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Multiplicity Results for Kirchhoff Type Elliptic Problems with Hardy
Potential

M. Bagheri and G. A. Afrouzi

ABSTRACT: In this paper, we are concerned with the existence of solutions for
fourth-order Kirchhoff type elliptic problems with Hardy potential. In fact, employ-
ing a consequence of the local minimum theorem due to Bonanno and mountain
pass theorem we look into the existence results for the problem under algebraic con-
ditions with the classical Ambrosetti-Rabinowitz (AR) condition on the nonlinear
term. Furthermore, by combining two algebraic conditions on the nonlinear term
using two consequences of the local minimum theorem due to Bonanno we ensure
the existence of two solutions, applying the mountain pass theorem given by Pucci
and Serrin we establish the existence of third solution for our problem.
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1. Introduction

Consider the following p-biharmonic equation with Hardy potential of fourth-
order Kirchhoff-type elliptic problem

M( |Au|pd:c)A?,u — =z [ulP” 2u = Mf(x,u) inQ,
Q |z |p
u=Au=0, on 0,

(1.1)

where  is a bounded domain in RY (N > 3) containing the origin and with smooth
boundary 99, 1 < p < &, A2u = A(|Au[P=2Au) is the p-biharmonic operator of
fourth order, A is nonnegatlve parameter, M : [0, +00) — R is continuous function
and f:Q xR — R is an L?-Carathéodory function.

The problem (1.1) is related to the stationary problem

Ou Po 24 0*u
ogm (7t 2L ' Slde) 5 =0, (1.2)
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for 0 < x < L, t > 0, where u = u(z,t) is the lateral displacement at the space
coordinate x and the time ¢, E the Young modulus, p the mass density, h the cross-
section area, L the length and p, the initial axial tension, proposed by Kirchhoff
[21] as an extension of the classical D’Alembert’s wave equation for free vibrations
of elastic strings. Kirchhoff model can also be used for describing the dynamics of
an axially moving string. In recent years, axially moving string-like continua such
as wires, belts, chains, band-saws have been subjects of the study of researchers (see
[35]). Similar nonlocal problems also model several physical and biological systems
where u describes a process that depends on the average of itself, for example, the
population density. Problems of Kirchhoff-type have been widely investigated, we
refer the reader to papers [1,2,3,4,5,6,15,16,32,33] and the references therein.

Fourth-order equations can describe the static form change of beam or the
sport of rigid body. In [22], Lazer and McKenna have pointed out that this type
of nonlinearity furnishes a model to study travelling waves in suspension bridges.
Since then more nonlinear biharmonic equations and p-biharmonic equations have
been studied. Existence and multiplicity of solutions of nonlinear fourth order
differential equations have been deserved a great deal of interest, for instance see
[7,9,10,11,20,24,25,26,27].

Recently, combined problems of Kirchhoff-type with p-biharmonic operator have
been widely investigated such that many researchers have discussed the existence
of at least one solution, or multiple solutions, or even many solutions for such
problems with different method. we refer the reader to the papers [14,19,28,38]
and references therein. For example, in [28] employing variational methods and
critical point theory, Massar et al. ensured the existence of infinitely many solutions
the following perturbed p-biharmonic Kirchhoff-type problem

p—1
A(|Au|P~2Au) — {M(/ |Vu|pdx)} Apu+ pluP~2u = A\f(z,u) in Q,
Q
u=Au=0, on 0,

where p > max{1,4} , A > 0 is a real number, @ C R¥(N > 1) is a bounded
smooth domain, p > 0 and f : 2 x R — R is an continues function and M :
[0,+00) — R is continuous function, while in [14] using variational methods and
critical point theory, multiplicity results of nontrivial and nonnegative solutions for
the same problem were established. Xiu et al. in [38] by employing variational
method studied multiplicity of solutions for the following p-biharmonic equation

