'(ln+l)7v[v]pn,qn +o
‘}Z‘,Obll,l(x’p7q)f< [n]pmqn +ﬁ _f(x) N

Using (3) and (4), we get

RN e
B bt e}
< wl(szl»ﬁ){ :’i; p(n+l[il];[7\;j;:,:qﬁn ta b ()
+51,? :i; (P("”[L];[:j,j:ql; T x) 2 wi(xX:p,q)
< o) ( Sui (w3 + Sﬁ;‘;ﬁ)
= (3 S,?fw,%;x){l T SZ;"”}

Taking 8F = ([n]pg+B)", we get

\SZ",B(f;x)—f(xﬂga)l (nlpg+B)~ \/Saﬁ {1+\/ nlpq+B) \/Saﬁ }




4. Direct results for Sf’lﬁ (fsx)

Let Cp[0,0) denote the space of real valued continuous and bounded functions f on [0,e) endowed with the
norm

1] =, If ()l

<x<oo
Then, for any § > 0, Peeter’s K-functional is defined as
K (f,8) = inf{||f — gl + llg"| - g € C5[0, )},

where C3[0,00) = {g € Cp[0,) : g’,g" € Cp[0,0)}. Now, we know that there exits an absolute constant C > 0
Devore and Lorentz[[15], p.177, Theorem 2.4] such that

K (f38) < Can(f3V/5),
where @, (f;0) is the second order modulus of continuity given by

o (f,V8) = sup sup |f(x+2h)—2f(x+h)+ f(x)|.
0<h</§X€[0,%0)

Theorem 4.1 Let f € C2[0,1+ 1] and (¢n)n, (pn)n be two sequences such that 0 < g, < p, < 1, limg, = 1,
n—soo

lim p, =1, lim ¢/} = a and lim p?! = b with 0 < a,b < 1. Then for all x € [0, 1] there exists a constant K > 0 such
n—oo n—yoo n—oo

that

a.B ) — flx . aB . . [n+l]17n7Qn 1)y o
|Sn,l (f’ ) f( ) ‘SK(DZ(f, ®ﬂ-ﬂ ( ))+a)<f’ <[n]p,,,qn+ﬁ 1) + [”]pn,qn +ﬁ>

where

2
aB() —  §OB(r— )2y [n+l]PnsQn7 N a
sl = S )’H(([n]mﬂrﬁ ) *[n]pn.mﬁ)'

Proof First, we consider the auxiliary operators 3‘:’ ’IB

swP (X)) = o.p X x) — M_ X L
Spi (f3x) =8, (f30) + f(x) f(([n]pn,qﬁﬁ 1) + [n],,,,,q,lw)' (6)

We find that
%ﬁ(l;@ =1,
S’Z’Iﬁ(t—x;x) =0,
S2P (£ <3111 )

Let g € C3[0,00). By the Taylor’s theorem

g(t) = g(x)+ (t—x)g'(x) + /(t —v)g" (v)dv. 8)



Now

Therefore

g/(x)s‘\,'if (t—x;x) +§Z’lﬁ (/(t — v)g”(v)dv;x)

t

:S'\,(i’f (/(t fv)g"(v)dv;x)

X
t

S,‘f”f (/(t — v)g"(v)dv;x)

X

[ntlpn.gn a
(i sty =1 )t 5 (

X

t

m— X L—V "Dy
<[n]P"’q’1+ﬁ l) - [n]qun +B )g ( )d .

S2P (g —gl < |SEP( [-v)g")avix)
[n+1] Pn.qn a
(T]:n.’qfiﬁ‘1)"+4[n1pn.qf+ﬁ -
n Pnqn ) (04 "
+ — 1 | x+ -V ]|g (v)dv|. 9)
. << [n]Pnﬂn +ﬁ [n]PnafIn + ﬁ ) ( )
Since
t
Je=vg"wyav] <t =211 ¢" (10
then we have
[+ pp.gn a
( [”]:n Zn‘q”s N )x+ pn #n*ﬁ [ + l] [ 4 l]
n Pnydn ) a " < n Pnsqn >
P ]t v)dv - ] |x
| x/ (<[n][7nﬂn +ﬁ [n]Pn’qn +ﬁ )g ( ) ( [n]Pn-,lIn +ﬁ
(04 2 "
+—_ g |lan
MW%+B)H H
From (6), (7) and (8), we have
5P (g —gl < Wﬁw—wlm+(“+“W”—Qx+“f ¢
e N ! ' (1] pg0 + B (1] pugn + B
= Pl (12)

Next, we have

59 (fix) — f)] <

Using (9), we have

ISP (f10) — F()

IN

IN

41 = gll + O ()llg” || + o <f; (

1+ g
ﬂf(@ﬂlgﬁ%‘

B QB M
4 f =gl +S,; (8:x) g()‘)”’f (([n]pn,mﬁ

[n]qun + ﬁ
7

QX*wm2+ﬁ>ﬂ”

1)x+Mb£i+ﬁ>.

SEP(f — i) | +1(F — ) @)+ IS%F (g:0) — (x)]

Dot ) ) -0




By the definition of Peetre’s K-functional, we have

5P 50) 0] < Con(ri [0 )+ ot (e 1 o o )

Now, we discuss the rate of convergence of the operators S, ﬁ in Lipschitz class Lipy(y), given by

Lipy(y) = {f € C[0,00) : | f(t) = f(x)| < Mt = x| : x,1 € [0, 1]}

where M is a constantand 0 < y < 1.

Theorem 4.3 Let f € Lipy(y). Then, we have
IS (1) = £ ()| < M8 7P (x),
where 5}2‘;‘3 (x) = SZ’[B((t —x)?%;x).

Proof Let y=1and 0 < ¢, < p, <1, lgr1qn:1, lgnpnzl, lgnqﬁzaand lgnpﬁzbwith0<a,b<1.
n—yoo n—yoo n—soo N—yoo
Then for f € Lippy(1), we have

o n+l y L) =VTy ot
ISP () - £ < vzobm,(x;pn,qn)f(p o W )—f(x)
n+l

p”(n+l>_v [V}qun +a
[n]pmq" + B

—X

< MZ bx.l(x;pnuCIn)
v=0

MSEP (It —x[:x)

< M (- x%0)2
1
= MY ).
Thus, the assertion hold for ¥ = 1. Now, we will prove for y € (0, 1). From the Holder inequality with #; = %,,
th = y, we have

(1] pn.gn + B

=
~_—
<=

(n+1)—v
f<pn + [V]Pnﬂn +(X> —f(x)

n+l
IS9P (1) — F0)] = <Z by 1(X; PnyGn)
v=0

n+l I-y
x| Y by (x: Py )

v=0
(n+1)—v
f<pn + [V]Pnﬂn + (X) 7f(x)

(] pr.gn + B

v=0

n+l
< | X bui(xpnan)

Since f € Lipy(7), we obtain

n+l (n+1)—v Y
|SZ‘lﬁ (fix)—fx)] < M( Z br‘:,z(X;Pn,t]n) Pn - [qV]j;:En +o . >
< M(S,; P (1t —x[:x))
< MSEP (0%
= M(érfl (x))%

Remark Approximation results obtained for Bernstein-Schurer by Mursaleen et al. (see[10]) are the particular
case of our results for ¢ = f3 = 0.
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