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Nonresonance Conditions on the Potential for a Nonlinear
Nonautonomous Neumann Problem *
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ABSTRACT: The aim of this paper is to establish the existence of the principal
eigencurve of the p—Laplacian operator with the nonconstant weight subject to
Neumann boundary conditions. We then study the nonresonce phenomena under
the first eigenvalue and under the principal eigencurve, thus we obtain existence re-
sults for some nonautonomous Neumann elliptic problems involving the p—Laplacian

operator.
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1. Introduction

In this paper we are concerned with the following class of problems

—Apu = amy (z)[ulP"?u + ma(z)g(u) + h(z)

(Pa)

ou __
5 =0

in Q

on 01,

where  is a bounded domain in IRY (N > 2) with smooth boundary 9Q, —A,u =
—div (|Vu[P~2Vu) denotes the p-Laplacian operator with 1 < p < oo, h is taken
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in L>*(Q), a € IR, v is the outward unit normal to 5.
We assume that, m; and msy are two weight functions belongs to M (©) which
satisfies the following conditions

(A1) :m; changessignon Q and [ mq(z)dx <0,
Q
(A2) : ess igf mo > 0,

where

MT(Q) = {m € L=(Q) : meas({z € Q : m(x) > 0}) #0}.

Furthermore, we suppose that ¢ is a continuous function on IR and satisfying

o 9(s)
(H1): fin sup sl < B,

(H2) : lim inf G(i) < B,

s—+oo |S|

where G(s) = [ g(t)dt for all s € IR and 8 € IR.

Since the 80’s, several works have been devoted to questions of nonresonance
for this kind of problem, in the semilinear and autonomous case (p = 2, m; = 0
and mg = 1) has been discussed by many authors (see e.g., [8], [9], [12], [13],
[14],---) in connection with various qualitative assumptions on the function g and
its potential G. In the nonautonomous case A. Anane and A. Dakkak considered
problem (P,) in the following particular case & = A1(m1) and mg = 1, where \;
is the first eigenvalue of the p-Laplacian operator with weight and the Neumann
boundary condition (see [6]), they showed the existence of the weak solution of
the problem (P,) with conditions of nonresonance below the first eigenvalue of the
—Ay.

Motivated by the papers ([6],[7]) and some ideas introduced in ([6]), the goal of
this work is to study the existence of solutions in the sense weak for problem (P,).
In other words, assuming that (A1), (A2), (H1) and (H2) hold, our purpose is
to show that problem (P, ) has at least one solution that verifies

/ |Vu|P~2VuVods = / (amy(2) + mag(u) + h(z))|ulP~2uvdz,
Q Q

for any v € WHP(Q) and for all h € L°°().
The proof of the main result is based on the Leray-Schauder degree method and
exploits some techniques introduced in [6].

The remaining part of this paper is organized as follows: In section 2, we
recall some results which are necessary in what follows. In section 3, we show (see
theorem 3.2) the existence of principal eigencurve of the p-Laplacian operator with
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Neumann boundary conditions. In section 4, we show a theorem of nonresonance
under the first eigenvalue (see theorem 4.4). Finally the results of sections 3 and 4
are then employed in section 5 in order to obtain the main result the existence of
solution for problem (P, ).

2. Preliminary

Throughout this paper, Q will be a smooth bonded domain of RY, W1 (Q) will
denote the usual Sobolev space equipped with the norm ||| , = (|[.[[5+ HV()Hg)%,
where |||, is the L?(€)-norm.

In this preliminary section we collect some results relative to usual nonlinear eigen-
value problem
—Apu = Am(x)|ulP~2u in Q
(2.1)
gu =0 on 09,

where m € M ™ ().