(a+b /Q (AP + [uf?) dr)(AZu + [uP~u)
= W@l 20+ H(@)ul2u+ g(z), i,
u=Au=0, on 012,

where 1 < p < &, AZu = A(|Au[P~2Au) is the p-biharmonic operator of fourth
order,  C R¥ is an unbounded domain, and h(z), H(x) and g(z) are nonnegative
functions with sufficient conditions.
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On the other hand, singular boundary value problems arise in the context of
chemical heterogeneous catalysts and chemical catalyst kinetics, in the theory of
heat conduction in eletirically conducting materials, singular minimal surfaces, as
well as in the study of non-Newtonian fluids and boundary layer phenomena for
viscous fluids. Furthermore, nonlinear singular elliptic equations are also encoun-
tered in glocial advance, in transport of coal slurries down conveyor belts and in
several other geophysical and industrial contents. For the use of singular problem
in the mathematical literature, see [20,23,29]. In recent years, some interesting
results for singular p-biharmonic equation of Kirchhoff-type were obtained. For
instance, Xu and Bai in [39] by using critical point theory, discussed the existence
of infinitely many weak solutions for similar problem to (1.1).

In the present article, we establish the existence of two solutions for the prob-
lem (1.1) using a consequence of the local minimum theorem due to Bonanno
and mountain pass theorem under some algebraic conditions with the classical
Ambrosetti-Rabinowitz (AR) condition on the nonlinear term. Moreover, by com-
bining two algebraic conditions on the nonlinear term employing two consequences
of the local minimum theorem due to Bonanno we guarantee the existence of two
solutions, applying the mountain pass theorem given by Pucci and Serrin ([30]) we
establish the existence of third solution for the problem (1.1).

For a through on the subject, we also refer the reader to [12,18,17].

2. Preliminaries

For a given nonempty set X, and two functionals ®, ¥ : X — R, we define the
following functions

Supuelb*l(rl,rg) \I](u) - \I](U)

B(ri,re) = inf

vEP—1(ry,r2) ro — (I)(’U) ’
0 (7“ , ) B sup \I](U) — SUPyed—1(—oc0,r] \I](u)
1,72) —
! veEDP1(r1,r2) (I)(U) -

for all 71,72 € R, 71 < rg, and

p (T) _ sup \P(U) — SUDPyed—1(—oo0,r] \Il(u)
E veEP—1(r,+00) (I)(U) -r

for all » € R.

Theorem 2.1. [8, Theorem 5.1] Let X be a real Banach space; ® : X — R
be a sequentially weakly lower semicontinuous, coercive and continuously Gateauz
differentiable function whose Gateaux derivative admils a continuous inverse on
X*, U : X — R be a continuously Gateaux differentiable function whose Gateauz
derivative is compact. Assume that there are 1,12 € R,r1 < rq, such that

B(ri,m2) < py(ri,ma).

Then, setting I = ® — AU, for each \ € (m,m) there is ugx €

O~ (ry,m2) such that In(uox) < In(u) for all u € ®(ry,r2) and I, (ug.x) = 0.
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Theorem 2.2. [8, Theorem 5.5] Let X be a real Banach space; ® : X — R be
a continuously Gateauz differentiable function whose Gateaur derivative admits a
continuous tnverse on X*, W : X — R be a continuously Gateaux differentiable
function whose Gateaux derivative is compact. Fix infx ® < r < supy ® and
assume that

P2 (T) > 0)

and for each \ > ﬁ, the functional I, := ® — AW is coercive. Then for each

A E]%,qLoo[ there is ugx € ®7L(r,4+00) such that I\(ug ) < Ix(u) for all

we & (r,4+00) and I, (ug,) = 0.

