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Some Results on the Projective Cone Normed
Tensor Product Spaces Over Banach Algebras

Dipankar Das, Nilakshi Goswami and Vishnu Narayan Mishra'

ABSTRACT: For two real Banach algebras A1 and A2, let Kj be the projective cone
in A1 ®- A2. Using this we define a cone norm on the algebraic tensor product of
two vector spaces over the Banach algebra A1 ®+ A2 and discuss some properties.
We derive some fixed point theorems in this projective cone normed tensor product
space over Banach algebra with a suitable example. For two self mappings S and T
on a cone Banach space over Banach algebra, the stability of the iteration scheme
Ton+1 = Sxon, Tant2 = Txont1, n = 0,1,2,... converging to the common fixed
point of S and T is also discussed here.
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1. Introduction

In 2007, Huang and Zhang [19] introduced cone metric spaces and gave ap-
plication of fixed point theory in such spaces. Since then, a number of researchers
( 1], [2], [3], [19], [24], [27],[36]) developed the fixed point theory in cone metric
spaces. In 2010, the concept of cone normed spaces was initiated by Turkoglu et
al. [39]. In [23], Karapinar derived some fixed point theorems in cone Banach
spaces.

However, recently some authors viz. Amini-Harandi et al. [4], Asadi et al.
[5], Du[15], Ercan [16], Feng and Mao[17], Khamsi [25] etc., have shown the
equivalence of fixed point results between cone metric spaces and metric spaces,
and also between cone b-metric spaces and b-metric spaces. So study of fixed point
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theorems in cone metric spaces is no more interesting in this sense. But in [27],
Liu and Xu introduced cone metric space over Banach algebra and initiated a new
study by defining generalized Lipschitz mapping, where the contractive coefficient
is a vector instead of usual real constant. They provided an example to explain
the non equivalence of fixed point results between the vectorial versions and scalar
versions. In present days, some researchers viz., Huang and Radenovié ([20], [21]),
Huang et al. [22], Xu and Radenovié¢ [40] etc., observed the interest and need
for research in the field of studying fixed point theorems. They developed many
important results in the framework of cone metric spaces and cone b-metric spaces
over Banach algebra.

Let A; be a real Banach algebra, ||.| be its norm and e; be its unit element. A

nonempty closed subset P; of A; is called a cone if
(i) Py is closed, non empty and {0,e;} C Py.
(il) aPy + Py C Py for all non negative real numbers «, f3.
(iii) P2=P P, C P;.
)

(iV P1 N (7P1) == {0}

For a given a cone P, C A1, a partial ordering “ <7 on A; with respect to P; is
defined by x <y if and only if y — 2 € P; . © < y will indicate z < y and = # vy,
while x < y will stand for y — x € intP; (interior of Py). If intP, # ¢, then P; is
called a solid cone. Here “ <7 and “ < ” are also partial orderings with respect
to Pl.

Definition 1.1. [27] Let X be a non empty set. Suppose the mappingd : X x X —
Ay satisfies:

(1) 0 <d(z,y) for all z,y € X,

(i1) d(x,y) =0 if and only if © =y,

(iii) d(xz,y) = d(y,x) for all x,y € X and

() d(z,y) = d(z,z) +d(z,y) for al z,y,z € X.

Then the pair (X,d) is called a cone metric space over Banach algebra.

Definition 1.2. [39] Let X be a vector space over R and ||.|p, : X — Ay be a
mapping satisfying:

(i) 0 = ||z||p, Yz € X
(it) ||z||p, =0 2=0Vz e X
(i) ||kz|p, = |k|||z||p, VE €R, Vo e X
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(w) Nl +yllp = llzllp + llylle Vo,y € X

Then the pair (X, |.||p,) is called a cone normed space over the Banach algebra Ay
and ||.|| p, is called a cone norm.
Every cone normed spaces is a cone metric space over Banach algebra with d(x,y) =
= — lle,-
Definition 1.3. [27] A cone Py is called a normal cone if there is a number K > 0
such that Vr,y € Ay

020 =y= |z < K|yl

Definition 1.4. [19] The cone Py is called reqular if every increasing sequence in
Ay which is bounded from above is convergent. That is, if {x,} is a sequence such
that

T 2 W O O O S

for some y € Ay, then there is © € Ay such that ||z, — x| = 0 as n — oo.
Example 1.5. [27] Let Ay = I = {z = {@n}nz1 + Yooy |zn] < oo} with
convolution as multiplication:

2y = {zntnzt{ntnz1 = { Y 2igjtnz
i+j=n

Thus Ay is a Banach algebra with unit ey = {1,0,0,...}. Let P, = {x = {zp}n>1 €
Ay sz, = 0V n}, which is a normal cone in Ay. Let X = 1Y with the metric

d: X x X — Ay defined by

d(z,y) = d{zn}n>1,{yn}tnz1) = {len = ynltnz1
Then (X,d) is a cone metric space over the Banach algebra A;.

Definition 1.6. [27] Let (X,d) be a cone metric space over Banach algebra A,
x € X, {xn} a sequence in X. Then

(1) {zn} converges to x whenever for every ¢ € Ay with 0 < ¢ there is a nat-
ural number N such that d(z,,x) < ¢ for alln = N. We denote this by
limy, 00 T, =  or T, — (N — 00).

(i1) {xn} is a Cauchy sequence whenever for each 0 < ¢ there is a natural number
N such that d(xy,, zm) < ¢ for alln,m > N.

Definition 1.7. [/0] Let Py be a solid cone in a Banach algebra Ay. A sequence
{un} C Py is said to be a c-sequence if for each 0 < ¢ there exists a natural number
N such that u, < ¢ for alln > N.

