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ABSTRACT: In this paper, we study an existence of solutions for a class of non-
linear parabolic problems with two lower order terms and L!-data in the context of
Musielak-Orlicz spaces.
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1. Introduction:

Let Q be a bounded open set of RV, T is a positive real number, and Q =
Q x [0,T]. We deal with boundary value problem:

9u — div (a(x,t,u, Vu) + (z,t,u)) + g(z,t,u, Vu) = f inQ,
(P)qu=0 indQx (0,T).
u(z,0) =uy in €Q,

where A(u) = —div(a(x,t,u, Vu)) is a Leray-Lions Operator defined on D(A) C
Wol’mLW(Q) — W52 L,(Q) where ¢ and 1 are two complementary Musielak-
Orlicz functions. The lower order term ® : Qx (0,7) x R — R¥ is a Carathéodory
function satisfies the following growth condition for a.e. (z,¢) € @ and for all s € R,

|(x,t,5)| < P, )75 7,(Is]).
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where P(z,t) € L*°(Q) and v is a Musielak-Orlicz function such that v << ¢
means that v grows essentially less rapidly than ¢ (see Preliminaries). g is a non-
linearity with sign condition and satisfying, for all s € R, ¢ € RY and almost all
(z,t) € Q the following natural growth condition:

|g(:L', t,s, )| < b(|s|)(02(za t) + 50(1" |§|))a

where ca(z,t) € LY(Q) and b : Rt — R is a continuous and nondecreasing
function. The right-hand side f is assumed to belongs to L'(Q).

On Orlicz-Sobolev spaces, Elmahi had studied in [6] the problem (P) for ® =0
, without assuming any restriction on the N-function M. In the case where u =
b(x,u) and g = 0, the existence of solution has been proved in [10] by Hadj Nassar,
Moussa and Rhoudaf.

In the framework of variable exponent Sobolev spaces, Azroul, Benboubker,
Redwane and Yazough in [2] have proved the existence result of solutions for the
problem (P) without sign condition involving nonstandard growth and where u =
b(u) and ® = 0. Fu and Pan have treated in [8] the existence of solutions for the
problem (P) where ® = g = 0 and the second membe f is in W~1% L' () (Q).

In the setting of Musielak spaces and in variational case, the existence of a weak
solution for the problem (P) has been proved by M. L. Ahmed Oubeid, A. Benkirane
and M. Sidi El Vally in [1] where ® = 0, the existence of solutions for the problem
(P) has been studied by A. Talha, A. Benkirane, and M.S.B. Elemine vall in [16]
when ® = 0 and the right hand side is a measure data. A large number of papers
was devoted to the study the existence solutions of elliptic and parabolic problems
under various assumptions and in different contexts for a review on classical results
see [1,3,4,11,13,15].

Our main goal in this paper is to study the problem (P) in the context of
Musielak-Orlicz spaces without assuming the Ascondition, neither on the Musielak
function ¢ nor on its complementary . The main difficulty in our study is due
to the fact that the second member is in L' and the fact that no hypothesis of
coercivity is assumed on ®. Our result generalizes that of Elmahi and Meskine [7]
and that of Ahmed Oubeid, Benkirane, and Sidi El Vally [1].

This research is divided into several parts. In Section 2 we recall some well-know
preliminaries, properties and results of Musielak-Orlicz-Sobolev Spaces. Section 3
is devoted to specify the assumptions on a, ®, g, f and ug. Section 4 is devoted to
some technical lemmas where be used to our results. Final section 5 consecrate to
prove the existence of solution of ().

2. Preliminaries
2.1. Musielak-Orlicz functions

Let © be an open set in R and let ¢ be a real-valued function defined in
Q x R4 and satisfying the following conditions:
(a) o(x,.) is an N-function for all € © (i.e. convex, strictly increasing, continuous,
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o(x,0) =0, p(x,t) > 0, for all t > 0,

t
lim sup —<p($, ) =0
t—0 €N t
and
t
lim inf (2,) = 00)
t—o0 zeQ t

(b) ©(.,t) is a measurable function.

The function ¢ is called a Musielak-Orlicz function.

For a Musielak-orlicz function ¢ we put ¢, (t) = ¢(z,t) and we associate its
nonnegative reciprocal function o, !, with respect to ¢, that is

or (o, 1) = oz, 05 (1) = t.

The Musielak-orlicz function ¢ is said to satisfy the As-condition if for some
k > 0, and a non negative function h, integrable in €2, we have

o(x,2t) < ko(x,t) + h(z) for all x € Q and ¢ > 0. (2.1)

When (2.1) holds only for ¢ > ¢y > 0, then ¢ is said to satisfy the As-condition
near infinity.

Let ¢ and v be two Musielak-orlicz functions, we say that ¢ dominate v and
we write v < ¢, near infinity (resp. globally) if there exist two positive constants
¢ and tg such that for almost all x € Q

v(z,t) < @(x,ct) for all t > tg, (resp. for allt > 0ie. tyg =0).

We say that v grows essentially less rapidly than ¢ at 0 (resp. near infinity)
and we write 7 << ¢ if for every positive constant ¢ we have

lim <sup 'y(z,ct)> =0, (resp. tlim <sup ’y(z,ct)> =0).

t—0 \ zeQ QD(.’L',t) 0\ zeQ QD(.’L',t)

Remark 2.1. [J] If v << ¢ near infinity, then Ve > 0 there exist k(e) > 0 such
that for almost all x € Q) we have

v(z,t) < k(e)p(x,et),  for allt > 0. (2.2)

2.2. Musielak-Orlicz spaces

For a Musielak-Orlicz function ¢ and a measurable function u : @ — R, we
define the functional

poau) = /Qw, () de.