Let X denote the space W2P(€2) N W, (Q) endowed with the norm

lul| = (/ |Au|pdac) o
Q

We recall the following Rellich inequality [13], which says that, for each u € X,

P 1
|“(x2)| do < —/ | AulP (2.1)
o |z|*? H Jq
where the best constant is
—1)N(N -2
o= ((p NV p>)p. (2.2)
p

Now, let M : Rt — R* be a continuous function such that there exists two positive
constants mg and m; such that

mo < M(t) < my,

for all t € Rt and f : @ x R — R be an L2-Carathéodory function, namely,
x — f(x,t) is continuous for almost every x € 2, and for every s > 0 there exists
a function I € L?(Q2) such that

sup |f(z,t)] < s(x)

for almost every x € . Set p* = A’;—]fp.

exist a positive constant ¢ such that

By the Sobolev embedding theorem there

ull o= ) < cllull, Vue X,

where
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see, [36]. Fixing ¢ € [1,p*), again from the Sobolev embedding theorem, there
exists a positive constant ¢, such that

lull o) < cqllull, Yu € X. (2.3)

Thus the embedding X — L%() is compact. By Holder inequality, one has the
upper bound

2|~

11
cg < ZIN p(

p—1\'"7 [ T+
Np) rrv+1-4)

where || denote the Lebesgue measure of the open set €.
Fixing the real parameter )\, a function u € WHP(Q) is said to be a weak
solution of (1.1) if for all v € W1P(Q),

P p—2 |’LL |p ’
|Au| dm |Au| Au(z)Av(x T (x)v(z)dx

= )\/Qf(x,u(x))v(x)dx.

By assumption mg > %, we state the following proposition which we need in
the proofs of our main result

Proposition 2.1. Let T : X — X be the operator defined by

|u(z) P2

T(u)h = M( /Q |Au|pd:c) /Q |AulP~2Au(z)Ah(z)dz —a | N0 @) () da

o |z

for every u,v € X. Then, T admits a continuous inverse on X *.

Proof: Since

T(u)h = M /|Au|pdz /|Au|p72Au(z)Ah(z)dz

u(x)? 2
/I |I|2|p Yh(z)da

> mollu]]” - EIIUII”

a
= (mo— =) ull”

and since ,mg > 4, this follows that 7' is coercive. Taking into account (2.2) of
[34] for p > 1 there exists a positive constant C), such that if p > 2, then

<|$|p—2$ - |y|p—2y’x - y> Z Cp|$ - ylpa

if 1 <p <2, then

(lfP~?2 — [yl 2y, 2 —y) > CpLy'z_
(lz] + |yh?—
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where (.,.) denotes the usual inner product in RY.Then, we observe that
(T'(u) —T(v),u—v) >Cllu—v||’ >0

for some C' > 0 for every u,v € X, which means that 7" is strictly monotone.
Furthermore, since X is reflexive, for u,, — u strongly in X as n — +o00, one has
T(un) — T(u) weakly in X* as n — 4o00. Hence, T is demicontinuous, so by
[40, Theorem 26.A(d)], the inverse operator T~ of T exists. 7~ is continuous.
Indeed, let (v,,) be a sequence of X* such that v,, — v strongly in X* as n — +oo.
Let u, and v in X such that T7(v,,) = u,, and T~!(v) = u. Taking in to account
that T is coercive, one has that the sequence u,, is bounded in the reflexive space
X. For a suitable subsequence, we have u,, — u weakly in X as n — o0, which
concludes
lim (T'(up) —T(u),un —u) = (Vy — v, up —u) = 0.
n—-+o0o
Note that if u,, — © weakly in X as n — +o00 and T'(u,,) — T'(u) strongly in X* as
n — 400, one has u, — u strongly in X as n — +00, and since T is continuous,
we have u, — u weakly in X as n — 400 and T'(u,,) — T'(u) = T'(u) strongly in
X* as n — +oo. Hence, taking into account that T is an injective, we have u = u.
O

3. Main results

In this section, we formulate our main results as follow.
Put

Z/W\(t):/otM(s)ds, t>0

and

F(x,t):/o f(z, &)dE, (x,t) € 2 x R.

Choose s > 0 such that B(0, s) C 2, where B(0, s) denotes the open ball in R
of radius s with center at 0. Put

),

For a nonnegative constant 7 and a positive constant § with

N
2

2

B 12r(N+1) 24N 9(N —1)

p
5 rN=ldr.

