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Some Results on the Projective Cone Normed
Tensor Product Spaces Over Banach Algebras

Dipankar Das, Nilakshi Goswami and Vishnu Narayan Mishra!

ABSTRACT: For two real Banach algebras A1 and Az, let K, be the projective cone
in A1 ®+ A2. Using this we define a cone norm on the algebraic tensor product of
two vector spaces over the Banach algebra A1 ®+ Ag and discuss some properties.
We derive some fixed point theorems in this projective cone normed tensor product
space over Banach algebra with a suitable example. For two self mappings S and T'
on a cone Banach space over Banach algebra, the stability of the iteration scheme
Ton+1 = Sxon, Tang2 = Txont1, n = 0,1,2,... converging to the common fixed
point of S and T is also discussed here.
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1. Introduction

In 2007, Huang and Zhang [19] introduced cone metric spaces and gave ap-
plication of fixed point theory in such spaces. Since then, a number of researchers
( [1], [2], [3], [19], [24], [27],[36]) developed the fixed point theory in cone metric
spaces. In 2010, the concept of cone normed spaces was initiated by Turkoglu et
al. [39]. In [23], Karapinar derived some fixed point theorems in cone Banach
spaces.

However, recently some authors viz. Amini-Harandi et al. [4], Asadi et al.
[5], Du[15], Ercan [16], Feng and Mao[17], Khamsi [25] etc., have shown the
equivalence of fixed point results between cone metric spaces and metric spaces,
and also between cone b-metric spaces and b-metric spaces. So study of fixed point
theorems in cone metric spaces is no more interesting in this sense. But in [27],
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Liu and Xu introduced cone metric space over Banach algebra and initiated a new
study by defining generalized Lipschitz mapping, where the contractive coeflicient
is a vector instead of usual real constant. They provided an example to explain
the non equivalence of fixed point results between the vectorial versions and scalar
versions. In present days, some researchers viz., Huang and Radenovié¢ ([20], [21]),
Huang et al. [22], Xu and Radenovié¢ [40] etc., observed the interest and need
for research in the field of studying fixed point theorems. They developed many
important results in the framework of cone metric spaces and cone b-metric spaces
over Banach algebra.

Let A; be a real Banach algebra, ||.|| be its norm and e; be its unit element. A
nonempty closed subset P; of A; is called a cone if

(i) P is closed, non empty and {0,e1} C Py.

(ii) aPy + BP; C Py for all non negative real numbers «, 3.
(ili) P2= PP, C P;.
(iv) PN (=P) ={0}.

For a given a cone P, C A, a partial ordering “ <7 on A; with respect to P; is
defined by « < y if and only if y — 2z € P; . & < y will indicate z < y and x # y,
while © < y will stand for y — x € intP; (interior of Py). If intP; # ¢, then Pj is
called a solid cone. Here “ <7 and “ < ” are also partial orderings with respect
to Pl.

Definition 1.1 [27] Let X be a non empty set. Suppose the mappingd : X x X —
Ay satisfies:

(i) 0 < d(z,y) for all 2,y € X,
(i) d(z,
(i11) d(z,
(v) d(z,y) 2 d(x,z) + d(z,y) for all z,y,z € X.

(
y) =0 if and only if © =y,

y) =d(y,x) for allz,y € X and
)

Then the pair (X, d) is called a cone metric space over Banach algebra.

Definition 1.2 [39] Let X be a vector space over R and ||.|p, : X — A; be a
mapping satisfying:

(i) 0 = ||lzl[p, Vo € X
(i) ||z|lp, =0 2=0Vr € X
(iii) ||kz|p, = |k[[[z]|lp, V k€ R, Vo e X
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() llz+yllp = llzlle +llyllp Vo, € X

Then the pair (X, |.]|p,) is called a cone normed space over the Banach algebra Aq
and ||.||p, is called a cone norm.
Every cone normed spaces is a cone metric space over Banach algebra with d(z,y) =

= yllp,-

Definition 1.3 [27] A cone Py is called a normal cone if there is a number K > 0
such that Y,y € Aq
02z =2y= [z <Kyl

Definition 1.4 [19] The cone Py is called regular if every increasing sequence in
Ay which is bounded from above is convergent. That is, if {x,} is a sequence such
that

for some y € A1, then there is © € Ay such that ||z, — x| — 0 as n — oco.

Example 1.1 [27] Let Ay = 1' = {z = {zn}n>1: D ne ) |Tn] < 00} with convolu-
tion as multiplication:

2y = {2 }nz1{yntnz1 = { D Tigstnz
i+j=n

Thus A1 is a Banach algebra with unit e; = {1,0,0,...}. Let P, = {x = {zp}n>1 €
Ay @z, > 0V n}, which is a normal cone in Ay. Let X = I* with the metric
d: X x X — Ay defined by

d(z,y) = d({xn}n>17 {yn}n>1) = {|zn — yn|}n>1
Then (X,d) is a cone metric space over the Banach algebra A;.

Definition 1.5 [27] Let (X,d) be a cone metric space over Banach algebra Ap,
x € X, {xn} a sequence in X. Then

(i) {xzn} converges to x whenever for every ¢ € Ay with 0 < ¢ there is a nat-
ural number N such that d(x,,x) < ¢ for alln > N. We denote this by
lim, 00 Tp, = T 01 T, = (N — 00).

(ii) {xn} is a Cauchy sequence whenever for each 0 < ¢ there is a natural number
N such that d(zp, zm) < ¢ for alln,m > N.

Definition 1.6 [0] Let P, be a solid cone in a Banach algebra A;. A sequence
{un} C Py is said to be a c-sequence if for each 0 K c there exists a natural number
N such that v, < ¢ for alln > N.