The set K,(Q2) = {u : @ — R measurable / p, o(u) < oo} is called the

Musielak-Orlicz class (or generalized Orlicz class). The Musielak-Orlicz space (the
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generalized Orlicz spaces) L,(12) is the vector space generated by K (), that is,
L, () is the smallest linear space containing the set K, (). Equivalently
U

Ly(Q) = {u: Q@ — R measurable /p%Q(X) < 00, for some A > 0}.

For a Musielak-Orlicz function ¢ we put: ¢(z,s) = sup,sq {st — ¢(z,t)}, ¢ is
the Musielak-Orlicz function complementary to ¢ (or conjugate of ¢) in the sens
of Young with respect to the variable s.

In the space L, (£2) we define the following two norms:

”U”«p,(z = inf{)\ > 0//(,0(:0, |“()\-T)|) do < 1}.
Q
which is called the Luxemburg norm and the so—called Orlicz norm by:

lulllg.o = sup [ [u(z)v(z)| de,
llvlly <1/

where 1) is the Musielak Orlicz function complementary to ¢. These two norms are
equivalent [12].

The closure in L, (£2) of the bounded measurable functions with compact sup-
port in €2 is denoted by E,(£2).

A Musielak function ¢ is called locally integrable on Q if p,(txp) < oo for all
t > 0 and all measurable D C Q with meas(D) < oc.
Let ¢ a Musielak function which is locally integrable. Then E,(2) is separable
([12] , Theorem 7.10.)

We say that sequence of functions w,, € L,(€2) is modular convergent to u €
L, () if there exists a constant A > 0 such that

. Up — U
Jm peo(F5) =0
For any fixed nonnegative integer m we define
WL, (Q) = {u € Ly,(Q) : Vo] <m, D*u € L,(Q)}.

and
WTE,(Q) = {u e Ey(Q) :V]a] <m, D*u e E,(Q)}.

where o = (ay, ..., ay) with nonnegative integers a, || = |a1|+ ...+ |an| and D%
denote the distributional derivatives. The space W™ L, (1) is called the Musielak
Orlicz Sobolev space.
Let
u

Pyalu) = Z P02 (Dau) and [lul|gq = inf {)\ >0: ﬁkpyﬂ(x) < 1}

la|<m
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for u € W™L,(2). These functionals are a convex modular and a norm on
W™L,(§2), respectively, and the pair (W’”LW(Q), HH’;Q) is a Banach space if
¢ satisfies the following condition [12]:

there exist a constant ¢y > 0 such that insf2 oz, 1) > co. (2.3)
zTE

The space W™ L, () will always be identified to a subspace of the product
[1jaj<m Le(§2) = I1L,, this subspace is o(II1Ly, ILEy) closed.

The space W{J"L,(f2) is defined as the o(IIL,,IIEy) closure of D() in
W™L, (). and the space W E,(£2) as the (norm) closure of the Schwartz space
D(Q) in WL, ().

Let W§" L, (€2) be the o(IIL,, IIEy,) closure of D(Q2) in W™ L, (Q).

The following spaces of distributions will also be used:

WmLy(Q) = {f e D'(Q); f= Y (-DI*IDf, with fo € Ly(2)}.

la|<m
and

W"Ey(Q) = {f € D'(Q); f= Y (-1)IDf, with f, € E,(Q)}.

laf<m

We say that a sequence of functions u,, € W™ L, () is modular convergent to
u € W™L,(Q) if there exists a constant k£ > 0 such that

. — Up — U
Jim P, 0(=5—) =0,

For ¢ and her complementary function v, the following inequality is called the
Young inequality [12]:

ts < o(x,t) +(x,s), Vt,s >0,z €. (2.4)
This inequality implies that
llulle.a < ppalu) + 1. (2.5)
In L,(§2) we have the relation between the norm and the modular
lulle.0 < pp.(u) if [lufeo > 1. (2.6)

ullg.0 = Py o(u) if lufloo < 1. (2.7)

For two complementary Musielak Orlicz functions ¢ and 1, let u € L,(€2) and
v € Ly(€2), then we have the Holder inequality [12]:

/Qu(x)v(x) dx

< ullgellvfllv,o- (2.8)
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2.3. Inhomogeneous Musielak-Orlicz-Sobolev spaces

Let © a bounded open subset of RY and let Q@ = Qx]0,T[ with some given
T > 0. Let ¢ and 9 be two complementary Musielak-Orlicz functions. For each
a € N¥ denote by D¢ the distributional derivative on @ of order o with respect to
the variable z € RY. The inhomogeneous Musielak-Orlicz-Sobolev spaces of order
1 are defined as follows.

W Lo(Q) = {u € Ly(Q) : V]o| <1 Dgu e Ly(Q)}
et
WY EL(Q) = {u € E,(Q) : V|| <1 D2u e E (Q)}.

This second space is a subspace of the first one, and both are Banach spaces

under the norm
lul = > IDSullpe-
la|<1

These spaces constitute a complementary system since ) satisfies the segment
property. These spaces are considered as subspaces of the product space IIL,(Q)
which has (IV + 1) copies.

We shall also consider the weak topologies o(IIL,,IIEy) and o(IIL,,IILy).

If u € W L,(Q) then the function ¢ — u(t) = u(-, ) is defined on [0, 7] with
values in WL, (Q). If u € WHE,(Q), then u € W!E,(Q) and it is strongly
measurable. Furthermore, the imbedding W'*E,(Q) C L'(0,7, W'E,(£2)) holds.
The space W?L,(Q) is not in general separable, for u € W*L.(Q) we cannot
conclude that the function wu(t) is measurable on [0, T.