L

53 s

|2

ST

(moH — a)n? # myHL(cyd)?

we set
0 (3) = pr SUD|] gy <n F(z,t)dx — fB(O,%) F(x,0)dx
" (moH — a)n? —my H L(cyd)P

We now present our main result as follows.
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Theorem 3.1. Suppose that 0 < a < moH (with H is as in (2.2)). Moreover,
assume that there exist a nonnegative constant n, and two positive constants n,
and 0 with

moH — a v Mo
mi1LH Cq

1
1771<6<( (3.1)

cqL?
such that
(A1) F(x,t) >0 for each (x,t) € (B(0,s) \ B(0,3)) x R;
(A2) an,(9) < an,(6);
(A3) there exist two constants & > p and R > 0 such that
0 < &F(z,t) <tf(x,t), (3.2)
for all |t| > R and for all z € Q.

Then for each \ € (%a 1(6), ch a—()), the problem (1.1) admits at least two
n q n2

nontrivial weak solutions wi and us in x, such that

moH

7771 < ua[[? < monsy

Proof: Our aim is to apply Theorem 2.1 to the problem (1.1). Let ® and ¥ be
the the functionals defined by

B(u) = () - [u(z)l”

o o Tape dx, (3.3)

and

\If(u):/QF(ac,u(ac))dac (3.4)

Put Iy(u) = ®(u) — A¥(u) for all u € X. It is easy to show that the functionals
® and U are well define and continuously Gateaux differentiable. Moreover, we
introduce the functional I : W1P(Q) — R associated with problem (1.1),

| U

In(u) = = M([Ju]]")

/F(z,u(z))dz
Q
Clearly ® and ¥ are continuously Gateaux differentiable and

u(z) P2

ST u(x)v(z)de,

® (u)(v):M( /Q |Au|pd:c) /Q|Au|p72Au(x)Av(z)dzfa

0 = [ feu@)iada

and
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for every v € X. Proposition 2.1 follows that ®" admits a continuous inverse on X*.
Moreover, ¥’ is a compact operator. Note that the critical points of I are exactly
the weak solutions of problem (1.1). Since mo < M (t) < my for all t € RT, we see
that

moH —a » mi
——|Ju]|? < P(u) < —||ullP. 3.5
i [l (u) » [l (3-5)
Put o "
mo —a mo —a
= h 7 P and 1o DI b, (3.6)
and define ws € X by
0) ZCEQ\B(O,S),
4 5 12, 9 ;
ws(x) = (Gl = P+ -1=1), weB(0,5)\B(0,3), (3.7)
5’ T e B(Ov %)7

with [ = dist(x,0) = va , 2. Then

ows(x) 0’121 o o z € Q\ B(0,5) N B0, 3),
e ST, 2 e B(0,s)\ B(0,),

(o9
—~

53 52 sl
and
2ws (x 0, z € Q\ B(0,s) N B(0,%),
8762():: 6(12(x§+12)_2_4+9(12—x§)) € B(0,5)\ B(0, %)
‘ s3] 52 sl3 i ' r2r
Therefore, we have
ZN: s (2) " DIV 1) AN 9N 1), <O\ B0.9050,3)
o2 - _ B B(0, %)
i=1 i 6( $3 52 + sl )a T e (0 s \ ( 2
and
N 9
¥ [ 12n(N+1) 24N 9(N —1)
A Py = 572 — WN=Ddr = L5?
Jpustpar = S [ T A -
(3.8)
So, from (3.5), we have
moH =@y 5o < ®uws) < ML Lo7, (3.9)
pH p

From the condition (3.1), we obtain r; < ®(u) < ry. Then, for all u € X, we see
that

<I)_1(foo,7"2) = {ue X, ®(u) <rs}
{u € X, lull o) < mat

N
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and it follows that

sup U(u) < / sup  F(x,t)dx.
¢

u€P =1 (—o0,rz2) 2 It Laco)<n,
Therefore, by (A1) one has

Supue@*l(—oo,rg) \I](u) - ‘I’(’LU(;)

B(ry,r <
e T2 — ‘I’(wé)
fsl Suth”Lq(Q)<772 fQ T, w5 d:L'
B mz;)cl’;IHa% - %L&D
< kapr St oo <o F(z,t)dz — fB (0,%) F(x,0)dx

(moH — a)n — mqHL(cy0)P
= Hdcla, (9).
qM2

On the other hand, arguing as before, one has

\P(w5) — SUPyed—1(—o0,r] \IJ(’LL)

rire) >
p2( 1 2) q)(wzi) — T
Jo Fla,ws(@))de — [o supyyy,, 0 <n, F2:t)dz
‘ R
Z pH IB(QZ) (:E 6)d:1; B fQ Sup”tHLQ(Q)<n2 F(‘T’ t)dZE

myHL(cy0)P — (moH — a)nf
= Hclay, (9).