Lemma 1.1 [34] If Ay is a real Banach algebra with a solid cone Py and if 0 =
u < ¢ for each 0 < ¢, then u = 0.
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Lemma 1.2 [34] If Ay is a real Banach algebra with a solid cone Py and if a,b,c €
Ay and a < b < ¢, then a =< c.

Lemma 1.3 [34] If Ay is a real Banach algebra with a solid cone Py and if ||z, || —
0 (n — 00), then for any 0 K ¢, there exists N € N such that, for any n > N, we
have z,, < c.

Lemma 1.4 [/0] Let (X, d) be a complete cone metric space over a Banach algebra
Ay and let Py be the underlying solid cone in A;y. Let {x,} be a sequence in X and
0 < c. If {z,} converges to x € X, then we have:

(i) {d(zn,x)} is a c-sequence.

(i1) For any p € N, {d(xn, Tntp)} is a c-sequence.

Lemma 1.5 [{0] If k € Py with spectral radius r(k) < 1, then ||k™|| — 0 as n —
0.

Lemma 1.6 [20] Let Ay be a Banach algebra with a unit e; and Py be a solid cone
in Ay. Let h € Ay and uy, = h™. If r(h) <1, then {u,} is a c-sequence.

Lemma 1.7 [20] Let Ay be a Banach algebra with a unit e; and u € A;. If
r(u) < |C| and C is a complex constant, then

1

r(Ce; —u)™" < m

Lemma 1.8 [/0] Let P, be a solid cone in a Banach algebra Ay. Suppose that
k€ Py and {uy} is a c-sequence in P . Then {ku,} is a c-sequence.

Lemma 1.9 [38] Let Ay be a Banach algebra with a unit e;, k € Aj, then
|k™|| % exists and the spectral radius (k) satisfies (k) = limp_ 0 | k]| * =
. If r(k) < 1, then ey — k is invertible in A, moreover,

€1 — L= -.
k)T =3k
=0

Lemma 1.10 [38] Let Ay be a Banach algebra with a unit e1, a,b € Ay. If a
commutes with b, then r(a + b) < r(a) 4+ r(b), r(ab) < r(a)r(b).

lim,, 0

inf ||k™

Lemma 1.11 [21] Let Ay be a Banach algebra with a unit ey and Py be a solid
cone in Ay. Let u,a, B € Py such that o < 8 and u < au. If r(B) < 1, then u = 0.

In 2014, Liu and Xu derived the following fixed point theorem with generalized
Lipschitz condition:
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Theorem 1.1 [/0] Let (X,d) be a cone Banach space over a Banach algebra Ay,
and Py be the underlying solid cone with k € Py and r(k) < 1. Suppose the mapping
T : X — X satisfies generalized Lipschitz condition:

d(Tz,Ty) 2 kd(z,y), Vz,y € X.

Then T has a unique fized point in X and for any x € X, iterative sequence {T"x}
converges to the fized point.

Let (X, |.|lp,) and (Y,|.]|p,) be two cone Banach spaces over Banach algebra,
where P; and P, are solid normal cones (with normal constant 1). In this paper,
we derive some fixed point theorems for a self mapping T in the projective cone
normed tensor product space over Banach algebra. We also discuss the stability of
an iteration scheme converging to a common fixed point of two self mappings on a
cone Banach space over Banach algebra.

2. Main Results: (a) Projective Cone Normed Tensor Product
Space(PCNTPS) over Banach algebra

First, we define a cone norm over Banach algebra for the algebraic tensor product
of two vector spaces.

Lemma 2.1 [7] Let X, Y be normed spaces over F with dual spaces X* and Y*
respectively. Givenx € X,y € Y, Let x®y be the element of BL(X™*,Y™*;F) (which
is the set of all bounded bilinear forms from X* x Y* to F), defined by

r@y(f,9) = f(x)g(y), (f € X", g€ Y™)

The algebraic tensor product of X and Y, X ® Y is defined to be the linear span
of {fr@y:xeX,yeY} in BL(X*,Y*F).

Lemma 2.2 [7] Given normed spaces X and Y, the projective tensor norm vy on
X ®Y is defined by

lully = inf >~ llalllgill : w =Y @i ® 1y}
7 %

where the infimum is taken over all (finite) representations of u.

The completion of (X @Y, ||.||ly) is called projective tensor product of X andY and
it is denoted by X ®4 Y.

Lemma 2.3 [35] Let X and Y be Banach spaces. Then vy is a cross norm on
X @Y and ||z @y, = [|zl||yll for every x € X,y €Y.

Lemma 2.4 [7/ X®,Y can be represented as a linear subspace of BL(X*,Y*;F)
consisting of all elements of the form u = ), x; ® y; where Y, ||z;||||y:| < oo.
Moreover, ||u||, = inf{>", ||z;||||yil|} over all such representations of w.
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Lemma 2.5 [7] Let X and Y be normed algebras over F. There exists a unique
product on X @Y with respect to which X ® Y is an algebra and

(a®@b)(c®d) =ac®bd (a,c€ X,b,deY).

Lemma 2.6 [7] Let X andY be normed algebras over F. Then projective tensor
norm on X ®Y is an algebra norm.

Clearly, we can conclude that if X and Y are Banach algebras over F then X @Y
becomes a Banach algebra.