However, the scalar function t — ||u(t)||,.q is in L*(0, T). The space W, * E,(Q)
is defined as the norm closure of D(Q) in WH*E,(Q). We can easily show as in [9]
that when Q has the segment property, then each element u of the closure of D(Q)
with respect of the weak* topology o (IIL,, IIEy) is a limit in W® L, (Q) of some
subsequence (v;) € D(Q) for the modular convergence, i.e. there exists A > 0 such
that for all |o| <1,

Dev; — D2
/@(m,(w))da@dt—) 0 as j — oo,
Q

this implies that (v;) converges to u in WH*L,(Q) for the weak topology
(L, L)

Consequently

o(TLy,,TTEy) (1L, TLy,)

D(Q) D(Q) ;
The space of functions satisfying such a property will be denoted by VVO1 "Ly (Q).
Furthermore, Wy E,(Q) = Wy"L,(Q) NTIE,(Q). Thus, both sides of the last
inequality are equivalent norms on WO1 " L,(Q). We then have the following com-

plementary system:
(W@“@(Q) F)
Wy 'E,(Q) Fo)’
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where F' states for the dual space of WO1 "E,(Q). and can be defined, except for
an isomorphism, as the quotient of IIL, by the polar set VVO1 TE,(Q)*. Tt will be
denoted by F = W17 L,(Q), where

W@ = {f = 3 Difa fu € Lu(@),

laf <1

This space will be equipped with the usual quotient norm

£ =inf D> llfallve

lal<1

where the infimum is taken over all possible decompositions

f: Z Dgfaa fa GLw(Q)-

lo|<1
The space Fj is then given by
B={f="Y Difa:fa€ BLQ},
o<1
and is denoted by Fy = W12 E,(Q), see [1].
3. Essential Assumptions

Let © be a bounded Lipschitz domain in RY and T > 0, we denote Q =
0 x [0,T], and let ¢ and 7 be two Musielak-Orlicz functions such that ¢ is locally

integrable and v << ¢.
Let A: D(A) C Wol’ng,(Q) — W=L%L,(Q) be a mapping given by

A(u) = =div(a(z, t, u, Vu)),

where a : a(x,t,5,¢) : Q x [0,t] x R x RV — RY is a Carathéodory function
satisfying,
for a.e (z,t) € Q and for all s € R and all £,¢ € RN, ¢ £ ¢":

lalat,5,6)] < ﬁ(a(ac,t) sy (a vls]) + 05 el u|s|>), (3.1)

<a(:c,t, $,€) —a(x,t, s, ')> €—¢) >0, (3.2)

a(z,t,5,£).£ > ap(z, [¢]). (3-3)

where ¢(z,t) a positive function, ¢(z,t) € Ey(Q) and positive constants v, 3, a.
let g : Q x [0,] x R x RN — R¥ be a Caratheodory function satisfying for
a.e. (r,t) € Q2 x[0,¢] and Vs € R, £ € RV :

lg(z,t,5,€)] < b(|s|)(ca(x, 1) + @z, [£])), (3.4)
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g(a,t,5,6)s >0, (3.5)

where co(z,t) € LY(Q) and b : RY — R is a continuous and nondecreasing
function.

Furthermore the function ® is a Carathéodory function which satisfies the fol-
lowing growth condition for a.e. (z,t) € Q and for all Vs € R,

(2, t,5)| < P, ) 72~ 7,(/s))- (3.6)

where P(z,t) € L>®(Q).
f is an element of L'(Q), (3.7)
up is an element of L'(Q). (3.8)

Let us give the following lemma which will be needed later.

4. Some technical Lemmas

Lemma 4.1. [3]. Let Q be a bounded Lipschitz domain in RN and let » and 1
be two complementary Musielak-Orlicz functions which satisfy the following condi-
tions:

1) There exist a constant ¢ > 0 such that inf,cq ¢(z,1) > c,

it) There exist a constant A > 0 such that for all x,y € Q with |z —y| < 3 we have

A
(P(,T,t) < t(loy(i‘ziy‘ )’ Ve > 1. (41)
o(y.t)
If D C Q is a bounded measurable set, then / oz, 1)dr < . (4.2)
D

1) There exist a constant C > 0 such that ¥(z,1) < C a.e in Q.

Under this assumptions, D(QY) is dense in L,(Q) with respect to the modular
topology, D() is dense in Wi Ly(Q) for the modular convergence and D(Q) is
dense in WYL, (Q) the modular convergence.

Consequently, the action of a distribution S in W =1L, (2) on an element u of
Wi L,(9) is well defined. It will be denoted by < S,u >.

Lemma 4.2. [13]. Let F : R — R be uniformly Lipschitzian, with F(0) = 0. Let
¢ be a Musielak- Orlicz function and let w € W§L,(2). Then F(u) € Wi Ly(Q).
Moreover, if the set D of discontinuity points of F' is finite, we have

0 B F’(u)aT“i a.e in {x € Q:u(zx) € D}.
axiF(u)i { 0 aa.e in {x € Q:u(z) ¢ D}.
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Lemma 4.3 (Poincaré inequality). [15].Let ¢ a Musielak Orlicz function which
satisfies the assumptions of lemma 4.1, suppose that @(x,t) decreases with respect
of one of coordinate of x.