Definition 2.1. Let u € W1P(Q) and X € IR.
1) (u, A) is called a weak solution of problem (2.1) if

/ |VulP~2VuVodr = X [ m(z)|ulP~*uvdz, for all v W'P(Q).
Q Q

2) \ is called an eigenvalue of problem (2.1) if there exists u € WHP(Q)\ {0} such

that (u, A) is a solution of problem (2.1). In this case u is called an eigenfunction
associated to A.

The Lusternik-Schnirelman theory asserts that the spectrum of the p-Laplacian
operator contains at least an unbounded sequence of positive eigenvalues, say

A1(m) < Aa(m) < Ag(m) < ... < Ag(m) > o0 as k— +oo

Unfortunately, to our best knowledge, nothing is known in general about the pos-
sible existence of other eigenvalues in [\ (m), +o0].

Clearly 0 is a principal eigenvalue of problem (2.1), with the constants as eigen-
functions. The search for another principal eigenvalue involves the following quan-
tity:

A1(m) =inf [ |VulPdz,
A Ja

where A={u € W'?(Q); [, m(z)|ufPdx = 1}.

Proposition 2.2. ([6/, [11]). 1) If m changes sign on Q and [, mdx < 0.
Then A1(m) > 0 and A1 (m) is the unique nonzero principal eigenvalue; this eigen-
value is simple and the corresponding eigenfunction u can be chosen such that
u(z) > 0 in Q, moreover A\1(m) is isolated, namely, there exist b > \1(m) such that
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a(—=Ap)N]0,b[= {M\1}, where o(—A,) represents the set of all eigenvalues associ-
ated to the problem (2.1).

2) If fQ mdx > 0. Then A1(m) = 0 and 0 is the unique nonnegative principal
etgenvalue.

3) If fQ mdx = 0. Then Ay (m) =0 and 0 is the unique principal eigenvalue.

’

Proposition 2.3. ([6]). Let m,m € M*(Q). If m <m', then A\i(m) > A (m).
moreover, if m < m , meas{z € m <m } #0 and [, mdx <0, then A\;(m) >
A (m).

Proposition 2.4. ([6]). 1) Ay : m — A1 (m) is continuous in (MT(2),]|.]|o0)
2) Let (mg)r be a sequence in M1(Q) such that my — m in L>®(Q). then
limg 00 A1 (Mmy) = 400 if and only if m < 0 almost everywhere in €.

3. Existence of the principal eigencurve of the —A, with weights in the
Neumann case

In this section, we study the following problem: Find all the real numbers o and
3 such that A\ (am; + Bms) = 1. Precisely, we seek to find all the pairs (, 8) € IR?
such that the following problem has at least one nontrivial solution u € W1 (£2)

—Apu = (amy(z) 4+ Bma(x))|ulP?u in Q
(3.1)
% =0 on 012,
the set of pairs («, ) has the structure of a continuous curve called the principal
eigencurve of the —A, with weights in the Neumann case.

Definition 3.1. Let my,ma € MT(Q). We define the graph of the first eigencurve
of the p-Laplacian with weight subject to Neumann boundary conditions by:

G = {(a,ﬁ) € B2;)\1(am1 —l—ﬁmg) = 1}.

Theorem 3.2. Let my and mo be two weight functions. Assume that my,mo €
M™(Q) and satisfying assumptions(A1) and (A2) respectively. Then for all o €
IR there exist a unique real number t, which satisfies.

/\1(0&7711 + tam2> =1.

Proof: Let o € IR. We consider the function f, : t — Ai(amq + tms). In view
of propositon 2.3 and propsition 2.4, we affirm that f, is decreasing continuous.
It follows that f, is injective. In order to show that the equation f,(t) = 1 has a
solution we distinguish three cases.
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The case 0 < a < A\j(my).
If o = 0 we take 8 = A\j(mz2) and if & = A\y(m1) we take 5 = 0.

For all 0 < ao < A1(my) we have

)\1 (ml)

«

Ja(0) = A (amy) = > 1.