Hence, from assumption (A2), one has B(r1,r2) < py(ri,r2). Therefore, from

S B W
Theorem (2.1), for each A € (CgHm, TH a0

least one nontrivial critical point u; such that

, the functional I, admits at

r < @(ul) <79,

that is,
moH

miHd 771

Now, we prove the existence of the second local minimum distinct from the first one.
To this purpose, we verify the hypotheses of the mountain-pass theorem for the
functional ®—AW. Clearly, the functional ®— AWV is of class C* and (®—A¥)(0) = 0.
The first part of proof guarantees that u; € X is a local nontrivial local minimum
for ® — AU in X. Now, we can assume that u; is a strict local minimum of & — \¥U
on X. Therefore, there is s > 0 such that

< ua]|? < mons.

inf  (®—AU)(u) > (D — AV)(uy).

llu—uill=s
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So the condition [31, (I1), Theorem (2.2)] is verified. From (A3) there is a positive
constant C7, Cy such that

F(x,t) > |t + Co.

Fixed u € X \ {0}, for each ¢ > 1 one has

(@ — AU (tu) = —M (/ | Atu|Pda ) _5/ :t‘gzcz —)\/QF(ac,tu)dx

< mﬁp (/ |Au|pdac) —)\th/ |u|Pdx + ACs.
Q Q

p

Since £ > p, this condition guarantees that I is unbounded from below. So the
condition [31, (Iz), Theorem (2.2)] is fulfilled. Now we prove that I := & — AU
satisfies (PS)-condition for every A > 0. Namely, we will prove that any sequence
{un} C X satisfying

- : / _
himsup Iy(un) < oo, lim_|T}(wn)]| = 0.
From above, we can actually assume that

1 !

Ig%(un),un)I < funl|.

For n large enough, we have

1~ a |wn ()P
hz],\un—M< Aunzpd:c)— dzf)\/F:E,un:c dx,
() = 237 ([ |dun@pas) - 2 [ T [ Plo.un(o)

a [ |un(x)

d
plo

/ _ 1/\ w ()P de) —
(T (n), n) = pM(/Qm () Pdz)

A /Q Fla, un(z))dz

_lM( / | At () Pde) / |Aun ()| da

Auy(z
5 | TwIZ’” g/fxun V)t (2)dz

mo <]13 - %) / | Auy, (2)|Pd
f% <— - —) / | A (2)[Pda
(D) (o

Y
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Thus,

1 1 1 H —
B Bl 2 ) = 03 o) = (3= ) (P2 ) Tl

Consequently, {||u,||} is bounded. By the Eberlian-Smulyan theorem, without loss
of generality, we assume that uw,, — w. Then ¥'(u,) — ¥'(u). Since I (u,) =
D' (up) — AV (u,) — 0, then ®'(u,) — AV/(u). Since &’ has a continuous in-
verse, u, — u and so I satisfies (PS)-condition. Hence, the classical theorem
of Amberosetti and Rabinowitz gives a critical point us of ® — AU such that
(P — AU)(uz) > (D — AU)(u1). So uy and ug are distinct weak solutions of the
problem (1.1). Hence, the proof is complete. |

Theorem 3.2. Suppose that f(x,0) # 0 for all © € Q and there exist two positive
constants § and m, with
1
5 < moH —a\? n
mlLH Cq

such that the assumptions (A1) and (A3) in Theorem 3.1 hold. Furthermore, as-

sume that
Jo Sty < F(2,t)dz Jpo 5y Fw, 8)dw
(moH — a)nP mq HLch 6P

(3.10)

Then, for each

1 mq L6P 1 (moH — a)n?
Ae - ,
P [p(0,3) Fl@,0)d’ pHeg [ supjy),, g <, (@, t)dz

the problem (1.1) admits at least two nontrivial weak solutions uy and usg in X such
that
[[ua]|” < mon?.