Let A; and As be two real Banach algebras with the unit elements e; and es
respectively. P, and P be two solid cones in A; and A; respectively. Let K, be
the projective cone ([31],[32]) in A1 ®, Ay defined by

KP:{Z$i®yi D x; € P,y € Pa}
i

[Here,

%

KpK, = sz ® yz)(z ¢ ®d;) = szicj ® yid;
@ J J

Since PP, C Py, PP, C P, x;,¢c; € Py and y;,d; € P> so by definition x;c; € Py
and y;d; € P>. Thus, K, K, C K]

For vector spaces X and Y over R, with the cone norms ||.||p, : X — A; and
I, 1 Y — As, we define:

[, : X®Y = A1 @y Ag by [ullk, =32, [@illp, ®yillp, v =3 2@y € XQY
(1) 0 =2 lzillp, = llwillp, € P, 0 =2 lyillp, = llyillp, € P2, Vi
= > llzillp ® l|lvillp, € K, (by definition of projective cone).
So, 0 =237, lzillp @ |lyillp, ie., 0= [Jullx,-
(ii)
lullx, = 0= llzillp, ® llyillp, =0

=lz1llp @ llyallp, + llz2llp @ lly2llp, + ... =0 (1)

Each of the terms in (1) is an element of K. We call these as a1, as,as, ...
etc. So, each 0 < a; Vi.
(If a,b € K, such that a +b =0, then a = —b, i.e., b,—b € K, = b= 0. So,
a = 0. Similarly for any n number of terms this holds.)
Therefore, a; = 0 Vi i.e., ||zil|p, ® ||yillp, = 0 Vi

=il =0, [lyillp, =0 Vi

=z, =0, y, =0%i

:>in®%:0:>1¢:0
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Conversely, let u =", 2, ®y; =0= (>, z; ®y;)(f,9) =0Vf e X*, geY*
In particular, we take f: X — R™, g: Y — R* U {0} such that kerg = {0}.

(Z 2 @ y;)(f,9) = 0= Zf(xi)g(yi) -0

= g(y)) =0Vi=y; =0Vi
= |lyi||p, = 0 Vi (by cone norm property)
= llzillp @ [lyillp, = 0 Vi

= > llzille, ® llyille, =0
%
= [lullx, =0

(ii) [lkullx, = Kllullx, Yue XY, ke R

(iv) [lu+ollx, = ullk, + lvllx, Vu,ve XY
(follows by definition)

Thus, |.||x, is a cone norm on X ® Y. We call (X ® Y, |.|x,) as projective cone
normed tensor product space(PCNTPS) over Banach algebra.

Lemma 2.7 If P, and P> are normal cones, then K, is also normal.

Proof: Let u,v € Ay ®, Ay be such that 0 fu 2 v =v—u € K. Let

n m
U=Z$¢®yi, UZZPJ'@?%'
i=1 j=1

Forn<m:

n m
vaEKpéin(@yi*ij@quKp
j=1

i=1

n n m
=Y (@—p)@u+Y p®Wi—a)+ Y (-p) g €K,

i=1 i=1 j=n+1

So, by the form of elements of K,, we get,

Ti —DiyDi € Pryyi —qi,yi € PoVi=1,2,...,n and

—p; € Py q; € Py VJ =n+1,n+2,....m.

Again,

n

n m
v-u€K, =Y n®yi—a)+ Yy (@w-p)@au+ Y p®(-g) €K,

i=1 i=1 j=n+1
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So, x; —pi,xi € Pr;yi —qi,q: € PoVi=1,2,...,n and
pj EP; —qgERYij=n+1,n+2,...,m.
Hence, p; =0,¢; =0Vj=n+1,n+2,..,m.

Now, p; = z; and ¢; =< y;. Since P, and P, are normal cones, so, there exist
constants K7, Ko > 1 such that

Ipill < Kaflzills llgill < Kallyall vi.

Since, [lull = [ 3272, p; @ ¢l < 32751 Ipsllllasll < Kk 3200 [l]llly; . so,
for the projective tensor norm in A; ®. Ag, we have |lu|| < K1 Ks|v].
For n > m, the condition is obviously satisfied.

Therefore, K, is a normal cone with the normal constant K1 Ko (> 1). O

Lemma 2.8 If P, and P> are reqular cones, then K, is also regular.

Proof: Let {u,}n>1 be a sequence in A; ®. Ay such that u; < ug, ..., X y for some
[ES Al ®7 AQ.

To show that {u,}n>1 is convergent in A ®- As:

Let up = Y ;p1, ® qu,y Uz = Y ;D2 @ G2y oy Un = D Py @ Gy - and y =
Zi a; ®b1 € Al ®’Y AQ.

Since u; = uz < ... Xy, as in above Lemma 2.7, we can show that
D1, D2, X .. a; Viand g1, R ¢qo, X ... 2 b; Vi

For each 4, {pn,; }n>1 is a sequence in A; (increasing) which is bounded from above,
and so also {gn, }n>1 in Ag. Since P; and P, are regular, there exist r; € A; and
s; € Ag such that lim,, o ||pn, — 7] = 0 and lim, o0 ||gn, — $:|| = 0 for each 3.

Now, >, ri ® s; = u(say) € Ay ®, Ag.

= ull = 1Y 2o ® @y = D75 @ 4]
i %
<D o = rillllgn. I+ > llgn, = sillllrll
% %

—0asn — o0

Hence, K, is regular. O

Lemma 2.9 For normal cones Py and P, if (X, ||.||p,) and (Y, |.||p,) are two cone
Banach spaces over Banach algebras A1 and Ay respectively, then (X ®Y, |||k, )
is also a cone Banach space over the Banach algebra Ay ® As.