Also, since $my +mg — my in L>(Q) as t — +o0, then

1
lim fa(ﬁ) = lim ;Al(%ml +m2) =0

t—+oo t—+oo
as 1 €0, %[, so there exist a unique real ¢, €]0, +-00[ which verifies f,(to) = 1.

The case a > A(mq).
In this case o > 0 and

)\1(7’711)

(0%

0< fa(O) = )\1((17’711) = <1 (32)

—aflmi |l
essinfo mo?

Let v, =
Ay ={t < 0;amy +tma <0 ae. z€Q} and 7, =supA,
one can easily see that
ami +v,ma <0 almost everywher in

Then A, # 0, we wile prove that 7, € A,. Indeed, we first show that 7, < 0.
Since f,(0) > 0, and f,, is a continuous function then there exist 1 < 0 such that
fa(t) >0 for all ¢t € [,0]. So A\1(amq +tms) > 0 for all ¢ € [n, 0]; which gives that

amy +tme € MT(Q) forall t e [n,0)

hence 7, < 1 < 0. Moreover according to the definition of 7, we have, for all
n € IN, there exist t,, € A, such that 7, — % < t,. It follows that

1 1
amy(x) + Tame(x) < amq(z) + tyme(x) + Emg(:c) < EHmQHOO ae. z€

and for all n € IN*.
Therefor, by letting n tends to +0c0, we conclude that

amy(z) + Tama(z) <0 ae. x€Q
Hence, 7, € A,. Then proposition 2.4 implies

i fo(t) = +oo (3.3)
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It then follows from (3.2) and (3.3) that there exist a unique real ¢, €]7,, 0] which
verifies

foz(ta) =1

The case a < 0.
In this case we have [, amydz > 0, thus f(0) = A\ () = 0.
We seek a real 0, such that lim,_.g, fo(t) = +o0c.

allmi e
essinfgo mo?

Indeed, let p, =
B, ={t<0;am;+tmy <0 ae x€Q} and 6, =supB,

Clearly p,, € By, so By # 0.
The rest of the proof can be carried out in a similar manner to that of the case 2.
g

4. Nonresonance under the first eigenvalue

This section is devoted to the study of the problem (P,) in the particular case
where (a = A1(mq)) and the function g and its primitive G satisfying the following
conditions
AT 9(s)

s limsup ————— <0,
) s—>ioop |5|p725 o

(g

(G4) : timint &) < g,

s—+oo |S|;D

That is to say, we show that the following problem admits at least one weak solution

—Apu = Aymy (z)|ulP~2u + ma(z)g(u) + h(z) in Q
(?Al )
% =0 on 0f)

where A\; = A1(m1) is the principal eigenvalue of —A, with weight m;.

The main result of this section lies in the ([6]). The improvement of this work is
due to the insertion of a second weight ms in the right side of the problem (Py, ).
By using the theory of the Leray-Schauder degree, the hypotheses (g*) and (Gi)
are not sufficient to obtain the result of existence (see theorem4.4), for this we are
compelled to treat the following possible cases.

4.1. Possible cases

. In order to study the problem (P),) we will suggest four cases.

(s) 9(s)

. g — .
case 1. (g*)): Egigm < and (97): 181g_1{.10f 5775 <9,
case 2:  (g—;) : liminf _9s) <6 and (g):liminf Lf) >4,

s——00 |s|P_25
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o g(s) I 16,
case 3: (gt): lslglJiIolof ar <¢ and (gq): lim inf 525 >4,
case 41 (gg) : liminf 9(5) >4§ and (gy):liminf 9(5) >4,

s—+o00 |3|P—25 s——00 |3|P—25

“allm e

where § = , 7 = essinfgmso and mf = max(my,0) . There are all

possible cases and by a classical method of lower and upper solutions (cf. [1], [12])
one can show that if the case 1 holds, then (Py,) is solvable for every h € L>°(Q),
so it remains to consider only the other cases.