Lemma 1.8. [34] If Ay is a real Banach algebra with a solid cone Py and if
0 X u<c for each 0 < ¢, then u = 0.

Lemma 1.9. [34] If Ay is a real Banach algebra with a solid cone Py and if
a,b,ce Ay and a X b <K ¢, then a < c.
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Lemma 1.10. [34] If Ay is a real Banach algebra with a solid cone Py and if
|zn]| = 0 (n — o0), then for any 0 < ¢, there exists N € N such that, for any
n > N, we have z,, < c.

Lemma 1.11. [/0] Let (X,d) be a complete cone metric space over a Banach
algebra Ay and let Py be the underlying solid cone in Ay. Let {x,} be a sequence
in X and 0 < c. If {z,} converges to x € X, then we have:

(i) {d(zn,x)} is a c-sequence.

(i1) For any p € N, {d(xn, Tntp)} is a c-sequence.

Lemma 1.12. [40] If k € Py with spectral radius r(k) < 1, then |k™|| = 0 as n —
0.

Lemma 1.13. [20] Let A1 be a Banach algebra with a unit e; and Py be a solid
cone in Ay. Let h € Ay and u, = h™. If r(h) <1, then {u,} is a c-sequence.

Lemma 1.14. [20] Let Ay be a Banach algebra with a unit ey and u € Ay, If
r(u) < |C| and C is a complex constant, then

<
S CT=r(w)

Lemma 1.15. [/0] Let P be a solid cone in a Banach algebra Aq. Suppose that
k€ Py and {uy} is a c-sequence in P . Then {kuy} is a c-sequence.

r(Cey — u)~!

Lemma 1.16. [38] Let Ay be a Banach algebra with a unit e;, k € Ay, then
limy, o0 | K"||" exists and the spectral radius r(k) satisfies r(k) = limp_o0 |[K™]| 7 =
inf ||k™||=. If r(k) <1, then ey — k is invertible in A, moreover,

o0

(1 —k) =) K.

=0
Lemma 1.17. [38] Let Ay be a Banach algebra with a unit e1, a,b € Ay. If a
commutes with b, then r(a +b) < r(a) + r(b), r(ab) < r(a)r(b).

Lemma 1.18. [21] Let Ay be a Banach algebra with a unit e; and Py be a solid
cone in Ay. Let u,a, B € Py such that @ < B and v < au. If r(8) < 1, then u = 0.

In 2014, Liu and Xu derived the following fixed point theorem with generalized
Lipschitz condition:

Theorem 1.19. [/0] Let (X,d) be a cone Banach space over a Banach algebra
A1, and Py be the underlying solid cone with k € Py and r(k) < 1. Suppose the
mapping T : X — X satisfies generalized Lipschitz condition:

d(Tz,Ty) 2 kd(z,y), Vz,y € X.

Then T has a unique fized point in X and for any x € X, iterative sequence {T"x}
converges to the fixed point.



SoME REsuLTS ON PCNTPS OVER BANACH ALGEBRAS 201

Let (X, |.]lp,) and (Y,].]|p,) be two cone Banach spaces over Banach algebra,
where P; and P» are solid normal cones (with normal constant 1). In this paper,
we derive some fixed point theorems for a self mapping 7" in the projective cone
normed tensor product space over Banach algebra. We also discuss the stability of
an iteration scheme converging to a common fixed point of two self mappings on a
cone Banach space over Banach algebra.

2. Main Results: (a) Projective Cone Normed Tensor Product Space
(PCNTPS) over Banach algebra

First, we define a cone norm over Banach algebra for the algebraic tensor product
of two vector spaces.

Lemma 2.1. [7] Let X,Y be normed spaces over F with dual spaces X* and Y*
respectively. Given x € X,y € Y, Let x®y be the element of BL(X*,Y*;F) (which
is the set of all bounded bilinear forms from X* x Y™* to ), defined by

r@y(f,g) = f(x)g9(y), (f € X*,g€Y™)

The algebraic tensor product of X and Y, X @ Y is defined to be the linear span
of {fr®@y:xeX,yeY}in BL(X*,Y*;TF).

Lemma 2.2. [7] Given normed spaces X and Y, the projective tensor norm y on
X ®Y is defined by

lully = fY " Nailllyill :w =)@ © i}

where the infimum is taken over all (finite) representations of w.

The completion of (X Y, ||.|ly) is called projective tensor product of X andY and
it is denoted by X ®, Y.

Lemma 2.3. [35] Let X and Y be Banach spaces. Then v is a cross norm on
XY and [z ® yl = |alllyll for every z € X,y € Y.

Lemma 2.4. [7] X®,Y can be represented as a linear subspace of BL(X*,Y*;F)
consisting of all elements of the form uw = ), x; @ y; where Y, ||z;||||ys| < oo.
Moreover, ||u|ly = inf{>", ||z:|[||lyil|} over all such representations of w.

Lemma 2.5. [7] Let X and Y be normed algebras over F. There exists a unique
product on X ® Y with respect to which X ® Y is an algebra and

(a®b)(c®d) =ac®bd (a,ce X,b,d€Y).
Lemma 2.6. [7] Let X and Y be normed algebras over F. Then projective tensor
norm on X ®Y is an algebra norm.
Clearly, we can conclude that if X and Y are Banach algebras over IF then X ®,Y
becomes a Banach algebra.