Proof: Let {u,} (where u, =3, zn, ®yn,) be a Cauchy sequence in X ®Y". Since
Py and P, are normal cones, so, by Lemma 2.7, K, is also normal.
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Since {u,} is Cauchy, so, ||||u, — Um| k, | = 0 as m,n — co. Now,

un = wmllx, [I = 1l an R Yn; — me D Y ||,
= Z Tn, = Tm,) ® Yn, + Zxrm (Yni = Ym)l 1,
7
< Z ||Hxn1 = Tm;
%

Pz” + E ””x?m
i
—0asn,m— oo

P1||||Hym P1||||Hym — Ym, PZH

= ([|lzn, — Zm, |2 ]| = 0 as m,n — o0 or ||||yn,; || p,]| = 0 as m,n — co) and
(Nzm; 2l = 0 as m,n — oo or ||||yn; — Ym; |l ps|| = 0 as m,n — o) for each i.
= ({xn, }n is a Cauchy sequence in (X, ||.||p,) or {yn,}n — 0in (Y, |.]|p,)) and
({yn, }n is a Cauchy sequence in (Y, ||.||p,) or {zn, }n — 0in (X, ||.]|p,)) for each i.
= {p, }nand {yn, }n are convergent sequences in (X, ||.||p,) and (Y, ||.||p,) respec-
tively for each i, since these are cone Banach spaces.

Let x,, = a; € X and y,, — b; € Y for each i. We take u = Ziai®bi ceX®Y.
It can be easily shown that ||||u, —ul/k,|| — 0 as n — oo, i.e., {u,} is a convergent
sequence in X ® Y.

Hence, (X ® Y, |[.|x,) is a cone Banach space over the Banach algebra A; ®, As.
O

Example 2.1 We take X as any normed space and A; = (I}, ||.]|), over R.

Let Py = {{zn}n>1 € A1,2, > 0Vn}. Then |.|p, : X — Ay defined by:

lz|lp, = {@},@1 is a cone norm on R. Then clearly, (X, ||.||p,) is a cone Banach
space over Aj.

Next we take, Y =R, As = R, ||.|]), P» = {y : y = 0}. Then |.|p, : Y — As
defined by:

lyllp, = |y| is a cone norm on R. Clearly, (R, |.||p,) is also a cone Banach space
over A,.

Now, [|.|lk, : X @Y — A1 ®, A ie, |||k, : X @R — 1! ®, R is defined by:

B [yl
lullre, = 1122 wi®yillx, = i lillm @llyillp, = 3id T bnza®lyil = X550 bnz1-
(Since I' ®, R = I*(R) [35])

Thus (X ® Y, ||| x,) is a cone Banach space over the Banach algebra I' @, R.

Lemma 2.10 For a cone normed space (X, |.||p), where P is a normal cone with
normal constant K =1, if |||u|lp|| < ||||lvllp|l then |ullp < ||v|lp, u,v € X.

Proof: Given [[[ull | < [|[v]»].
If possible, let ||v||p = ||u||p. Since P is normal, so,

llollpll < Kll[lullpll = l[llullpll, a contradiction.
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Hence, [|ullp = [[v]|p but [[ullp # [[v]|p. So, ullp < [|v]|p- O

Now, we want to establish some fixed point theorems in projective cone normed
tensor product space over Banach algebra.
(In all the following results, we take d(x,0) = ||z||p, for the cone P.)

3. Main Results: (b) Some Fixed Point Theorems in PCNTPS

Theorem 3.1 Let (X, |.||p,) and (Y, ||.||p,) be two cone Banach spaces over Ba-
nach algebras Ay and Ay respectively, where Py and Py are solid normal cones (with
normal constant 1) and (X ®Y,|.||k,) is the projective cone Banach space over
Banach algebra Ay @y Ag. Let Ty : X @Y — X and Ty : X ®Y — Y be two
mappings satisfying:

, 1
() 71w = Toollp || < g Nkl = vl I
2

g 1
() |1 Tou = Tov|pll < 3= llkllu = v, Il
1

(’LZZ) ||||T1u||1:)1 H < My and ||||T2u||p2|| < My, Vu,v e X ®Y.
Then the mapping T : X QY — X QY defined by Tu =Tiu®@Tou, u € XY has
a unique fized point in X @Y if k € K,, with r(k) < 5.

Proof: Let u,v € X ® Y. We have,

Ty —Tv||k, = ||[Tiu ® Tou — Tiv ® Tov|k,
= ||(T1U — Tl’U) (24 TQU + Tlv X (Tgu — TQU)”KP
=N Thw —Twlp, @ [ Taullp, + [Tyv] P, @ (| Teuw — Tovl p,

Since K, is normal with normal constant 1, so,

1ITw = Toll, | < 1Ty = Tyollo, M Taul |+ 11Teolle, ) Tot = Taola,
(taking projective norm in A; ®, Ay).
< |[Ellu = vllx, | + [[Ellu = v,
=2||kllu — vl ||
= [[ITu = Tol k, | < [12k[lu — vl x, | (2)

So by Lemma 2.10, equation (2) implies
|Tu —Tv|k, < 2k[lu— vk,

Now, by Theorem 1.1 the mapping 7" has a unique fixed point in X ® Y. (I
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Example 3.1 We take X = ! and A; = (I',].]|) over R.

Let Py = {{zn}n>1 € 11,2, > 0Vn}. Then ||| p, : I* — A defined by:

laillp, = {lai |} (a; = {as, }r) is a cone norm. Clearly, (X, ||.||p,) is also a cone
Banach space over the unital Banach algebra A;.

Next we take, Y = R, Ay = (R, ||.|]), P2 = {y : y = 0}. Then |.|p, : ¥ — A
defined by:

llyllp, = |y| is a cone norm on R. Clearly, (R,|.||p,) is also a cone Banach space
over the unital Banach algebra A,.