Then, that exists a constant ¢ > 0 depends only of £ such that

/ga(z, |u(z)|)de < /gp(z,c|Vu(:c)|)dz, Vu € Wy Ly (). (4.3)
Q Q

Lemma 4.4. [3]. Suppose that Q satisfies the segment property and let u €
W3 L,y(R). Then, there exists a sequence (u,) C D() such that

u,, — u for modular convergence in Wy L,(Q).
Furthermore, if u € Wi Ly,(Q) N L>®(Q) then ||un||so < (N 4+ 1)|]u]]so-

Lemma 4.5 (The Nemytskii Operator). Let Q2 be an open subset of RY with finite
measure and let ¢ and ¥ be two Musielak Orlicz functions. Let f : Q x RP — RY
be a Carathodory function such that for a.e. x € Q0 and all s € RP :

|f(2,9)] < e(@) + kyy "o(, kals)). (4.4)

where k1 and ko are real positives constants and c(.) € Ey ().
Then the Nemytskii Operator Ny defined by Ny(u)(x) = f(z,u(x)) is continuous
from

iP(Ew(Q), k_t)p -1 {u € L,(9): d(u, E,(Q) < k%}

into (Ly(Q))? for the modular convergence.
Furthermore if c(-) € Ey(Q) and v << 1 then Ny is strongly continuous from

7(B0.%) 10 (B, @)

Theorem 4.6. [1] Let ¢ be an Musielak-Orlicz function satisfies the assumption
(4.1). Ifu € WHL,(Q) N L2(Q) ( respectively u € Wy L,(Q) N L*(Q) ) and
gu ¢ W:1*1L¢(Q) + L*(Q), then there exists a sequence (v;) € D(Q) ( respec-
tively D(I,D(S2))) such that v; — u in WH*L,(Q) N L*(Q) and % — % in
W=L2L,(Q) + L*(Q) for the modular convergence.

Lemma 4.7. [1] Let a < b € R and let Q be a bounded Lipschitz domain in RY .
Then
ou

{u € Wy L,(Qx]a,b]) : 5 € WLy (Qxa, b)) + L' (2x]a, b)) }

is a subset of C(Ja,b[, L' (2)).

Lemma 4.8. Let ¢ be a Musielak function. Let (uy), be a sequence of WH*L,(Q)
such that
uy, — u weakly in WYL, (Q) for o(I1L,, IILy,)
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and

Oun o

with (hn)n is bounded in W% L, (Q) and (ky)n bounded in the space L*(Q). Then
Un, — u strongly in L} _(Q).

loc

If further u, € Wy Ly(Q) then u, —s u strongly in L'(Q).

Proof: It is easily adapted from that given in [5] by using Theorem 4.4 and Remark
4.3 instead of Lemma 8 of [14]. O

5. Main results

For k > 0 we define the truncation at height k: Tj : R — R by:

s if |s| <k.

Tk(s):{ kit i |s| > .

‘We note also

Si(r) /OTT,C(JMJ{ 7 <k (5.2)

klr| =% if [r] > k.
We define

TIP(Q) = {u :Q — R measurable such that Ty (u) € W2"L,(Q) Vk > 0}.

We consider the following boundary value problem:

% + div (a(m,t, u, Vu) + ®(x, t, u)) +g(z,t,u,Vu) = f inQ,
(P)qu=0 ondQ =00 x[0,T],
u(+,0) = up in Q.

Our goal now is to show the following existence theorem.

Theorem 5.1. Let Q be a bounded Lipschitz domain in RN, ¢ and v be two
complementary Musielak-Orlicz functions satisfying the assumptions of Lemma /.1

and @(x,t) decreases with respect to one of coordinate of x, we assume also that
(3.1)-(5.7) are fulfilled, then there exists at least one solution of (P) in the following
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sense

u € Tolﬁa(Q), Sk (u) € LYQ), g(.,.u,Vu) € LY(Q)

Sk dx U —v a(z,t,u, Vu) - VIp(u —v)dxdt
| swium — ooz + (51w =) + [ ) VITi(u~v)
/(ID(ac t,u) - VTk(u—U)dxdt—i—/ (2, t,u, Vu) Ty (u — v) de dt

Q Q
g/Qka(u—v)dxdt—i—/QSk(uo—U(O))dm
and

u(z,0) = ug(x) for a.e. x€Q,

Yo € Wy " Lo(Q) N L¥(Q) such that 3¢ € WLy (Q) + LM(Q).
(5.3)

The following remarks are concerned with a few comments on Theorem 5.1.

Remark 5.2. Fquation (5.3) is formally obtained through pointwise multiplication
of the problem (P) by Ti(u — v). Note that each term in (5.3) has a meaning
since Tp(u —v) € Wy Ly,(Q) N L™(Q) . In addition by Lemma 4.7, we have
v € C([0,T); LY(2)) and then the first and last terms of Eq. (5.3) are well defined.

Proof: The proof of Theorem 5.1 is done in 6 steps.
Step 1: Approximate problem.

Let us introduce the following regularization of the data:

a(z,t,r, &) = a(zx, t, T, (r),€) ae (z,t) €Q, VreR, VEeRY, (5.4)
gn(xatarag) = g(x,t,Tn(T),f) a.e (‘T’t) € Qa VT S Ra Vé- S RN’ (55)
D, (z,t,r) = ®(x,t,Ty(r)) ae (z,t)€Q, VreR, (5.6)

fn€CP(Q) i fallzr < \Ifllzr and £, — f in L'(Q) as n tends to + oo,
(5.7)
ton € C5P()  : Jluon |l < Jlullzr and ug, — ug in L'(2) as n tends to + oo.
(5.8)

Let us now consider the following regularized problem:

%Lt" —div (a(ac,t,un,Vun) + @n(x,t,un)) + gn(z, t,un, Vu,) = fr in Q,
(Pu)Qun=0 on 90 x (0,7T),
Up(x,t =0) = ug, in Q.

Since g, is bounded for any fixed n, as a consequence, proving of a weak solution
Un € Wy" Ly(Q) of (P,,) is an easy task (see e.g. [1,11])



110 A. TALHA AND A. BENKIRANE

Step 2: A priori estimates.