. Therefore we will keep the hypotheses (gj) and (g; ) in order to be used in the
next, and (g¥,), (¢—;) will be used in the proof of the following proposition and
used also in the truncated function f; which will be defined just after.

Proposition 4.1. i) If g satisfy the hypothesis (9—;) then, for any given h €
L>(Q) there exists A = Ap < 0 such that:

Aimy(2)|AP2A + mao(x)g(A) + h(z) >0 ae in Q. (4.1)

ii) If g satisfy the hypothesis (g*,) then, for any given h € L>(Q) there exists
B = By, > 0 such that:

Aimy(2)|B|P~2B + ma(x)g(B) + h(z) <0 a.e. in Q. (4.2)

Proof: We only show the first assertion since the proof of the second one proceeds
in the same way. According to the hypothesis (¢_;), let us fix € > 0, such that

_ +
fie 908) =il e
5——00 |s|p*2s v

Let A; < 0 such that
—eY|An|P 2 An > [|hlloo

then
eV AnlP~t > (]l oo,

thus,
ey|ApP~t + h(z) >0 ae. in Q

for this Ay, there exists A < Ay, such that

ey|APT 4 h(z) > ey ApP 4 h(z) >0 ae. in Q (4.3)
and N
oA _ Ml )
A=A ST '

Indeed, assume by contradiction, that for all s < A, we have

9(s) o —Mlmille
|s[P—2s — v
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then N
-2
N M 1 4
B 2T

which gives a contradiction.
According to (4.4), we have

9(4) _ ma)
[A[p=24 ~

—ma(z) Allm{ |leo +ema(z) ae. in Q

since v = essinfg mq, we get

g(A)

M)IAI’”M(:C) > (=Ame@) + Mmoo AP

(=Aima(z) — ma(z)
+ev| AP~ 4+ h(z) ae. in Q
It is easy to see that
—Am@) + Afmf ]l >0 ae in Q
Therefore, using (4.3) we conclude that

A my(z)|APT2 A+ ma(z) g(A) + h(z) >0 ae. in

This concludes the proof of (4.1).

4.2. Homotopic Problems.

Let 6 < 0 be fixed, and let u € [0,1] and consider for i € {2,3,4} the following
problem

—Apu = (1 — p)0lulP~?u + pfi(z,u) in Q
(?iw)
% =0 on 0f),

where f;(.,.) is defined for every s € IR and a.e x € Q by
f2(.T,S) :f4(.’I/',TZ(S)), (45)
f3($a s) = f4(l‘,T§(S)),

and
fa(z,8) = Xima(2)]s[P~%s + ma(2)g(s) + h(z),

where T'f (s) = maz(s, A), T (s) = min(s, B), A and B comes from the Proposi-
tion 4.1.
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Proposition 4.2. If u is a solution of (P;,) fori=2 ori =3, then we have
1) Ifi=2,u(zx) > A ae x€Q andu is also a solution of (P4,)

2) Ifi=3, u(r) < B ae z€Q andu is also a solution of (Pa,),

where A and B comes from the proposition j.1.

Proof: 1) Since u is a solution of (P ), then
[Vl 2 9u e Ay de = [ (0= w0l 2ut pae ) - 4)d
Q Q-

where Q- = {z € Q,u(x) < A}.
Using the fact that u — A = (u — A)T — (u — A)~, we get

— [ [V(u—A)de = / (1 = WlulP~>u + pfale, A (u— A)~dz,  (4.6)
Q

since A < 0 and 0 < 0, it is easy to see that
(1 —w)0lulPu(u —A)~ >0 ae zc€Q. (4.7)

By using (4.6), (4.7) and proposition 4.1, we obtain
—/ |[V(u—A)~|Pdz >0,
Q

thus, V(u — A)~ = 0 which means (v — A)~ = C, where C is a constant real. If
C # 0, then C is positive and u(z) = A — C a.e. z € , according to the fact that
u is a solution of (P2,,) we get

0=Apu=(1-polA—CP2(A~0C)+ pfa(z, A) > 0,

which gives a contradiction, so (v — A)~ = 0. This completes the proof.
For 2), using similar arguments as in the proof of 1). O

Corollary 4.3. 1) If g satisfy (9—;) and u is a solution of (P2,.), then u is also
a solution of (Py,).
2) If g satisfy (g7,) and u is a solution of (Ps,), then u is also a solution of (P,).