Let A; and Ay be two real Banach algebras with the unit elements e; and es
respectively. P, and P> be two solid cones in A; and A, respectively. Let K, be
the projective cone ([31],[32]) in A ®4 Ay defined by

KP:{Z$i®yi tw; € Py, oy € P}
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[Here,

K, K, = sz ®yi)(ch ®dj) = Zziﬂicj ® yid,;
i 3 T g

Since P1P1 C Pi, PoP> C Ps, zj,¢c; € Py and y;,d; € P> so by definition x;c; € P,
and y;d; € Py. Thus, K,K, C K]

For vector spaces X and Y over R, with the cone norms ||.||p, : X — A; and
Illp, 1 Y — As, we define:

[N, : X@Y — A1 @, A2 by ||lullk, = >, zillp, @ |lyill Py, w=2";2i®@y; € XRY

(1)

(i)

0 =2 lzillp, = [lzillp € Py, 0 2 lwillp, = llyillp, € P2, Vi
= > lzillp, @ |lyillp, € Kp (by definition of projective cone).
S0, 0 232 [lzillpy @ |lyillp, ie., 0 = ul -

lulx, =0="lille @ llyillp, =0
7

=|z1lp, @ llyillp, + l22llp, @ [ly2llp, +... =0 (2.1)

Each of the terms in (2.1) is an element of K,. We call these as aq, as, as, ...
etc. So, each 0 < a; Vi.

(If a,b € K such that a +b =0, then a = —b, i.e.,, b,—b & K, = b= 0. So,
a = 0. Similarly for any n number of terms this holds.)

Therefore, a; = 0 Vi i.e., ||zi]|p, ® ||yillp, =0 Vi

=lzillp =0, llyillp, = 0Vi
=x; =0, yi:OVi
:in®yi:0:>u:0

3

Conversely, let u= )", 2, ®y; =0= (3,2 ®y;)(f,9) =0Vf e X*, geY*
In particular, we take f: X — RT ¢g:Y — R* U {0} such that kerg = {0}.

(Z r; @yi)(f,9) =0= Z f(xi)g(yi) =0

=g(y)=0¥i=y, =0Vi

= ||yi|lp, = 0 Vi (by cone norm property)
= |lzillp, @ [lyill p, = 0 Vi

= > llzille © llyille, =0

?

= [lullx, =0
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(i) kulx, = [kl|ulx, Vue X @Y, keR

(iv) flu+ollx, 2 ullx, + [vlx, Vu,ve XV
(follows by definition)

Thus, ||.| x, is a cone norm on X ® Y. We call (X ® Y, ||.|[x,) as projective cone
normed tensor product space(PCNTPS) over Banach algebra.

Lemma 2.7. If Pi and P> are normal cones, then K, is also normal.

Proof: Let u,v € Ay ®, Ay be such that 0 fu X v=v—u € K. Let

n m
v = Z:Ez QYi, u= ij ® gj-
i=1 =1

Forn <m:

n m
vfueréZzi@)yiprj@qjer

i=1 j=1
:Z — i) ®yz+zpz z_Qi)J’_ Z (_pj)®qj€KP
=1 Jj=n+1

So, by the form of elements of K, we get,
zi —pi,pi € P15 yi — i,y € P2 Vi=1,2,...,n and

—p; EP ¢ ERYj=n+1n+2,...,m
Again,

v-u €K, =Y i@ Wyi—a)+ Y (@-p)@a+ Y. pi®(—q) €K,
i=1 i=1 j=n+1
So, x; —pi,xi € P1;yi —qi,qi € PaVi=1,2,...,n and
p;€Pi; —gy e P Vi=n+1,n+2,...,m
Hence, pj =0,¢; =0Vj=n+1,n+2,...m

Now, p; = z; and ¢; = y;. Since P, and P, are normal cones, so, there exist
constants K7, Ko > 1 such that

Ipill < Kullill, laill < Kalyill Vi.

Since, [lull = | 3272, p; @ ;] < 751 Ipslllla || < Kaka 3250 [l [yl so,
for the projective tensor norm in A; ®, Ag, we have |Ju|| < K1 Ka|v].
For n > m, the condition is obviously satisfied.

Therefore, K, is a normal cone with the normal constant K7 Ko (> 1). O
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Lemma 2.8. If P| and P> are regular cones, then K, is also regular.

Proof: Let {u,},>1 be a sequence in A; ®, Ag such that uy < us, ..., < y for some
Yy S Al ®'y AQ.

To show that {un}n>1 is convergent in Ay ®- As:

Let Uy = Zipli ® (Zha Ug = Zipz; ® Q2“ ceey Up = Zzpm b2y qnm a‘nd Yy =
22:0i ®@b; € Ay ®4 Ag.

Since u; =< us < ... Xy, as in above Lemma 2.7, we can show that
p1, 2 p2, 2. 2a; Viand 1, X @, X ... X b Vi

For each 4, {pn, }n>1 is a sequence in A; (increasing) which is bounded from above,
and so also {gn, }n>1 in Ag. Since P; and P, are regular, there exist r; € Ay and
s; € Ag such that lim, o ||pn, — 7] = 0 and lim, o0 ||gn, — $:i|| = 0 for each 1.

Now, >, 7 ® s; = u(say) € Ay ®- Ag.

e =l = 13 P @, — 3 i @ s
7 7
<3 e = rilllgnl + 3 Nln, = sillll
i [

—0asn— o0

Hence, K, is regular. O

Lemma 2.9. For normal cones Py and Py, if (X, ||.||p,) and (Y, ||.||p,) are two cone
Banach spaces over Banach algebras Ay and Ay respectively, then (X @Y, |.||x,)
s also a cone Banach space over the Banach algebra A @, As.

Proof: Let {u,} (where u, =, x,, ®yn,) be a Cauchy sequence in X ®Y". Since
Py and P, are normal cones, so, by Lemma 2.7, K, is also normal.