The estimates derived in this step rely on usual techniques for problems of the

type (Pn).
We take T (un)x o, as test function in (Py,), we get for every 7 € (0,7)

dun
(%,Tk(un)x(oﬁ)) +/Q a(x,t, Te(un), VT (un)) - Vg (uy) de dt

-

+/ (I)n(zatvun)'VTk(un)dxdt+/ gn(z,t,un,Vun)Tk(un)dzdt (59)

T T

= fuTk(uy) da dt
QT

which implies that
/Sk(un)(T)dx + / a(x,t, Tk (un), VI (uy)) - VT (uy,) da dt
Q QT

Jr/ @n(x,t,un)~VTk(un)dzdt+/ Gn (2, t, U, V) T (un) dzdt - (5.10)

T T

= JuTi(uy) do dt—i—/Sk(uon)dx
Q. )

While v << ¢, we have, for all € > 0 there exists a constant d. > 0 depending
on £ > 0 such that for almost all x €

Y(z,t) < @(z,et) +ds, forall t > 0. (5.11)

Without loss of generality, we can assume that e = %, (with « is the

a+Cp)(A+1)
constant of (3.3)).
Using (3.6) we get

/ D, (2, t, upn ) VT (up)dedt < P(x,t) %_171(|Tk(un)|) VT (uy)dxdt. (5.12)
T QT

Recall that v << ¢ <= » = 9 << 7 then, with Young inequality and bearing
in mind that P € L*(Q;), we obtain

T,
/ D, (2, t, un) VT (uy) de dt < Cp/ <p(x, M) + 2d.meas(Q,)
. Q-

(5.13)
+ ECp/ o(z, |VTk(uy)|) dx dt,
QT

by Lemma 4.3 and the convexity of ¢ with Ae <1, we get
/ D, (2, b, un) VI (up) dedt < (eCp+ e Cp)/ o(x, VT (uy)|) de dt

. Q- (5.14)
+ 2d.meas(Q).
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By using (3.5), (5.7), (5.8), (5.14), and the fact that Sy (uy)(7) > 0,
Sk (uon) < klugn|, permit to deduce from (5.10) that

/ a(x, t, U, V) VI (u,) dedt < (e Cp + e Cp)/ o(x, VT (uy)|) dx dt
Q

-

+ 2d.meas(Q) (5.15)

+5(11f12 @0 +luollzien) )

by (3.3) and since (a —eCp(1+ /\)) > 0, then

1
/ o(x, VT (uy)|) dedt < —/a(x,un, Vun)VTi(uy) dedt < kCy.  (5.16)
Q

«

-

where (' is a constant independently of n,
Using Lemma 4.3, one has

/ o(z, M) dz dt < kC;. (5.17)

-

Then we deduce by using (5.17), that

1 k
meas{|u,| >k} < 71@/ o(x, =) dxdt
inf o(z, %) Sijua >k} A
e
< [ el T dede
< - [ e S| Tk(un)) de (5.18)
Info(z, 3)Jo.
fclk Vn, Yk >0.
1g(z<p(w,x)

For every A > 0 we have

< meas{|uy| >k}
+  meas{|um| >k}
+ meas{|Tk(un) — Tk (um)| > A} (5.19)

meas{|un — um| > A}

Consequently, by (5.17) we can assume that (T%(uy,)), is a Cauchy sequence in
measure in Q.
Let € > 0, then by (5.19) there exists some k = k() > 0 such that

meas{|un — um| > A} <e, forall n,m > ho(k(e), \).

Which means that (u,), is a Cauchy sequence in measure in @, thus converge
almost every where to some measurable functions u.
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We have from (5.17) that Ty (u,) is bounded in Wy*L,(Q) for every k > 0.
Consider now a C2(R) nondecreasing function (;,(s) = s for |s| < & and (,(s) =
k sign (s).

Multiplying the approximating equation by (}.(u,), we obtain

9(Cx(un))
ot
+ div (D, (2, £, un ) (Un)) = Chlun) o (2, t,un) - Vin — gn (2t i, Viun )Ch (un)

+ fnC;c(un)a

= div (a(z, t, Unp, VUn)C%(Un)) — (Y (up)a(x, t, un, Vuy) - Vuy,

(5.20)
Due to (3.1), (3.4), (5.4), (5.5) and the fact that
Tk (u) is bounded inWy " L,(Q),
and
div (a(@, t, un, Vun)Cl (un)) — (i (un)a(®, t, un, Vun) - Vun — gn(z, t, tn, Vun ) (un) + frCl (un),

is bounded in L*(Q) + Wy " Ly(Q), 50 ¢, (u) is bounded in L(Q)+ Wy " Ly (Q).
Moreover since supp((},) and supp(¢)) are both included in [—k, k] by (3.6) and
(5.6) if follows that,

| Gl town) dod] < [Ghlle= [ Pl 7o 9w ddt
Q Q
Furthermore, We have P € L>(Q) and 7, ', is increasing function, hence
|/ C(un) @y (2, t,up) dz dt| < Co, where Cy is a positive constant independent
Q

of n.
In the same way, we get |/ () ®p(x,t,u,) do dt| < Cs, where Cs is a positive
Q

constant independent of n.
Then all above implies that

W is bounded in L'(Q) + Wy """ Ly, (Q). (5.21)

Hence by Lemma 4.8 and using the same technics in [13], we can see that there
exists a measurable function u € L>(0,T; L*(Q)) such that for every & > 0 and a
subsequence, not relabeled,

Uy — U a. €. in Q, (5.22)

and
Ti(un) — Ti(u) weakly in Wy " L, (Q) for o(I1L,, TIEy), (5.23)

strongly in L'(Q) and a. e. in Q.
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Step 3: Boundedness of a(xz,t, Tx(un), Vi (uy)) in (Ly(Q))N.