We are now in position to give the following result.
4.3. Main result

Theorem 4.4. Let my,ma € MT(2). Assume that the weight my and ma satisfy
(A1) and (A2) respectively and the assumptions (g&) and (GF) hold. Then the
problem (P,) has at least one nontrivial weak solution uw € WHP(Q) for any given
h € L>(Q).

The proof needs some technical lemmas, the two next lemmas concern an a-
priori estimates on the possible solutions of the homotopic problem (P; ).
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Lemma 4.5. We assume that g satisfy (g°) and the hypotheses of the case i, where
i €{2,3,4}. Let be (un,p,) be a sequence of solutions of (P; ), then we have

1) (un)n is a sequence of L*°(2).

2) If |unlloc — +o0 when n — oo. Then, for a subsequence vy = 4— — v
strongly in C1(Q), where v =+p ifi =2, v=—p ifi=3,v=+p ifi =4 and
@ s a normed positive eigenfunction associated to the first eigenvalue A1 of —A,
with weight my. Moreover, we have

/ Mdm — 0 when n — +oo. (4.8)
Q

lunlibs”

Proof: 1) From the Anane’s L>-estimation [2] and the Tolksdorf’s regularity
[15] we can see that (u,), C C€1%(Q2), since the embedding C*(Q) — L>(Q) is
continuous for some « €]0, 1] independent on n, furthermore v,, = m remains

a bounded sequence in CH(€Q). _ _
2) By using the following compact embedding C1¥(Q)) << CY(Q), then there
exists a subsequence still denoted (v, ), such that

vp — v stongly in - CY(Q) and [v|le = 1. (4.9)

Let use assume for instance that the case ¢ = 2 holds, so by combining (¢—,) and
(g7), we can write

g(s) = q(s)|s|P2s 4+ r(s) for every s € [A,+oa], (4.10)

where A comes from proposition 4.1, ¢ and r are two continuous functions on
[A, 4+00[ satistying
“Ai|mf ]| < q(s) <0 for every s € [A,+o0],

and
r(s)

|s[P=2s

— 0 uniformly, when s — +o00. (4.11)

Since u,, is a solution of (P2, ), we get

/ |V, |P~?Vu, Vwdr = / [(1 = 11,))0\n P2 + pa, fo(, up)Jwdz — (4.12)
Q Q

for all w € WP (Q).
According to the proposition 4.2, we have u,, > A a.e. in €, so by using (4.4) and
(4.10) it is easy to see that

folz,uy) = Aima () + ma(2)q(un)|tn [P~ 2un + mo(2)r(uy,) + h(z). (4.13)

On the other hand, since (uy), C L°°(2) and ¢ is a continuous function, it follows
that ¢(uy,) is bonded in L*°(), then for a subsequence we get

q(un) = qo in  L>(Q) weak — x,
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where — A1 ||m] |lo < qo(z) <0 ae. in Q
and from (4.11), we have for a subsequence

[ (un)|

— — 0 strongly in  L*(Q).
l[unll5e

We can also suppose that for a further subsequence, p,, — u € [0, 1].
By combining (4.12), (4.13) and dividing by |lu, 25! and passing to the limit as
n — 00, we get