Now, ||k, : X ®Y — Ay ®, Ag ie., |||k, : ' @R — I' ®, R is defined by:

K, = iQYill K, = itk P @Yl Py = i | JE®Yi| = i |Yil Tk
[[ull 1D asyll Y Haidellp @lyill e, = Y Alai[he®lyil = > {laillyil}

3

( Since, I' @, R =1'(R) [35])
Thus (I' @ R,||.||x,) is a cone Banach space over I'(R) with unit e = {1,0,0,...}.

Let Dji, Dg and Dpggr (containing Djp @ Dg) be subsets of I}, R and I ® R
bounded (strictly) by constants ¢, ¢ and ¢? respectively.

1
We define T' : Djigr — Dpr by T (3, 0, Q) = 22 > i@, yi b, where a; = {a;, }r
and )
Tz : Dngr — Dg by T2(3; 0 @ yi) = 3 32; [laa yllyil-
Then

1 1
T (D ai @ ya)lle )l = 5= > {auyidille | < 2 > Alaiyilall

N

1 . .
202 Z(Z lai, |)|yi| (using norm in ')
ik
1
@Z |yl

Taking projective tensor norm in I*(R),

1
T Q- ai @ yalle |l < 22 Y aiyl

1, 1
2 (=M
<32 2( )

and

1
(3" as @ volleull = g - IKlas, el |
1 1
<z 3 e bell sl < 5 320 las Dl
i i k
1
= 32 Nl
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So, for projective tensor norm in /' (R),
1 c?
7200~ ai @ ya) el < 3l Yo awyl < 5 (= M)
Foru=73.a;®y;, v=>,b ®x; € Dpgg, we have,

1 1
|71 (u) = Ta(v)|lp, = ||272 Z{aikyz‘}k ~ a2 Z{bikxz‘}kﬂa

1
@H Z{alkyl - bik‘ri}kHPl

1
22 Z{\aikyi — b wi| bk

= (171 (w) = Ta ()|, |

1
I3z D {lasyi = bl bl
1
22 Z Z |ai, yi — b,z
ik

1
@Z(\aikyﬂ + [bi, w4])
k

i,

N

N

1
=52 > aigllyil + [bi, ] |2])
ik

=l = 11D ai @y =Y b @i, |
i
=D ai @y + > (—bi) @ik, |
= 1> flanllyilbe + > _{lbs|lzil el (by definition of [|-|lx,)
=3 i llysl + [bi|[])
ik
From (3) and (4),

1
= [71(w) = Ta()llpll < 55w = vk, |

2¢2
1 1/3
< llellu = vllx, I = %Heﬂu — || x, ||

1 1
EHkHU —llx, Il k= zee K,
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Similarly,
1 1
IT2(w) = T2(v)llp. = lI5 > Il Yalllysl - 3 D Ilba Yl e,

= 3132 s lge] = I el

IA

1
3 2 Ilasbells] + 3 08 il
1
= 1) = @)l < 5 303 la sl + 30 3 b
i k % k

(P2 being a normal cone with normal constant 1)

= 2l = vl (fom (4)

1/3 1 1
< mllellu vl Il = g llklle = vllx, I, k= ge € K.

1\" 1 1 1
Al k) = li = =< o
so r(k) Jim | (36) 5<%

So by Theorem 3.1, the mapping T": Djigr — Djigr defined by
1
T(Xi: 0 ® 7;) = zi:{Main:ci}n, where M = Z llas]|. ||

has a unique fixed point in Djgg.

Theorem 3.2 Let (X,|.||p,) and (Y,|.]|p,) be two cone Banach spaces over Ba-
nach algebras Ay and A, where Py and Py are normal cones (with normal constant
1) and (X ® Y, ||.||k,) is the projective cone Banach space over Ay ®. Ay. Let
T1: X®Y > X and Ty : X ®Y — Y be two mappings satisfying:

‘ 1
(@) [T = Tavllp | < gE[I1R(Re = Tull, + [lv = Toll, )]

y 1
(@) [ Tou = Tavl|p, || < E[Ilk(llu = Tullk, + |[v = Tv[|,)]]]

(@) |1 Tvullp, || < My and ||| Teu|| p, || < Mz Yu,v € X @Y.

Then the mapping T : X QY — X ®Y defined by Tu = T1u®@Tou, u € XY has
a unique fized point if k € K, with r(k) < L.

Theorem 3.3 Let Py and Py be two solid normal cones (with normal constant 1) in
Banach algebras Ay and Ay respectively. Let T) : X QY — X and 1o : X QY — Y
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be two mappings satisfying:
. k
() I Tvw = Tavllp, @ e % -l —vlx,,
2
. k
(i1) e1 @ [|[Tou — Tov||p, =X ﬁ”“ -k, Yu,v € X ®Y,
1

(Z’LZ) e| € Pl, e € PQ,
(@) || Tvullp, || < My and ||| Teullp, || < Mz Yu,0 € X ® Y.

where k € K, andr(k) < 5. ThenT : X®Y — X @Y defined by Tu = Thu® Thu,
u€ X ®Y has a unique fived point in X ® Y.