Since {uy} is Cauchy, so, ||[|un — um||k,| — 0 as m,n — co. Now,

Mwn = wmll e, || = Zwm ® Yn, — Zwmi D Y ||, |
= I Z Tn;, = Tm;) @ Yn, + szl (Yns — Ym.)
lellwm melHHHHQmHPzH+Z||||$mz”P1HHHym Ymsl[ P, |

|l

%Oasn,m%oo

= (Ilen; — Tm,|lp || = 0 as m,n — oo or ||||yn, || p, || = 0 as m,n — co) and
(N2, 2 | = 0 as m,n — o0 or |||yn;, — Ym; ||| = 0 as m,n — oo) for each i.
= ({@n, }n is a Cauchy sequence in (X, ||.|[p,) or {yn, }n — 0 in (Y |.||p,)) and
({yn, }n is a Cauchy sequence in (Y, |.]|p,) or {@n,}n — 0 in (X,].||p,)) for each i.
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= {p, }nand {yn, }n are convergent sequences in (X, ||.||p,) and (Y, ||.||p,) respec-
tively for each i, since these are cone Banach spaces.

Let x,, — a; € X and y,, — b; € Y for each . Wetakeuzziaiéébi ceX®Y.
It can be easily shown that ||||u, —ul/x,|| = 0 asn — oo, i.e., {u,} is a convergent
sequence in X ® Y.

Hence, (X ®V,||.||x,) is a cone Banach space over the Banach algebra A; ®, A,.
O

Example 2.10. We take X as any normed space and Ay = (I1,]].]]), over R.

Let Py = {{zn}n>1 € A1,z > 0Vn}. Then ||.||p, : X — Ay defined by:

||| P, = {Hinll}n>1 is a cone norm on R. Then clearly, (X,|.||p,) is a cone Banach
space over Aj.

Next we take, Y = R, Ay = (R, ||.|), P ={y :y = 0}. Then ||.|lp, : Y — Ay
defined by:

lyllp, = |y| is a cone norm on R. Clearly, (R, |.||p,) is also a cone Banach space

over As.

Now, |||k, : X ®Y = A; @4 Ay ice., ||k, : X @R = ' @, R is defined by:
£

lulg, = 127 @ villi, = Xillwlle @ lyille, = X5 e @ lul =

2,{%}@1. (Since I' @, R = I1(R) [35])
Thus (X @Y, |.|k,) is a cone Banach space over the Banach algebra I* @ R.

Lemma 2.11. For a cone normed space (X, ||.||p), where P is a normal cone with
normal constant K =1, if [|||ullp|| < ||||vllp]l then |ullp < ||v|lp, u,v € X.

Proof: Given |[[ul|p[| < |[[v]|~[|
If possible, let ||v||p < ||u||p. Since P is normal, so,

llollpll < Kl[l[ullpll = [[llullp[l, a contradiction.
Hence, [|ullp = [lv]|p but [[ullp 7 [[v]|p. So, ullp < [|v]|P- =

Now, we want to establish some fixed point theorems in projective cone normed
tensor product space over Banach algebra.
(In all the following results, we take d(z,0) = ||z| p, for the cone P.)

3. Main Results: (b) Some Fixed Point Theorems in PCNTPS

Theorem 3.1. Let (X,|.||p,) and (Y,||.||p,) be two cone Banach spaces over Ba-
nach algebras Ay and Ay respectively, where Py and Py are solid normal cones (with
normal constant 1) and (X ®@ Y, |.|k,) is the projective cone Banach space over
Banach algebra Ay @ Ag. Let Th : X ®Y — X and Ty : X ®Y — Y be two
mappings satisfying:
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: 1
() T = Twollp | < g klu = vlix, I
2

. 1
(i6) ITzu = Tovl|p |l < g7 Kllu = vl Il
1
(iii) || Tvullp, | < My and |[|Toul|p, || < Mz, Yu,v € X @Y.

Then the mapping T : X Y — X QY defined by Tu =Tiu®@Tou, u € XY has
a unique fized point in X Y if k € K, with r(k) < %

Proof: Let u,v € X ® Y. We have,

||Tu — TUHKp = ||T1u QR Tou —Tiv® TQ'UHKP
= ||(T1u — T1’U) ® Tou+Tiv® (Tg’u — TQ'U)HKP
=2 Thvu = Thollp, @ | Toullp, + | T1v][ Py ® ([ Tou — Tovl|p,

Since K, is normal with normal constant 1, so,

Tu—To|k, || < [[IITvw = Tool[p [ T2ullp, || + [ T2l 2, ([ [1T2w — Tov| p |
(taking projective norm in A; ®4 As).
< [kllu = vl x, | + [[Fllu = vl
= 2[[k[lu — vk, ||
= [ Tw =Tk, | < [[2k[u - v[x, |l (3.1)

So by Lemma 2.11, equation (3.1) implies
|Tu—Tv| k, < 2k|u— vk,

Now, by Theorem 1.19 the mapping 7" has a unique fixed point in X ® Y. O

Example 3.2. We take X = 1! and Ay = (I1,]].]|) over R.

Let Py = {{xn}n>1 € 11,2, > 0Vn}. Then ||.||p, : I* — Ay defined by:

laillp, = {lai, |}k (ai = {ai,}x) is a cone norm. Clearly, (X, ||.||p,) is also a cone
Banach space over the unital Banach algebra A .

Next we take, Y = R, Ay = (R, ||.|), P ={y :y = 0}. Then ||.|p, : Y — Ay
defined by:

lyllp, = |y| is a cone norm on R. Clearly, (R, |.||p,) is also a cone Banach space
over the unital Banach algebra As.

Now, ||.|k, : X ®Y = Ay ®, Ag ice., ||k, : I' @R — I' @, R is defined by:

lull, = 11D ai @ willxe, = Y Haw dellp @ llyill e, = > _{lai e ® [yl =

Sillai|lyilbr(Since,l! @y R = I1(R) [35])
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Thus (I' ® R, ||.||,) is a cone Banach space over I'(R) with unit e = {1,0,0,...}.