/|Vv|p_2Vvadx:/muygﬁqo(x)|v|p_2vwd:c for all w € WhP(Q), (4.14)
Q Q

where v is given by (4.9) and m, 9,4, (z) = (1 — )0 + p(Ayma(z) + ma(x)go(x)).
First of all we remark that p # 0, because if u = 0, testing (4.14) against w = v,
we get [, [VolPde =0 [, [v|Pdz < 0, which gives a contradiction.
Now let us prove

meas({x € Q,my 9.4,(x) > 0}) # 0. (4.15)

Indeed, arguing by contradiction, taking v as test function in (4.14), we get

/|Vv|pdx:/mﬂﬁquo(z)|v|pdz.
Q Q

Since my,9.q,(2) < 0 a.e. in Q, then [, [Vv|[Pdz = 0 this implies that
M1,0,90 (m)l’l}lp =0,

and the fact that v # 0, assures that m, 9,4, = 0.
On the other hand, it is easy to see that my, g 4, () < pAimi(z) < Aima(z).
Then

Oz/muﬁquo(z)dzg)\l/ mq (z)dz.
Q Q

consequently [, mi(x)dz > 0, which contradicts [, m(x)dz < 0.
According to (4.14) and (4.15) we can see that 1 is an eigenvalue of p—Laplacain
with weight m, g 4,, then

1
; = )\1(#)\17’711) S )\1(mu79,q0) S 1. (416)

Since p € [0, 1], then from (4.16) necessarily u = 1. By using the strict monotony
property of A; with respect to the weight and the definition of ¢g, we deduce

g0 =0 and mygq = Aimi.

Thus, by virtue of (4.14) and the simplicity of A1, we get v = +¢. Finally, since
uy > A, then it is clear to see that v > 0 and consequently v = .
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The other cases follows directly by the same proceedings.
According to (4.10) and (4.11), we get

mo(x)g(un _ r{Un
M@l g < e [ =atun) o + el Y] P

o fuall? [

by passage to the limit in the above inequality, we find (4.8). O

Lemma 4.6. Let u, be a solution of (P;, ) for some i € {2,3,4} and for all
n, such that ||uy|lcc — 00 when n — 400, and let us fix a € Q and n > 0 such
that B(a,n) C Q. So, if g satisfy (g©) and the case i holds, then by putting
0.(t) = a+t(x — a), we have

f [ 9 oa ) Vun(oa(®)llz — a

n=o0 Jo | wn ”oop

|dt =0 a.e. x € 9B(a,n), (4.17)

where B(a,n) is the ball of a center and radius 7).

Proof: For simplicity of the task we prove the lemma only in the case ¢ = 2 and
other cases can be treated in a similar way.
Using relation (4.8), we deduce that

[ st [ sy,
B(a,n)

T < =) when n — oo.
l[un |5 o lunl5e

By using the spherical coordinates, we obtain

2 N
. t
li_>m/ / / g -119(un(a +1w))| || (sin0;)N 179 d0,;d0n_1dt = 0
n—=00 Jig q]n =1

| un ”oo
(4.18)
where, w = % € 0B(0,1).
The above equality imply

|9(un(o2(7)))]

—0 when n—oo ae. x€dB(a,n) andae 7€]l0,1].

By using (g*) we can see that g satisfy the following growth condition:

lg(s)| < a|s|P~! 4+ b, for some positive reals a,b and for all s € [A, 4+o0].

According to the proposition 4.2, we obtain u,, > A, Consequently (w)

flen (185

and (W) are bounded in L>(]0, 1]).

Un [|loo

By using the Lebesgnue dominated convergence theorem, we conclude this proof. O
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Lemma 4.7. Let r €]0,1[, and assume that there exists d < 0 such that

d < timinf Z&) < fimesup G < (4.19)

s=too [s[P T sqeo [P T

then there is an equivalence between (G") and (G,"), where

< 0.