Proof: Let u,v € X ® Y. We have,

|Tu —Tv|k, 2 |Tiu— Tl p, ® [|Toullp, + | T1v||lp, @ | Tou — Tovl|p,
= ([Tvu — Tiv| p, @ e2)(e1 @ || Toul p,)
+ ([|[Thv| P, @ e2)(e1 @ [ Tou — Tovl|p,)

k k
= Ellu — ||k, (e1 ® | Toullp,) + ([ Thv][p, ® ez)ﬁll\u - vk,
Since K, is normal, so, taking projective norm in A; ®, Ag,

1 1
7w =Toll, | < g ETw = vl lller @ [IToull [ + [ Tavl 2 ® eall Ikl = vl |

1 1
= a5 1Fle = vl [ Toul p, I+ W Tlle g7 F e = vl |
< [12&[[(u = v)[x, |
Now, proceeding as in Theorem 3.1, we can show that 7" has a unique fixed point

inX®Y. (]

Theorem 3.4 In the above theorem, if the conditions (i) and (i) are replaced by

. k
@) 1T = Thvllp ®e2 = geflu—Tollx, + v = Tullk,];

. k
(@) e ® | Tou — Tavllp, = - [lu = Tollx, + o = Tullk,] Yu,v € X ®Y,
1
(Z’LZ) e1 € P, eq € Py,
(@) [ Tvullp || < My and ||| Toul[p,[| < M2 Vu,v € X @Y.

then T has a unique fized point in X Y, where k € K, and (k) <

PN



SoME REsULTS ON PCNTPS OVER BANACH ALGEBRAS 15

4. Main Results: (c) Stability of iteration scheme converging to the
fixed point in cone normed spaces over Banach algebra:

In [6], Asadi et al. generalized the results of Qing and Rhoades [33](regarding
the T-stability of Picard’s iteration scheme in metric spaces) to cone metric spaces.

An iteration procedure x,+1 = f(T,z,) is said to be T-stable with respect to T'
on a metric space X, if {x, } converges to a fixed point ¢ of T and whenever {y,}
is a sequence in X with limy, o0 d(Ynt1, f(T,yn)) = 0, we have lim,, o y, = q.

Lemma 4.1 Let P be a normal cone with normal constant K in a Banach algebra
A. Let {a,} and {b,} be two sequences in A satisfying the following inequality:

an—i—l j han + bn7

where h € P with r(h) <1 and b, — 0 as n — oco. Then a, = 0 asn — oo.

Proof: Let m be a positive integer. By recursion we have
Uni1 2 bp +hby 14 o+ Ry + R g,
Since P is normal,
lans1ll < Kllbn + hbp1 + oo + B bp || + KR™ [ an—m]|
By Lemma 1.5, and hypothesis a,, — 0 as n — oo. O
Theorem 4.1 Let (X, ||.||,) be a cone Banach space over the unital Banach algebra

A, and P be a solid cone (not necessarily normal cone) in A. Suppose S and T be
self mappings on X satisfying

1Sz =Ty, = allz = yllp + Bl = Szllp + ly = Tyllp) + v((lx = Tyllp + lly — Szllp)

forallx,y € X , where a, B,y € P commute with each other and r(8+v) +r(a+
B+7) <1. Then S and T have a common unique fixed point q in X.

Proof: Let g € X. We define a sequence {z,} by zant1 = STon, Tonis =
Txont1, n=0,1,2,... . Now,
z2n+1 — T2nt2llp = [[S22n — To2n41lp
2 allzen — zantallp + B(|z2n — Sz2nllp + 22011 — T22n411lp)
+Y([z2n+1 = Sz2nllp + (|20 — To2041lp)
= (a+ B+ 7)z2n — z2n41llp + (B + V)l|z2n+1 — T2n+2lp
= [lz2nt1 — Tangallp < (€ = B—7) " a+ B+ r2n — z2niallp

(e* being the unit element of A.) Similarly it can be shown that

2043 — Tant2llp 2 (€* = B =)o+ B+ 7)|z2n+2 — Tant1llp
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Therefore for all n,

241 = Zngally 2 (e* =B =" Ha+B+Nen — znsall,
Now,
r((e =B =y Ha+B+7)<r(e"=B=7)"rla+B+7)

r(a+ B +7)
1—r(B+7)

Hence from Lemma 1.2, Lemma 1.3 , Lemma 1.5 and Lemma 1.8(see [22]) we have,
{z,} is a Cauchy sequence and converges to some z as n — co. Now

< <1

2 = Tz|lp 2 |z = z2n+1llp + [@2n41 — T2lp
=z = z2nt1llp + [Sz2n — T2|p
=z = 22nt1llp + allzen — 2llp + B[220 — Sz2nllp + Iz — T2|p)
+7(lz = Szanllp + [lz2n — T2|,)
= |z = Tzllp 2 (B+7) 7 |z = 220t1llp + allzen — zllp + Bllz2n — z2n41lp
+ 70z — 22n41llp + VlIT20 — 2[lp)]

By Lemma 1.1, Lemma 1.4 and Lemma 1.8, it is clear that right hand side of the
above inequality is a c-sequence, this means z = T'z.

12— 2, = 182 — T,
= allz —zllp + B(lz = Szllp + Iz = T=|)
(1 = Szlly + Iz = T=l,)
182 — 2ll, < (B + 7)1z — Sz,
Since, f+v < a+ B+ and r(a+B8+7) < 1. Hence by Lemma 1.11, ||z—Sz||, = 0,
so Sz = z.
To show uniqueness: Let z and ¢ be two distinct common fixed points of .S and T'.
Iz = allp = 1152 = Tqlly
2 allz —qllp + Bz = Szllp + llg — Tqllp)
+(lg = Szl + Iz — Tqllp)
= Iz = qllp 2 (@ +27)[[z —qllp
Since, « + 27y <X (8+7v) + (o« + 8+ 7), by Lemma 1.10 we have

rB+yv+a+8+7v) <r(B+7) +r(e+p+7v) < 1. Hence by Lemma 1.11,
lz—dallp=0,s0 z2=4¢. O

Theorem 4.2 Let (X, ||.||,) be a cone Banach space over the unital Banach algebra
A (having unit e*), and P be a solid cone in A. Suppose T be a self mapping on
X satisfying

[Tz —Tyll, < alle —yll, + Bz = Tzllp + ly = Tyllp) + v((lx = Tyllp + lly — Tlp)
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for all z,y € X , where a, 8,y € P commute with each other and r(5+ ) +r(a+
B+7v) <1. Then T has a unique fized point q in X.