Now we shall to prove the boundness of (a(z, t, Tj (un ), VI (tn)))n in (Ly(Q))N.
Let ¢ € (E,(Q))YN with ||¢||,.0 = 1. In view of the monotonicity of a one easily
has,

(a@at,]}(un),vq%(un))A—a(z,uﬂk(un%

NS

) (VTi(un) = =) >0,
hence

/a(m,t,Tk(un),VTk(un))gdacdtS /a(x,t,Tk(un),VTk(un))VTk(un)dacdt
Q v Q

- /Qa(x,t,Tk(un),

NS

)NV Ti(un) — —) da dt.
v
(5.24)
Thanks to (5.16), we have

/a(z,t,Tk(un),VTk(un))VTk(un) dx dt < Cy.
Q

where Cy is a positive constant which is independent of n.
On the other hand, for A large enough (A > ), we have by using (3.1).

3\

((xt>+w 0o Tettn)l) 5 Al )) g,
3

IN

/ () + 5 ((Anwwm+wfwumm0)dﬁ
B

Y w

B

3A

</1/) c(z,t )dacdt+/ y(z 7|T;€(un)|)dmdt—|—/Q<,£J(ac7|w|)dmdt)

< 5</Cz¢x(c(x,t))dxdt+/cyfy(x, |Tk(un)|)dxdt+/Q<p(:v, |w|)dxdt)

Now, since v grows essentially less rapidly than ¢ near infinity and by using the
Remark 2.1, there exists r(e) > 0 such that v(z, |Tk(un)|) < r(e)p(z, Tk (un)|)
and so we have

/wa(w) dxdt <— (/17/1 c(z,t) )d:vdt+r(k)/an(x,di(un)D dx dt

3\
+ / o(z, |w|) dz dt).
Q

hence a(z,t, Ty(un), £) is bounded in (Ly(Q))". Which implies that second term
of the right hand side of (5.24) is bounded, consequently we obtain

/a(m,t,Tk(un),VTk(un))w drdt < Cs, for all w € (B, (Q)N with |wl|,q < 1,
Q
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where C5 is a positive constant which is independent of n.
Hence, thanks the Banach-Steinhaus Theorem, the sequence

(a(z,t, Ti(un), VT (un)))n
is a bounded sequence in (L (@)Y, thus up to a subsequence
a(z,t, Ty (un), Vg (un)) = ¢, weakly star in (Ly(Q))™ for o(I1Ly, IE,) (5.25)
for some ¢, € (Ly(Q))N.
Step 4: Almost everywhere convergence of the gradients.

Fix k > 0 and let ¢(s) = sexp(ds?),d > 0. It is well known that when § > (%)2
one has
) b(k) 1
¢/(s) = ==|6(s)| =  for all s € R. (5.26)

«

Let v; € D(Q) be a sequence such that
vj — u for the modular convergence in Wy " L,(Q). (5.27)

and let w; € D(Q) be a sequence which converges strongly to ug in L*(Q).

Set wi'; = Ty (vj)u + exp(—put)Ty(w;) where Ty (v;), is the mollification with
respect to time of Tj(v;), see [4].

Note that wﬁ ; 1s a smooth function having the following properties

0
&(wi‘j) = p(Ti(vj) — wi ), wi;(0) = Ti(wi), lwi ;| < &, (5.28)
wﬁj — T (u)y + exp(—pt) Tk (w;) in Wol’mLW(Q) (5.29)
for the modular convergence as j — oo,
Tyo(u),, + exp(—pt) Ty (w;) — Ty (u) in Wy Ly (Q) (5.30)

for the modular convergence as y — oo.
Let now the function p,, defined on R with m > k by:

1 if|s| <m,
pm(8) =<9 m+1—|s| ifm<|s|]<m+1, (5.31)
0 if|s|>m+1.

we set

Run(s) = / P(P)dr, OB = Ty(ug) — .
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Using the admissible test function Z}"7 = ¢(0}")p,, (un) as test function in
(P,) leads to

ouy,
<Wa

Z&TJ + /Qa(:c,t, Up,y V) - (VTk(un) — ngj)d)/(ﬁﬁ’j")pm(un) dx dt
+ / a(@,t,un, V) - Vun¢(047") pry, (un) doe dt
{m<|un|<m+1} ’
+f Do,y un) - Vund (017 )0l () do dt
{m<|un|<m+1} ’
b [ @l tiun) - (VTiun) = Tl )60 ) ) o
Q

+/gn(x,t,un,Vun)Z”’m dx dt

1,7,m

,7,M

Q
— [ 2P dadt.
Q
(5.32)
Since gy, (0, t, Un, V) $(05") o (un) > 0 on {|up| > k}, yields
Ouy, m "
<W, Zf3n> + /Qa(z, tyun, V) - (VT (uy) — Vwﬁj)(b/(@ﬁ’j )P (Un) dx dt
+ / a(@, b, Un, V) - Vun¢(077") pyy, (wn) da dt
{m<|un|<m+1} ’
+/ D, (2, t,uy) - Vun¢(95]")p;n(un) dx dt
{m<un|<m+1} ’
+ / D, (z,t,up) - (VT (uy) — Vwéfj)gb/(@ﬁ’f)pm(un) dx dt
Q

+/ I, t, Uy V) $(07]") oy (un) dae dt
{lunlgk}

< | foZ"™ da dt.
Q

i,j,m
(5.33)
Denoting by €(n, j, pt, 1) any quantity such that
g, 355, B, B, el ) =0
Now, we prove below the following results for any fixed k& > 0.
/anZZ“;":l dx dt = e(n, j, j1). (5.34)

/ By () - (VT (ttn) — Vet )8 (047 ) oy () davlt = e(n, 1) (5.35)
Q
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/ Dy, (2,t,un) - Vund(07") pr (wn) de dt = €(n, 4, ). (5.36)
{mglunlgm'f‘l} ?