Proof: Our aim is to employ Theorem 3.1, by choosing n; = 0 and 1y, = 7.
Therefore, owing to the inequality (3.5) and (A1), we see that

JoSUP| ¢ 0oy <n F@)de — [ o Flx,6)dx
©) 0,%)
(moH — a)n? — my H Legd?
(1 - %) Jo supy<y F (@, t)dx
(moH — a)nP — my H Lcho?
fQ Suth”Lq(Q)SU F(xa t)d.%‘
(moH - a)np
I 0.2y F(z,0)dz
0,3)
my HLch 6P
= 0,0(5).

an(0) =
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In particular, one has

fﬂ SUD|1t]| Lo oy <n F(z,t)dx

an(6) <p (moH — a)pp
which follows
(moH — a)n? 1 1
pHey [, SUD ¢ 1 0y <n F(x,t)dz < Hcl a,(6)
Hence, Theorem 3.1 yields the desired conclusion. O

Now, we present an application of Theorem 2.2 which will be used later to
obtain multiple solutions for the problem(1.1).

Theorem 3.3. Suppose that there exist two positive constants 7 and & with

5> moH — a Z i
mlLH Cq
such that assumption (A1) in Theorem 3.1 holds. Moreover, assume that

/Q sup  Flz,t)de < / F(z,9)dz

It Lay<m B(0,%)

and »
lim sup (z,€)
Elotoo  |EIP

Then, for each A > X, where

<0 uniformly in R. (3.11)

7 mlHchl’gp — (moH — a)TP
pHc‘g(fB(Oé) F(z,0)dx — [, SUD ¢ L4 01y <7 F(x,t)dr)

the problem (1.1) admits at least one nontrivial weak solution uy € X such that

A

moH —a_

77 ||P > D
P > 2oty

Proof: Our goal is apply Theorem 2.2 to the functional Iy = ® — AV where ® and
¥ are given as in (3.3) and (3.4), respectively. We observe that the all assumptions
of Theorem 2.2 on ® and ¥ are satisfied. Moreover, for A > 0, the functional I is
coercive. Indeed, fix 0 < ¢ < Z0=2 From (3.11) there is a function o, € L'(f)

pAHch
such that

F(z,t) <etl 4+ o.(x),
for every x € Q and t € R. Therefore, for each u € X with ||u|| > 1, we see that

moH — a
Mol = e [ w@)de ~ Al

(moH —a

D(u) — AU (u)

Y]

S o) Ll = Al
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and thus
lim  (®(u) — A¥(u)) = 400

llul[ =00

which means the functional I, = ® — AV is coercive. Put

_ moH — a_,
rTr= —
pHdY
and choose
0, r€Q\ B(0,s),
D)= 5 4 5 12,4 9 B B0,
J, x € B(0,3).

Using the condition (Al) and arguing as in the proof of Theorem 3.1, we obtain
that _
Jp0.5) F@;0)da — [o 8upyy 4 o <5 F(@, )dz

myHLES — (moH — )i
Thus, it follows that p(F) > 0. Hence, from Theorem 2.2 for each \ > X, the
functional I, admits at least one local minimum w7 such that

po(T) > pH CZ

o moH —a_
p 7

U1 >

([l HE n

the desired conclusion is achieved. O

Now, we point out a special situation of our main result when the function f has
separated variables. To be precise, let a :  — R be a nonnegative and nonzero
function such that o € L'(Q2) and let g : R — R be a nonnegative continuous
function. Consider the following problem

a

M < IAulpd:c) AZu — e luP~2u = Aa(z)g(u) in Q,
Q €
u=Au=0, on 0f).