(G+):1iminfG(S)<0 : (Gj):hminfw

o s AT
The same conclusion holds if we replace the sign + by the sign —.
Proof: Assume that (G™) hold, then there exists a sequence (s,), with
lim s, = 400,
n—oo
such that

fim G0 e 6 )

n—o00 |3n|p s—+o00 |3|p B

G(rsyn)

[Tsn|P

According to (4.19), we get d < I < 0 and ( )n is bounded, so there exists

k € [1,0] such that lim, ?T(ST;‘Z)) = k for some subsequence, thus we get
hmmfw < lim M =1—rPE<I(1—7")<0.
5—++00 [s|P n—00 ESE

Reciprocally, let us assume that (G;"), then there exists a sequence (3,,), with

lim 5, = +00
n—oo

such that
lim G(5n) — G(rsy) — liminf G(s) — G(rs)

— =1, <0,
n—o00 |Sn|p s—+o00 |S|p

it is easy to see that (%)n and (%)n are bounded, and there exists k, k €

Jd, 0] such that lim,, o, 52 S
then we obtain

. ’
=k and lim,,_s oo = k for some subsequence,

k—kr? =1 <0,

so, we have k # 0 or k" # 0, and consequently

lim inf G(s) < min{k, k/}.

s—+o00 |S|p -
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4.4. Proof of main result

Let us fix h € L>®(R), so we will distinguish three cases (i.e. 2, 3 and 4), thus for
any fixed i € {2,3,4} we will assume that the case 7 holds and we will show the
existence of solutions of (P; ), so according to the corollary 4.3, we can deduce
the existence of solution of (Py,). Our proof consists in building in C(Q2) an open
bounded set O, with 0 € O such that no solution of (¥;,,) with p € [0, 1] occurs on
the boundary 00. Homotopy invariance of the degree then yields the conclusion of
the Theorem 4.4. This open set O will have the form

0=0sr={ueCQ); T<u<S}, (4.20)

where, S and T satisfy T'< 0 < S.

In order to simplify this proof we will assume that the case 2 holds, since the proof
with the other cases is hardly the same. We take T" = 2A, where A < 0 with A
coming from proposition 4.1. By using the hypothesis (GT) and lemma 4.7, we
can get the existence of a sequence of positive real numbers (s,,), which satisfy

lim s, = 400
n—oo

and,
lim G(sn) — G(rsp) — liminf G(s) — G(rs)
n—00 Sn s—+o00 |5|P

<0, (4.21)

max
The proof is carried out by contradiction. precisely, one assumes the existence of

a sequence (uy), of solutions to (P;, ), with p, € [0,1] and u,, € 903, 7.
then by proposition 4.2, we get u,, > A > 2A.
It follows that

where, r = M‘% and ¢ coming from lemma 4.5.

max(t,) = Sp.

Let 2, yn € Q such that maxg(un) = wn(z,) and ming(uy,) = un(yn), we clearly
can suppose that x,, — o in Q and y,, — yo in Q, where 2o and yo are two points
where ¢ attains its maximum and minimum respectively.

By character C! of 2, we obtain the existence of a sequence (2x)p=1
that

m C € such

.....

s

Bz, |2k — 2zk—1]) € Q  where, zp =9 and 2,11 = Yo.
k

1

We write
ok = |2k, 2k41], for k=0,...m

where, ;- o is a smashed line. B

Join z,, to xg by a Cl_path 80.» having range in €2, and join yo to y, by a C* path
Yn,0 having range in Q.

Then, €,=60,n U(Uj1 k) U7¥n,o is a C' with morsels line which connects the
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extremity x,, and y,.
By lemma 4.6, we can rectify the sequence (Zk)kzl,...,m such that

o [ (on () Vun(or(®)]lo} 1)

n=o0 Jo | wn Hoop

dt=0for k=1,..,m—1. (4.22)

Put r, = %, by using lemma 4.5, it is clear to see that

lim r, = min(i) €]o, 1].
n—+oo mazx(p)
The proof is achieved if we obtain a contradiction from the formula (4.21), thus we
will proceed in two claims:

|G(5n) G(rnsn)| _ =0.