Let Dy, Dg and Dpgg (containing Djy @ Dg) be subsets of I', R and I' @R bounded
(strictly) by constants c, ¢ and c* respectively.

1
We defineT\ : Dpgr — Dy by T1(> -, ai®y;) = 52 >oiai yite, where a; = {a;, }r
and i
Tx: Dngr — Dg by To(32; ai ® yi) = 5 22 [Hlaa Falllyil-
Then

1 1
||||T1(Z a; @ yi)llell = Il 55 Z{aik%}klla <5zl Z{Iaikyil}kl\

N

1 . .
52 Z(Z |lai, )|yi| (using norm in 1*)
ik

1
= Q—CQZHGHHZM
A

Taking projective tensor norm in [*(R),

1
T _ai@y)llell < 550 ) ai @il
2c

1, 1
P =(=M
<g@ ¢ =3(=M)

and

1
N72)ai @ yi)ll el = 5 > Il Bllyallle |
1 1
< II§Z I{laa Brlllyilll < 52(2 @i, )]yl

% k
1
=2 Jailly
4

So, for projective tensor norm in I*(R),
1 c?
2> ai @ y:)lp |l < 3l daioyl < 5 (= M)
Foru=73%,a;®y;, v=>,b ®x; € Dpgr, we have,

1 1
ITi(w) = T3 0)l e, = 55 D et — 53 D (buaihall e

1
=5l > {aiyi — biwitellp
1

1
22 Z{|azkyz — by il be
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1
nilell=li5z > Alaiyi — il il
1
52 DO lanyi — iyl
i k

1
Q—CQZU%ZM + by, wi])
ik

N

N

1
= 2—022(|az‘k||yi| + [bi [|il) (3.2)
ik

e =l &, [| = Il Zai @y — Y b @ il|k, |

- ||||Zaz®yz+z ) @il |
= Zﬂaunyzm + L llallslhul G deiition o .,

= ZZ | [|yil + [biy ||:]) (3.3)

From (5.2) and (3.3),

= IT3(0) ~ Ta)le, | < ggllla — vl |
< llellu = vl | = glellu = vl |
— Il = vl b= e € K,
Similarly,
I7s(0) = Tl = g 3 Ml ol = 5 3 0 el
= 31 ST s el = I el
=3 37 e belll + 32 1 el
= 1Tw) ~ To@)lesll < 5 3D las gl + 37 3 i
7 k 7 k

(P, being a normal cone with normal constant 1)

Sl = vl | Grom. (3.3)

1/3 1
k=- K,.
1/2 e c IS,

llw = vll, I, b=

lellw = vl Il = 371



SoME REsuLTS ON PCNTPS OVER BANACH ALGEBRAS 209

Also, r(k) = lim, o || (%e)nH% = - <

T: Dl1®R — Dl1®]R d@ﬁ'}’l@d by

. So by Theorem 3.1, the mapping

Wl
N | =

1
T aiwz)= " > {Mai, i}, where M =Y ||ai]|.|a]

has a unique fized point in Dpgp.

Theorem 3.3. Let (X,||.||p,) and (Y,||.||p,) be two cone Banach spaces over Ba-
nach algebras A1 and Ao, where Py and Py are normal cones (with normal constant
1) and (X @ Y,|.|k,) is the projective cone Banach space over Ai ®~ Ay. Let
T1: X®Y > X and Ty : X ®Y =Y be two mappings satisfying:

. 1
@ Tvu = Trollpl < 31K = Tull, + v = Toll, )]

. 1
@) W1 Tou = Tovllpoll < g R(lu = Tullx, + v = Tvlli, )]

(@@i) [[[[Taullpy | < My and |[[|Toull |l < M2 Vu,v € X @Y.

Then the mapping T : X QY — X QY defined by Tu =Tiu®@Tou, u € XY has
a unique fized point if k € K, with r(k) < %.

Theorem 3.4. Let Pi and Py be two solid normal cones (with normal constant 1)
in Banach algebras Ay and Ao respectively. Let Ty : X QY — X and T : X®Y —
Y be two mappings satisfying:

. k
(@) |[Tru — Tl p, ® €2 =X ﬁ”u* v k,,
2

k
(i1) e1 @ ||[Tou — Tohov||p, = ﬁHu — |k, Yu,v € X ®Y,
1
(’LZ’L) e] € Pl, e € Pg,
(i) [ITyullp, || < My and ||| Tullp, || < Ma Vu,v € X @Y.

where k € K, and r(k) < % ThenT : X QY — X ®Y defined by Tu = Tiu® Thu,
uw€ X ®Y has a unique fixed point in X @Y.

Proof: Let u,v € X ® Y. We have,

[Tu—Tv|k, 2 |Thu— Tl p, @ [[Toullp, + | T1v]lp, @ || Tou — Tovl|p,
= ([Thu — Tv|| p, ® e2)(e1 @ || Toullp,)
+ (IT1v][ P, @ e2)(e1 @ [|Tou — Tov|| p,)

k k
= agplv = vl (e @ [Toullp) + (ITvll e ® e2) gflu = vl
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Since K, is normal, so, taking projective norm in A; ®, Ag,

1
H1Tw = Tlix, | g7 IElw = vlix, lller @ [ Toul . |
2
1
+ || Thv]|p, ® el —||k||lvw—v
I Tvlle, @ eoll g-[1kllu = vl |

1 1
=25 1 Elle = vl N Toulle, |+ I Tavlle [l =Kl = vl |

<[12E)|(u = 0) , |

Now, proceeding as in Theorem 3.1, we can show that 7" has a unique fixed point
nX®Y. O

Theorem 3.5. In the above theorem, if the conditions (i) and (ii) are replaced by
. k
(@) 71w = Tavllp, @ e2 =X 5 -(llu = Tollx, + [lv = Tullx, ],
2

. k
(i1) e1 @ || Tou — Tovl|| p, =< ﬁ[”“ —Tv|k, + ||lv —Tul|k,] Vu,v € X ®Y,
1
(Z’LZ) e € Pl, €9 € PQ,
(i) [l Tyul[ || < My and ||| Toul| p, | < Mz Vu,v € X @Y.
then T has a unique fized point in X ® Y, where k € K, and r(k) < i.