Oou, Zumy s o

< ot ’ i,j,n> = E(n,],,LL,Z>. (537)

/ a(@, t,up, V) - Vund(057") pr (un) dz dt < e(n, j, p,m).  (5.38)
{m<|un|<m+1} ’

alx,t, Tk (un)), VIk(uy) ) —alz, t, Tr(uy) ), VIe(uw)x,)
Q (5.39)
X [VTk(un) — VTk(u)xs} drx dt < €e(n,j, p,1).

Proof of (5.34) :
By the almost every where convergence of u,, we have ¢(Tj(un) — w}';)p,, (un) =
O(Ti(u) — Wi ;) py, (u) weakly-* in L°(Q) as n — oo , and then,

/ Frd(Ti(n) — )y (1) d dlt — / FO(Ti(w) — 0 )pyn () dav i,
Q Q

so that, ¢(Tk(u) — wi ;) pp, (1) = S(Th(w) — Te(u)y — exp(—pt) T (wi))py, (u)
weakly star in L*°(Q) as j — oo, and finally,

&(Tr(u) — Ti(u), — exp(—pt) Tk (w;)) p,, (w) — 0 weakly star as p — oo.
Then, we deduce that,
<fna ¢(Tk(un) - wﬁj)pm(un» = G(H,j, :u)- (540)

Proof of (5.35) and (5.36), Similarly, Lebesgue’s convergence theorem shows
that,

Ny as n — oo,

D, (x, b, un)py (Uun) = @(z,t,u)p,, (u) strongly in (Ey(Q)
and
O (2,6, U)X (m<un | <m1y® (Th(un) — W) = @(@, 6 W)X g <ucminy @ (Te(u) — W)
strongly in (Ey(Q)"). Then by virtue of
VTi(uy) — VTk(u) weak star in (L,(Q)N),

and VX (m<ju, |<m+1} = VIm41(Un)X{m<u, |<m+1} @ € in @, one has,

/@n(:n, tytn) - (VT (uy) — Vwﬁj)qﬁ/(Tk(un) — Wi )P (up) d dt
Q

— /@(w,t, w)V (VT (u) = Vi )¢ (Th(u) — Wi ) py (u) da dt
Q
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as n — 0o, and

)

/ B (i, 1, ) (T (t0n) — )Vt ol (1) it
{m<|un|<m-+1} ’

- / O (x,t,u)p(Th(un) — wi ;) Vupy, (u) de dt
{m§|un‘gm+1} ?

as n — +00.

Thus, by using the modular convergence of w’if ; as j — +oo and letting p tend
to infinity, we get (5.35) and (5.36).

Proof of (5.37) : Since u, € Wol’ng,(Q), there exists a smooth function ,,,

(see [1]) such that:

Uny — Uy, for the modular convergence in W, L, (Q) N L*(Q),

OUneo

ot

Then,

<

M pm
ot ' Tuamn

ouy,

ot

)

for the modular convergence in W% Ly)(Q) + L*(Q).

lim [ (tno) ¢(Th(tne) — wiﬁj)pm (up,) dx dt

o—0t Q

Hm [ (R (tno)) ¢((Th(tino) — w), ;) da dt

oc—0t Q

lim [ /Q (R (tiner) — Ti (1)) (T (tinr) — i ;)

oc—0t

Amwmwm@m%ﬁwq

) T
lim | | (Ron () = Tittng))6(Ti(tnr) =, )|

c—0t Jo

/Q (R (ttner) — T (1o ))8 (Ti (1) — i ;) e dit

/Q(Tk (una>>l¢(Tk (Una> - CULJ) dx dt

lim [Il (0) + (o) + I3(0)|.

oc—0*t

Observe that for |s| < k, we have R,,(s) = Tx(s) = s and for |s| > k we have
|R(s)] > |Tk(s)| and, since both R,,(s) and Ty (s) have the same sign of s, we
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deduce that sign (s)(Rm,(s) — Ti(s)) > 0. Consequently

T

L (U) = |:/{|um,>k} (Rm(una) - Tk(una))¢(Tk(una) - Wﬁj)dx .

> */ (B (uno (0)) = T (une (0))) o (Tk (tno (0)) — ng (0))dx
{luns(0)|>k}
and so, by letting o — 07 in the last integral, we get

limsup 1 (o) > — /{I |>k}(Rm(uOn) — Ty (uon))O(Tk (uon) — Tr(w;))d.

oc—0t

Letting n — oo, the right hand side of the above inequality clearly tends to
[ (Bu(u) = Te(u0) (T o)  Ti(wi))da
{luol>k}

which obviously goes to 0 as i — oc.
Which yields that

limsup I (o) > €(n, ).
oc—0t

About I(o), since (R (tny) — Tk (tno))(Tk (tuns) = 0, one has

I (o)

/ (Run (ttnor) — T (tno ) (T (o) — w0l ) (Y dl dt
{‘“no‘>k}

u/ (B (tno) = Th(tno)) 9 (T (uno) — wi ;) (Th(v) — wi;) da dt

{lunc|>k}

< u/ (B (tno) = Th(uno)) ¢ (T (uno) — wi';)(Ts(v;) — Tk (uno)) da dt,
{lunc|>k}

by using the fact ¢’ > 0 and that (R, (Une ) — Tk (tne)) (Th (tne) — W5 D)X {funs |5k} =
0 and so by letting 0 — 07 in the last integral, we get

lim sup I2(0) > ,u/ﬂ ‘>k}(Rm(un) — T (un)) @' (T (un) — i ;) (Tr (v;) — T (un)) de dt,

oc—0t

and since, as it can be easily seen, the last integral is of the form e(n, j), we deduce
that

limsup Iz(0) > e(n, j).
o—0+

For what concerns I3(c), one
I5(0) = / (R (tney) — ng)/gb(Tk(ung) — wﬁj) dx dt
Q

+/Q(wﬁj)/¢(Tk(uno') —wi ;) dxdt
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and then, by setting £(s) = foé @(n)dn and integrating by parts
T