Claim 1. We will show that lim,,_ nl?

We write

Glsn) = G(rnsn) _ Glun(n)) — Glun(yn)) _ 1 _ / d(Gouy), (4.23)
Crn

[snl? B l[un 5 [[n |5

where, fe = f50 ; +> fgk +f o and d(G o up) (k) = g(tn(0k))Vun(or).0p,
with [, denotes a line integral.
So by using lemma 4.6, we obtain

m—1
_ d(G ouy,
li 2 o, 4 ) _o. (4.24)
n—o0 l[un s

Furthermore, we have for all € > 0, there exists 2. € 9B(z1, |21 — x¢|) such that

St d(G o uy)
7. — 20| <0 and  lim et o0 =0, (4.25)

n—+oo [

where, 0¢ . = [21, Te]-
Similarly, for all € > 0, there exists y. € 9B (zm, |2m — yo|) such that

Em;1 o d(Gouy)
lye —yol <0 and  lim —A—l tome =0, (4.26)

n—+oo [[n 15

where, 0., = [21, Ze].
By the C' character of 99, d¢,, and 7,, ; can be taken such that

£(00,n) =0 and £(v,,) — 0 when n — oo,

where, £(.) denotes the length of the corresponding path.
By combining (4.24), (4.25) and (4.26), we deduce that there exists ¢ > 0 such that
for all € > 0 and for all n sufficiently large, we get

|fe (G owuy)|

ec.
Tun e
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So, this concludes the proof of the first claim by replacing in (4.23).
Claim 2. We will show that lim,,_ . w = 0.
It is easy to see that for all n € IN*, there exists ¢, which lives between r,s,, and

rs, such that
|G(rnsn) — G(rsn)|  (rn —r)g(cn)

p - -1
Sn SZ,)L

Since g satisfy the following growth condition

lg(s)| < a|s|P~! 4+ b, for some positive reals a,b and for all s € [A, +o0]

then, the sequence (Z(C”))n is bounded.

p—1

On the other hand, we have

|G (sn) — G(rs,)] < |G (5n) — G(rnsy)] + |G (rnsn) — G(rsn)|-

| |P | S|P |5n|P

According to the first claim and the fact lim,, ., 7, = 7, we conclude the proof of
the second claim.

Finally, we get a contradiction from (4.21). This concludes the proof of theorem
4.4.

5. Nonresonance under the principal eigencurve

In this section, we turn to the problem (P,) and we show that it has at least
weak solution. For this purpose, we will apply the main results the two of sections
previous.

Theorem 5.1. Let (o, 8) € C1 and let my,mg € MT(Q). Assume that the weight
my and meo satisfy (A1) and (A2) respectively and the assumptions (H1) and (H2)
hold. Then the problem (P,) has at least one nontrivial weak solution u € W1P ()
for any given h € L*>®(Q).

Proof: Clearly, problem (P,) can be written in the following equivalent form
—Apu = mg,p(z)|uP?u + mo(x)g(u) + h(z) in Q

% =0 on 09,
g(s) = g(s) — Bls["~?s,

and
Ma,p = amy + Sma.

Since («, 3) € Cy, then 1 is the first eigenvalue of p-laplacian operator with weight
Mg, in Neumann case. In view of theorem 4.4, there exists at least one weak
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solution u € W1P(Q) of the problem (P, g) for all h € L>°(Q) if the function g
and his potential G satisfy the two conditions (g*) and (G¥). Indeed,

lim sup M = lim sup (ﬂ — ﬂ) <0

oo |S[P2s +oo |s|P—2s
and, N
lim inf pG(s) = lim inf pG(s) -061]1<0
R e = e e

Consequently, as (P,,g) and (P,) are equivalent, which gives that the problem (P,)
has a solution u € W1P(Q), for every h € L>(Q). O
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