4. Main Results: (c) Stability of iteration scheme converging to the
fixed point in cone normed spaces over Banach algebra:

In [6], Asadi et al. generalized the results of Qing and Rhoades [33](regarding
the T-stability of Picard’s iteration scheme in metric spaces) to cone metric spaces.

An iteration procedure x,+1 = f(T,xz,) is said to be T-stable with respect to T'
on a metric space X, if {x, } converges to a fixed point ¢ of T and whenever {y,}
is a sequence in X with lim, o0 d(ynt1, f(T,yn)) = 0, we have lim,, o0 ¥ = ¢.

Lemma 4.1. Let P be a normal cone with normal constant K in a Banach algebra
A. Let {an} and {b,} be two sequences in A satisfying the following inequality:

(pt1 = hap + by,
where h € P with r(h) <1 and b, — 0 as n — oco. Then a, — 0 asn — oo.
Proof: Let m be a positive integer. By recursion we have
U1 = bp 4+ hby_1 4 .4+ Ry + Ry
Since P is normal,
ltmst ] < Kb + Bbnt + e £ ™| + KB o]

By Lemma 1.12, and hypothesis a,, — 0 as n — oc. O
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Theorem 4.2. Let (X, ||.||,) be a cone Banach space over the unital Banach algebra
A, and P be a solid cone (not necessarily normal cone) in A. Suppose S and T be
self mappings on X satisfying
1Sz = Tyllp 2allz —yll, + Bz — Szl + [ly — Tyllp) +v(lz — Tyllp
+ lly = Szlp)

for all x,y € X , where a, 3,y € P commute with each other and r(5+ ) +r(a+
B+7) <1. Then S and T have a common unique fixed point q in X.

Proof: Let g € X. We define a sequence {x,} by zont1 = Sxa,, Topie =
Tzon+1, n=0,1,2,.... Now,

Z2n+1 — Tan+2(lp =[1Sz2n — TTant1llp
2 al|zan — Tant1lp
+ B(H$2n - San”p + ||x2n+1 - Tx2n+1||p)
+v(|z2n+1 — Sz2nllp + [|v20 — Tr2n41(lp)
= (a+ B+ 7)z2n — z2nt1llp + (B + Vll@2n+1 — 22n42(lp

= #2011 — T2n42llp < (€5 = B =) (@ + B+ )22 — T2nt1llp
(e* being the unit element of A.) Similarly it can be shown that
22013 = T2n42lly < (" = B =17 @+ B+ )| 22042 — 22nt1llp
Therefore for all n,
||£Cn+1 — $n+2||p = (6* -B- ’Y)_l(a + B8+ '7)”5571 - $n+1||p

Now,

r((e* = B—)"Ha+B+7) <rle =By Hrla+B+7)
rlatf+19)
L—r(B+7)

Hence from Lemma 1.9, Lemma 1.10 , Lemma 1.12 and Lemma 1.15 (see [22]) we
have, {x,} is a Cauchy sequence and converges to some z as n — oco. Now

< <1

2= Tzllp =2 Iz = @2ntallp + llw2ns1 = T2|lp
=2z = zontallp + [[S22n — T2y
2z = z2ngallp + allwen — 2llp + B([w2n — Szanllp + 12 = T2lp)
+ (2 = Sz2nllp + (w20 — T2||p)
S lls = Tallp < 8+ ) 112 = Zansallp + llzn — 2l + Blan — zamsally
Tl = Tansllp + Y220 — 2lp)]
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By Lemma 1.8, Lemma 1.11 and Lemma 1.15, it is clear that right hand side of
the above inequality is a c-sequence, this means z = T'z.
152 = z|lp =[Sz = Tz|,
= allz =zl + B(lz = Szl + Iz = T=lp)
+7(lz = Szllp + [z = T=|)
= 112 = 2lp 2 (B+)llz — Szl
Since, f+v <X a+ B+ and r(a+B+7) < 1. Hence by Lemma 1.18, ||z—Sz||, = 0,

so Sz = z.
To show uniqueness: Let z and ¢ be two distinct common fixed points of S and T'.

Iz =dllp = 1152 = T4qll,
2allz —qllp + Bz = Szllp + llg = Tqll»)
+7(llg = Szllp + 12 = T4qll»)
= |z =glly 2 (a+29)]z —qllp
Since, « + 27 X (B+7v) 4+ (o + 8+ 7), by Lemma 1.17 we have

rB+yv+a+B8+7) <r(B+7) +r(a+5+7v) < 1. Hence by Lemma 1.18,
z—qll, =0,s0 z=q. O

Theorem 4.3. Let (X, ||.||,) be a cone Banach space over the unital Banach algebra
A (having unit e*), and P be a solid cone in A. Suppose T be a self mapping on
X satisfying

[Tz = Tyllp 2alle —yll, + Bl = Tzl + ly = Tyllp)
+(llz = Tyllp + ly — Tllp)

for all z,y € X , where a, 3,y € P commute with each other and r(58+ ) +r(a+
B+7) <1. Then T has a unique fized point q in X.