(3.12)

Put G(t) = fot g(&)d¢ for allt € R and set f(z,t) = a(z)g(t) for every (x,t) €
) x R. The following existence results are consequences of Theorems (3.1)-(3.3),
respectively.

Theorem 3.4. Suppose that g(0) # 0 and there exist a nonnegative constant 1,
and two positive constants Ny and &, with

1 H—a\*
— <6< (77”0 a) 2
cqL¥ miLH Cq

such that

lallzr@GMm2) = el Bo,2)G6)  llalli@Gn) = llellLiso,2)G6)
(moH — a)nh — my HLcho? (moH — a)n} — myHLc6”




44 M. BAGHERI AND G. A. AFROUZI

Moreover, assume that there exist constants v > p and R > 0 such that for all
|€] > R and for all x € Q

0 <wvG(§) < &g(8)- (3.13)
Then, for each \ €)1, A2|, where

A e 1 (moH — a)ny —miHLcho"
pHcg |lallzr@)G(n1) = llelli(s0,2)G(9)
and
N 1 (moH — a)nty — m1HLcho”

— pHCG [l @) G(na) — el s0,2) G0)

the problem (3.12) admits at least two nontrivial weak solutions uy and us such
that

[[wr[[” < mon”.

Theorem 3.5. Suppose that g(0) # 0 and there exist two positive constant § and

n, with
1

mona P 77
) S 2
<< miLH ) Cq

such that ol .

allpia)Gn moH — a
7(7’”) L |l 5.5) G 0). (3.14)
q

Moreover, assume that the assumption (3.11) holds. Then, for every

e mq LéP (moH — a)nP
pllallLyso,2)G ) pHegllel L1y G(n)

the problem (3.12) admits at least two nontrivial weak solutions uy and ug in X
such that

[[ua][” < mon?.

Theorem 3.6. Suppose that there exist two positive constant 7 and § with

5~ (mOH—a)Eﬁ

m1LH Cq
such that
G@m) < ”O‘”“(ﬂc@ (3.15)
lallze)
and
lim sup 9(&) <0

fotoo [E[P7T T
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Then, for each X > X, where

<~ 1 (mOH—a)ﬁp—mlHchq’gp
- pHeq [l @) G@) — llollzs0,5) G(6)

the problem (3.12) admits at least one nontrivial weak solution Uy such that

_ moH —a_
0 p > D

Iz myHch g

A further consequence of Theorem 3.1 is the following existence result.

Theorem 3.7. Suppose that g(0) # 0 and
9(8)

£—0+ gp_l

= +o0. (3.16)

Moreover, assume that the assumption (3.13) holds. Then, for every A € (0,A),
where

\* moH — a . P
= up
T pHegllel @) n>0 G(n)

the problem (3.12) admits at least two nontrivial weak solutions in X .

P

Proof: Fix A €]0, \;[. then there is 1 > 0 such that A < % ahy- From
(3.16) there exists a positive constant ¢ with
1
5 < (mOH - a) P
m1LH Cq
such that
\s mq LoP .
plledizi(po,5)G(6)
Therefore, the conclusion follows from Theorem 3.2. O

Now, we present the following example to illustrate Theorem 3.7.

Example 3.8. Let N =3, p=2, QO = {(21, 22, 23) € R%;a}+a3+a} <1}, M(t) =
34 cosx for allt € [0,4+00], a(x1,22,23) = ————— for all (x1,x2,23) € R3
f [ ] (1 2 3) \/mf (1 2 3)

and g(t) = § + t3|t|. thus

27 T 1
ol o) =/ / / rsin ¢drdpdd = 2
0 0 0

m _g(§)1 = lim (L1
g—o+ &P E=0* g

and
+§%) =400
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Now, by choosing v = 3 and R = 2, we see that the assumption (3.13) is satisfied.
Hence, by applying theorem 3.7, for every A € (0, \") where

A= moH — a sup Ui
pHCg”aHLl(Q) n>0 G(n)
4v6 — /5 Uk
- (et
- (4\“/6—\/5> Uk s
= 5%c§7r 2+ 3773 n=
_ 48V6— 125
- 25{4/6_3c§7r
the problem
{ (3 +cos(/Q |Au|de))Af,u - ﬁ\uﬁ’_Qu = ﬁg(u(mwwa)) in Q,
uw=Au=0, on 9,

has at least two nontrivial weak solutions.