Now, we discuss stability of an iteration scheme (see [1]) converging to the common
fixed point of S and T on the cone Banach space over Banach algebra. For zg € X,
we consider the following iteration scheme:

Tont1 = STan, Tong2 = Txopq1, n=0,1,2,... (5)

For the cone Banach space X with a normal cone P (with normal constant 1),
the above iteration scheme is said to be stable with respect to S and T, if {x,}
converges to the unique common fixed point ¢ of S and T', and whenever {y,} is a
sequence in X with

nhﬁngo lY2n41 — Sy2n||p(: €2n,) = 0, and (6)
Jim. y2n+2 — Ty2n+1llp(= €2n11) = 0, (7)

we have lim, o ¥, = q.

Here we derive the following condition for stability of the iteration scheme (5).

Theorem 4.3 Let (X, |.||,) be a cone Banach space over the Banach algebra A
(having unit €*) with the normal cone P (normal constant 1). If S and T are self
mappings on X satisfying the condition

[Su—Toll, 2 allu—wvll, + B(llu = Sullp + [v = Tollp) + v([lu = Tv[lp + [0 = Sully)

then the iteration scheme (5) is stable with respect to S and T if a,8,7 € P
commute with each other and r(8+3y) +r(a+ 8 +7) < 1.

Proof: We have, for the common unique fixed point g of S and T', lim,, o, ©,, = q.
So,

nhﬁn;@ |z2n — Szon|l, = 0 and nl;n;o lz2nt1 — Txont1llp = 0.
Now

ly2ns1 = allp = Y21 — Tontallp + 22042 — qllp
= ly2ns1 — Sy2n||p + ISy2n — x2n+2Hp + |z2nte — QHP
= ean + |SY2n — Tx2n1llp + 22042 — qllp (8)

1SY2n — Txany1llp = allyzn — Zonsillp + BUlY2n — Sy2nllp + [|T2n41 — TT2ns1llp)
+v(lz2n+1 — Svanllp + ly2n — Tz2n+1llp)
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= allyzn — zant1llp + BUly2n — Sy2nllp + 22011 — Tr2n41lp)
+Y(lz2n+1 — T22nt1llp + 1T 22011 — Sy2nllp + [ly2n — Sy2nllp + [1SY2n — To2n41llp)
= allyen — T2nt1llp + (B + V) y2n — Svanllp + (B + Mll2nt1 — Tr2n11lp
+ 29(1Sy2n — T2n41llp
2 allyzn — z2n+1llp + (B +7)ly2n — 2n+41llp + 22041 — TT2n41llp
+ 1T22n+1 — Sy2nllp) + (B + Mll2nt1 — Tr2nt1llp + 27/Sy2n — To2041lp
= (a+ B+ y2n — Tans1 H;v + (28 + 29)[|w2nt+1 — Tr2n 11 H;v
+ (B + 3)Sy2n — T2n11lp
2 (a+B+)lyen —dllp + (@ + B+7)llg — z2nallp
+ (28 + 29)|lz2n+1 — Tr2nt1llp + (B + 37)[1Sy2n — Tx2n41llp

a+ B+
= [[Sy2n — Tzantallp = m(\\yzn —4qllp + lg — z2n+1llp)
28+ 2
M||962n+1 = Tzapi|lp
e* — B —3y

So, from (8), we have,

ly2n+1 — allp = €2n + ||T2012 — qllp

a+ B+~
T ao 37[||y2n allp + lla — @2n+1]5]
26+ 2y
= - n _T "
+ e* — 5 _ 3/_}/”‘%2 +1 T2 +1||p
We take a,, = ||y, — ¢||, and
a+ B+
by, = €an, o — B 0 P
€an + | T2nt2 — qllp + = *ﬂ*?)’)’”q Ton+t1]lp
28+2y
- n _T n
+ e* 75737”1"2 +1 x2 +1Hp

Now, b, — 0 as n — oo. Also,

r((e* =B =37 a+B+7) <r(e" =B =37 ""r(a+B+7)
r(a+47)

ST-rB137)

<1

So, by the Lemma 4.1,

nh—>néo a2n4+1 = nh—>H;o ||y2n+1 - QHP =0.

Again,

ly2n+2 = allp = lly2nte — 2nt1llp + 72041 — allp
S y2nte = Tyantilly + 1Ty2n+1 — Szonllp + |22011 —qll,  (9)
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||S$2n - TanJrl”p = oz, — y2n+1”p + 5(”33271 - S$2an + ||y2n+1 - Ty2n+1||p)
+ 7(Hy2n+1 - szan =+ ”xQn - Ty2n+1||p)
= allzan = Yon+illp + Bllz2n — Sz2nllp + [[Y2n+1 — T2nllp
+ |22n — Szanllp + 15220 — TY2n+1]lp)
+v(ly2n+1 — T2nlp + 220 — Sz2nllp
+ [[22n — Szonllp + [[Sz2n — Ty2n+1llp)
= (a+B+7)|v2m — y2n+1||p + (26 + 27)[|z2n — ngan
+ B+ VS22 — Ty2n+1llp
= (a+B+Mwen = dllp + (@ + B +)g = y2ntallp
+ (28 + 29)llz2n — Sz2nllp + (8 + Y)S22n — Ty2ntallp

a+ B+
= 15220 = Tyonilly = 75— 5 v(llxzn —qllp + llg — y2n+1llp)
206 + 2y
_ - S
+ o B — 7||m2n xQn”p

From (9), we have,

ly2nt2 — allp = €2ni1 + 72041 — qllp

a+pB+y
- 7(Hyzn+1 qllp + llg — 2nllp)
28 + 2v
_ - S
+e*_6_7||172n xQn”p

Now, as in the first part, we have

nh—>ngo ao2n+4+2 = nh—>120 ||y2n+2 - qHP =0

Thus, for all n we have, lim,_,c ||yn — ¢l = 0. Hence the given iteration is
stable with respect to S and T.