Now, we discuss stability of an iteration scheme (see [1]) converging to the
common fixed point of S and T on the cone Banach space over Banach algebra.
For zg € X, we consider the following iteration scheme:

To2n+1 = SSCQn, To2n+2 = T1'2n+1, n = 0, 1, 2, (41)

For the cone Banach space X with a normal cone P (with normal constant 1),
the above iteration scheme is said to be stable with respect to S and T, if {x,}
converges to the unique common fixed point ¢ of S and T', and whenever {y,} is a
sequence in X with

Jim lyzn1 = Syanllp(= €20) = 0, and (4.2)
Jim {lyant2 — Tyzn41l[p(= €2nt1) = 0, (4.3)

we have lim,, oo yn = q.

Here we derive the following condition for stability of the iteration scheme (4.1).
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Theorem 4.4. Let (X, |.||,) be a cone Banach space over the Banach algebra A
(having unit €*) with the normal cone P (normal constant 1). If S and T are self
mappings on X satisfying the condition

[1Su = Tollp 2elu—wvllp, + B(lu = Sullp + [[v = Tvl,)
+([lu = Toll, + [lv = Sullp)

then the iteration scheme (4.1) is stable with respect to S and T if o,B,v € P
commute with each other and r(8 + 3y) +r(a+ p+7) < 1.

Proof: We have, for the common unique fixed point g of S and T', lim,, 0 z,, = g.
So,

lim ||z2, — Szan|lp =0and lim ||z2p11 — TZont1]lp = 0.
n— o0 n—00

Now,

ly2nt+1 = allp = 1y2nt1 — Tans2llp + | Z2nt2 — allp
= lly2nt1 — Syanllp + [19y2n — z2n2llp + [lT2n+2 — allp
= €an + [|Sy2n — T22n41]lp + l22n+2 — allp (4.4)

1Syan — Trany1lly 2 allyen — z2nt1llp + BUlven — Sy2nllp + 2041 — To2n41lp)
+y(lz2n+1 — Sy2nllp + Y20 — Tx2n41llp)

= allyzn — zan+1llp + BUlY2n — Sy2ullp + 22041 — Tz2n41llp)
+v([22n4+1 — T22n11lp + 1T 22041 — SY2n|lp)
+Y(l[y2n — Sy2nllp + [1Sy2n — T22n+1]lp)
= allyzn — T2nt1llp + (B + VY20 — Svenllp + (B + Vllw2n+1 — Tr2n41lp
+29[|Sy2n — Tw2n11]lp
2 allyan — z2n+1llp + (B + 1) Uly2n — T2nt1llp + |22n41 — Tz2n1llp
+ | Tr2n41 — Sy2nllp) + (B + Vllz2n+1 — Tront1llp + 2915Y2n — T2n11|lp
= (a+ B+ y2n — Tant1llp + (28 + 27)|z2n+1 — Tr2n41llp
+ (B4 3 ISy2n — Tr2n41lp
2(a+B+)yen —dlp + (@ + B+ 7)llg — z2nsallp
+ (28 + 29) 22041 — Tx2nt1llp + (B + 3V)1Sy2n — Tr2n41lp

a+ B+
e* — [ — 3y
28+ 29
e* — [ — 3y

= [1Sy2n — Traniallp = (ly2n = allp + lg = 22n4115)

z2n+1 — TTan+1llp



214 Das, GOSWAMI AND MISHRA

So, from (4.4), we have,

lly2ns1 — ‘ZHP = €on + [[T2042 — ‘JHP

a+pB+y

e* — 6 _ 37[”y2n q”p + ||q x?nJral]
26 + 2y

e el S TP S

T — 3 _3W||~’02 +1 — Txang1llp
We take a,, = ||yn — ¢||, and
a+fB+y
by = €an + ||T2n+2 — qllp + m”q — Zon+1llp
28 + 2y

m”meJﬂ — Tzontllp

Now, b, — 0 as n — oo. Also,

r((e" =B =37 "Na+B+7) <r(e" =B =37)""r(a+B+7)
r(a+ B +7)

ST—r(B+37)

<1
So, by the Lemma 4.1,

nh—>H;o aon+1 = nh—>H;o ||y2n+1 - q”P =0.

Again,

[Y2nt2 = dqllp 2 [Y2nt2 = T2ntallp + 2201 — allp
= yznte = Tyontally + 1 Ty2n+1 — Sanllp + 22041 — gll, (4.5

[S22n — Ty2n+1llp = allT2n — Y2nt1llp

+ B(lz2n — Sz2nllp + [ly2n+1 — Ty2n+1llp)
+Y(ly2nt1 — Sxanllp + [|22n — Ty2nt1llp)

= allzwzn = yanallp + Bllwen — Szonllp + [IY2n+1 — T2nllp
+ |lz2n — Szanllp + [|Sz2n — Ty2n+1(lp)
+ 'Y(Hy?nJrl - x2n||p + ||z2n - Sx?n”p
+ [[22n — Szonllp + [[Sz2n — Ty2n+1llp)

= (a+ B+ 7)v2n — Y2n+1llp + (28 + 29) |22 — Sz2n|lp
+ (B +MSz20 — Ty2ntallp

= (a+B+Mzen —dllp + (@ + B +7)llg — yantallp
+ (28 + 29)[lz2n — Sz2nllp + (8 + V)S22n — Ty2ntallp
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a+ [+
= [[Sz2n — Ty2n+1lp = m(”zzn —dllp + llg = y2n+1llp)

2B + 2y
e —pB—y

|l z2n — Sx?n”p

From (4.5), we have,

[Y2n+2 = dllp = €2ns1 + 22041 — gllp

a+ B+
e* — ﬂ — ,Y(||y2n+1 QHp + Hq .Tgan)
20 + 2
= =5 n— S "
+e*7/87,y||1'2 T2 ||p

Now, as in the first part, we have

nh—>n<}o A2n 42 = nh—>H;o ||y2n+2 - q”P =0

Thus, for all n we have, lim,, .« ||yn — ¢|l, = 0. Hence the given iteration is
stable with respect to .S and T'.