Next, by applying Theorems 3.5 and 3.6, we obtain the following theorem of
existence of three solutions for the problem (3.12).

Theorem 3.9. Suppose that g(0) # 0 and

. G(§)
] 0. 3.17
Qﬂiuﬁ €[P = (3.17)

Furthermore, assume that there exist four positive constants 1,6,7 and & with

5 < moH —a %ES moH — a v
m1LH Cq miLH

such that (3.14) and (3.15) hold, and

<6

=

el )G (n) _ el LG — llalls0,5) G(0)

= 3.18
(moH — a)nP (moH — a)7” — miHLAES' (3.18)

is satisfied. Then, for each

_ L&? H—a)np
AelA= (max{)\, mi Lo (mo a) )

pllallzi0,2)G0) " pHegllel| )G (n)

the problem (3.12) admits at least three nontrivial weak solutions uy, Uy and us
such that
moH —a_

P P —||P P
[utll” < mon®, [uxl|” > !
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Proof: It is easy to see that A # () from (3.18). Fix A € A. Using Theorem 3.5,
there is a nontrivial weak solution u; such that

[[ua[[” < mon®

which is a local minimum for the associated functional Iy, and Theorem 3.6 guar-
antees the second a nontrivial weak solution w; such that
moH —a_,

[P >
Il > <

which is local minimum for I,. Now, by employing the proof of Theorem 3.3,
from the condition (3.17) we see that the functional Iy satisfies the (PS) condition.
Hence, the conclusion follows from the mountain pass theorem as given by Pucci
and Serrin (see [30]). O

We now point out the following consequence of Theorem 3.9.

Theorem 3.10. Suppose that g(0) # 0,
G(©)

limsup —* = 400, 3.19
£E—0t gp ( )
and o
lim sup (5) =0. (3.20)
£—+o0 6

Moreover, assume that there exist two positive constants 7 and & with

1
moH —a\? 11—
A L <5 3.21
< mlLH ) Cq < ( )
such that =
G(n 6] syG )
ez {7) N ”Ll(B(O’zilp (9) (3.22)
(moH — a)i? miHLS
Then, for each
c mngp (moH — a)7?
pllolls0,5)G6) PHegl|all L) G)

the problem (3.12) admits at least three nontrivial weak solutions.

Proof: We easily observe form (3.20) that the condition (3.17) is satisfied. More-
over, by choosing § small enough and 7 = 7, one can drive the condition (3.14)
from (3.19) as well as the conditions (3.15) and (3.18) from (3.22). Hence, the
conclusion follows from Theorem 3.9. O

Finally, we illustrate Theorem 3.10 by presenting the following example.
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Example 3.11. Consider the problem

|ulP~%u = \u(x) in Q,

1
i P 20—
(?)Jrsm(/Q |AulPdz))Aju Ta
u=Au=0, on 082,

(3.23)

where N =3,p=2,Q = {& = (x1, 22, x3) € R%; |1 | + |wa| + |23| < 2}, M(t) =3+
sint for all t € [0,+00), a(x1, T2, 23) = 23 +x3+23 for all (z1,72,23) € R3, 5 =2.
Thus

64 47
lelliziey =% lladlizizon = %

Let g(t) = 1+e (1 —t) for allt € R. Thus g is nonnegative continuous, g(0) # 0
and

G(t)=t(1+e).

Since . .
t(1 - t(1 -
hm D) o EED
t50+t 8 totoo 42
we see that conditions (3.19) and (3.20) hold true.Moreover, by 7 = 4480c, and
0= Ci, we see that the conditions (3.21) and (3.22) hold true. Then, by applying

Theorem 3.10, for every

755 875
re [ — ——
3ci(1+e % ) 3cd (1 + e4480cq)

the problem (3.23) has at least three nontrivial weak solutions.
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