We can also show that, if
lim,, 00 ||y — ¢llp = 0, then

lim ||y2n+1—SY2nllp(= €2n,say) =0, and lim ||y2,1r0—TY2nt1llp(= €2n41,50y) =0

lly2n+1 — SyZn”p = y2n+1 —allp + llg — Sy%”p

lg = Syznllp = [1Sy2n — Tally = allyzn — allp + Bl — Tallp + lly2n — Syznllp)
+7(llg = Sy2nllp + ly2n — T'allp)
= allyan — qllp + Bllyzn — allp + Vy2n — Tdllp
+ Bllg = Sy2nllp +Vllg — Sy2nllp

a+ B+

=llg—==8 =
la = Syanlly % S5 —

ly2n — all»
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re* = (B+7) Ha+B+7) <rle —(B+9) 'rla+B+7)
r(la+B6+7)
1—r(B+7)

Now, using normality condition we get, ||¢ — Syan|lp = 0 as n — oco. So, €2, —
0 as n — oco. Again,

< <1

lv2nte — Tyonsillp = lly2nt2 — allp + lg — Ty2ns1llp

lg — Ty2n+1llp = [1Sa — Ty2n+1llp
= allg = yant1llp + Blllg — Sallp + ly2n+1 — Ty2n41llp]
+ 7l = Ty2n+1llp + 1y2n+1 — Sallp]
< allg— an—HHp + Bllyznt+1 — QHP + 7 y2n+1 — Sqnp
+7lllg = Ty2nt1llp + Blla — Ty2n+1llp

a+ B+
= llg = Tyanallp = m”yznﬂ —qllp

— 0asn — oo.

So, €apny1 — 0 asn — oo. O

Theorem 4.4 For the cone Banach space (X ® Y, ||.|[k,) over the unital Banach
algebra A1 @~ Ay with the normal cone K, (normal constant 1), let T be the self
mapping on X ®Y satisfying the condition:

|7~ Tollx, = allu—vlx, + Bl —Tullx, + llo = Tvlx,)
+(llu = Tollx, + o - Tullx,) (10)

for allu,v € X QY , where o, B,y € K, commute with each other and r(8+ 3v) +
r(a+ B+7v) < 1. Then the iteration scheme:

Tg € X R Y,
Tpe1 =Tz, n=0,1,2,..

converging to the fized point of T is stable with respect to T .

Example 4.1 We take X =[! and A; = (I}, ||.||) over R.

Let Pi = {{zn}n>1 € A,z = 0 VYn}. Then ||.|p, : 1! — A; defined by
laillp, = {l|ai,|}x, is a cone norm on X. Clearly, (X, ||.|p,) is also a cone Ba-
nach space over A;.

Next we take Y = [0,1], Ay = ([0,1],].]]), P» = {y € [0,1] : y > 0}. Then
Ilp, : Y — Ay defined by ||y||p, = v is a cone norm on Y. Clearly, (Y, |.||p,) is
also a cone Banach space over A,.

Now, ||k, : X ®Y — Ay ®, Ag ie., |||k, : ' ®[0,1] = I' ®, [0,1] is defined by
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lullg, = 1132; ai®uillk, = 32 {ai e @lyillp, = Xoi{lai}e@yi = 2o {lai, |yi b
Thus (I* ® [0,1],|.]|x,) is a cone Banach space over the Banach algebra A; @, Ay
i.e., [*(]0,1]) with unit e = {1,0,0,...}.

1
We define T} : I'®[0,1] = I* by T1 (Y, ai®y;) = i Y if{aiyite, and Ty : I'®[0,1] —

1
[0,1] by T5(3> ", ai @ y;) = 3 Let T be the self mapping on I @ [0, 1] such that
T(Z ai ®Y;) = Tl(z ai ®Y;) ® Tz(z ai ® yi)
1 1

1
=3 Zai ® y; (taking norm in ([0, 1]))

u v u
Tu—Tolg, < |2 = Y =2 2% - 2
ITu—Toll, < 1% - L, =205 — i,
ZQ[H*—i*'U Lo r L+L_E+L_7H ]
16 16 16 128 16 128 128 16 128 K»
1 1
§||U*U||K + 3 [||U**||K +llv—¢ HKp]

+ 500 = 2k, + = Sl
1 1
= sellu—vllxe, + glellu = Sull i, +eljv = Tol,]
1
+ Slellv = Sulli, +ellu - Tollc,

Thus T satisfies (10) with a = =7 = %e. Also «, 8,7 € K, and they commute
with each other.

1 1
r(B+37) =limyoo || (3€)" |7 = 3 and
. 3
at 149) = | (30" 1 = & o 337 e+ 19 <1
Let by = S % hutvt = by V= 12,

Tb,, = E { }n>1 Now, g = 0 is the unique fixed point of T' and lim,, o yn = 0.

Also we have

lim [[by1 — Tholx, — 0
n—oo

Hence the iteration scheme is T-stable for the cone Banach space ! @ [0,1] over
the Banach algebra ' ®. [0, 1].

Remark 4.1 There are many other iteration schemes viz., Picard-Mann hybrid
iteration, Mann iteration, Ishikawa iteration etc. [26], for which we can discuss
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the stability with respect to some self mappings on cone normed spaces as well as
PCNTPS over Banach algebra.
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