We can also show that, if
limy, o0 ||Yn — ¢llp = 0, then

i flyans1 = Syanllp(= ean, say) = 0

and
lim ||y2n+2 - Ty2n+1||p(: €2n+1, say) =0
n— o0

lY2n+1 — Sy2nllp = ly2ns1 — dllp + [la — Syznllp

g — Syanlly = [1Sy2n — Tqllp = @lly2n — all, + B(lg — Tqllp + lly2n — Syanllp)
+(llg = Sy2nllp + ly2n — Tallp)
= allyan — qllp + Bllyzn — allp +Ylly2n — Tqllp
+ Blla — Syanllp +vllad = Syznllp

at+f+y

= llg = Syanllp < T

ly2n — all»

re* = (B+7)"Ha+B+7) <re* = (B+7) " 'r(a+B5+7)
ra+pB+7)
1—r(B+7)

Now, using normality condition we get, ||¢ — Syanllp — 0 as n — oco. So, €2, —
0 asn — oo. Again,

< <1

lyonte — Tyansillp = ly2nt2 — allp + ¢ — Ty2ns1llp
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g = Tyan+1llp = 15¢ = Ty2n+1llp
= allg = yan+1llp + Blllg — Sallp + y2n+1 — Ty2n+1ll,]
+7lllg — Ty2n+1llp + [[y2nt1 — Sallp)
2 allg = yan+t1llp + Bllyen+1 — allp + Vlly2n+1 — Sallp
+0llg = Tyzn+1lly + Blla — Tyzn+1llp

a+B+y
= llg = Tyanallp = m”yznﬂ —qllp

— 0asn — oco.

So, €2p+1 — 0 as n — oo. O

Theorem 4.5. For the cone Banach space (X ®Y, ||.|[k,) over the unital Banach
algebra Ay ®~ Ay with the normal cone K, (normal constant 1), let T be the self
mapping on X @Y satisfying the condition:

ITu— Tollx, = allu—vlx, + Bl —Tulx, + llo = Tol,)
(Il — Toll, + o — Tullx,) (4.6)

for allu,v e XY, where o, B,y € K, commute with each other and r(5+ 37) +
r(a+ B8 +v) < 1. Then the iteration scheme:

o € X ®'Y Y,
Tp+1 =Tan, n=0,1,2, ..

converging to the fixed point of T is stable with respect to T'.

Example 4.6. We take X =1' and A; = (I1,]].]|) over R.

Let Py = {{zn}n>1 € Av,z, > 0 Vn}. Then |.|p, : I — Ay defined by
laillp, = {lai |}k, is a cone norm on X. Clearly, (X,||.||p,) is also a cone Banach
space over Aj.

Next we take Y = [0,1], As = ([0,1],].]]), P. = {y € [0,1] : y > 0}. Then
[llp, = Y — Ao defined by ||lyllp, =y is a cone norm on'Y . Clearly, (Y,|.||p,) is
also a cone Banach space over As.

Now, ||.|k, : X ®Y = Ay @, Ag ie., ||k, : I'®[0,1] = ' ®,[0,1] is defined by
lullre, = | 22 ai@yill e, = 22 {ai 3lp @llyillp, = 22 {lai hr@yi = > {lai[yite
Thus (I' ®[0,1],|.||k,) is a cone Banach space over the Banach algebra Ay ®- Ay
i.e., 11([0,1]) with unit e = {1,0,0,...}.

1
We define Ty : I' ® [0,1] — ' by Th(>,a; @ y;) = Zzi{aikyi}k, and Ty :

1
'®[0,1] = [0,1] by To(>"; ai @ yi) = 3 Let T be the self mapping on I* ® [0,1]
such that



SoME REsuLTS ON PCNTPS OVER BANACH ALGEBRAS 217

T(Z ai @ yi) = Tl(z a; ®Y;) ® T2(Z a; ® Yi)
1 1
=1 Z{aikyi}k ©5
1
=3 Zai ®vy; (taking norm in 1([0,1]))

u v u v
Tu—T <l==-llx, =2|— — —
1T = Tollie, < 15 - Sle, =29 — 1=l

u v
W ‘—+E‘@+E‘ﬁyﬁ%‘ﬁ*@‘mm]
4w—mm+—mu—ﬁm-ww—4m1
+gw——m~ww—@m]
1
=@th+[M—MM+W~%M]
1
+ Slello = Sullc, + ellu = T,

Thus T satisfies (4.6) with « = =~ = %e. Also o, 8,7 € Ky, and they commute
with each other.

. ng1 1
(B4 3y) = lim, o0 || (3€)" |7 = 3 and
3
r(a+B+7) =limusoo || (3)" | = g Hence r(B+3y) +r(a+B+7) <1
Let bn*z{ }’I’l>17y’n:nL+1V 1725

Tb, = = § i{_}n21- Now, q = 0 is the unique fized point of T and lim,, o y, = 0.
n
Also we have,

nh—>nolo an+1 — Tbn”Kp — 0

Hence the iteration scheme is T-stable for the cone Banach space I* @ [0,1] over
the Banach algebra I' ®., [0, 1].

Remark 4.7. There are many other iteration schemes viz., Picard-Mann hybrid
iteration, Mann iteration, Ishikawa iteration etc. [26], for which we can discuss
the stability with respect to some self mappings on cone normed spaces as well as

PCNTPS over Banach algebra.
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