L) = { [ (T () - %)(t)d:c} +u /Q (Ti(05) — )6 (Ti (1) — ) dr i,

0

Since § > 0 and (T (vj) — wi';)¢(Tk(uno) — wj';) > 0, yields

Lio) > - /Q E(Ti(tn (0)) — Ti(wr))dz
©ou /Q (Ti(05) — Te(tino)S(Te(tine) — W) diz i,

so that,

limsup I3(0) > — QE(Tk(UOn> — Ty (w;))dzx

oc—0t

[ (0(05) = Tlwn)0(Tiln) — wt) ddt.
Q
Hence, by letting n — oo in the last side, we obtain

limsup I3(0) > — [ &(Tk(uo) — Th(w;i))dz

oc—0+ Q
o (@) = Tu(oTi(w) — ) dodt + eln).
Q
since the first integral of the last side is of the from €(z) while the second one is of
the form ¢(j), we deduce that

limsup I3(0) > €(n, j, ).
oc—0t

where we have used the fact that (recall that |wj';| < k)

/QGk(u)qb'(Tk(u) - wﬁj)(Tk(u) — wﬁj) dx dt = / (u— k)¢ (k — wfj)(k - wé"j) dx dt

{u>k}
+/ (u+ k)¢ (—k — Wl ) (—k — ') dz dt
{u<—k} ’ ’
> 0.

Combining these estimates, we conclude that
(s (T (un) — Wi ;) Py (un)) = €(n, j, ). (5.41)

Proof of (5.38) : Concerning the third term of the right hand side of (5.33)
we obtain that

| / a(z, t,un, Vuy,) - Vunqb(é’ﬁ;)p;n(un) dzx dt |
{m<Jun|<m+1} ’

< ¢(2k)/ a(x,t, up, V) - Vuy, dz dt.
{m<|un|<m+1}
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Then by (5.16) we deduce that,
|/Qa(z, by U, Vi) - Vun(b(@fhz)p;n(un) dx dt| < e(n, pr,m). (5.42)

Proof of (5.39) : Now, concerning the sixth term of the right hand side of (5.33),
We can write

| / In (@, b, Vup)o(Tk(ur) — wz,j)pm(unﬂ dx dt
{Jun| <k}

< b(k)/QcQ(z, )| d(Th (un) — wz7j)| dx dt
(5.43)

+@/ a(,t, T (1), VT (1) [( T () — ), )| da .
@ JQ

Since co(,t) belongs to L(Q) it is easy to see that
008 [ e, 10Titie) — ) et = <., )
On the other hand, the second term of the right hand side of (5.43) reads as

@/Qa(Tk(un),VTk(un))VTk(un)|¢(Tk(un) — i, ) dadt

— @/Q (a(m,t,Tk(un),VTk(un)) — a(z, t, T (un), VTk(Uj)Xj))
% (VTi(un) = V(05 ) 16(Ti () — w}, )| da it
er/a(z,t,Tk(un),VTk(vj)X;)

@ Ja
% (VTk(un) = VT30 ) 16(T () = e ;)| da

b(k , i

+%/ a(w,t, T (un), VI (un))VTk(v;)x7) 0Tk (un) — w), ;)| dz dt
Q

and, as above, by letting successively first n, then j, 4 and finally s go to infinity,

we can easily see that each one of last two integrals of the right-hand side of the

last equality is of the form e(n, j, ).
This implies that

| 9n (1', T, Un, vun)¢(Tk (un) - WZJ)pm (un) dx dt |
{lun|<k}

< @/Q (a(:c, t, T (un)v VT (un)) - a(:c, 2 (u”>’ VT ('%')X;))

e
X (VTi(un) = VTk(05)X ) 19T () = b )| davdt + (n, j, ).
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Combining (5.33),(5.38), (5.37) (5.39),(5.43) and (5.44), we get

/Q(a(x,t, Ti(un), VT (un)) — alx, t, Tk (uy,), VTk(Uj)xj-)) (VTk(un) — VTk(vj)xj)

< (¢ @) — ) — "o — )1 v

< e(n, g, py i, s,m).
and so, thanks to (5.26),

/Q<a(z,t,Tk(un),VTk(un)) a(z,t,Tk(un),VTk(vj)X§)>

X (VTk(un) — VTk(vj)Xi) dx dt

< 2e(n, j, 0, S, ).
On the other hand, we have
/Q(a(ac, t, T (un), VT (un)) — alx, t, Ty (uy,), VTk(u)Xs))
X (VTk(un) - VTk(u)xS) dz dt
_ /Q (a(:c,t, Tio(tn), Vi (un)) — a(z, t, Te(un), VTk(vj)X;))
X (VTk(un) - VTk(vj)Xj) dx dt
= /a(z, t, T (un), VTk(Un))(VTk(Uj)X§ - VTk(U)XS) da dt
Q
~ [ ol Ti,), VT (VIr(un) ~ V() ) dode
Q

+ /Q a(@, t, T (un), VTi(05)x3) (VTk(un) - VTk(vj>X;) dz dt

and, as it can be easily seen, each integral of the right-hand side is of the form
e(n, j, ), implying that

/Q(a(ac, t, T (un), VIk(un)) — a(z,t, T (un), VTk(U)XS))
X (VTk(un) - VTk(u)XS) dx dt

/Q<a(z,t,Tk(un),VTk(un))a(z,t,Tk(un)7VTk(”j>X§>>

X (VTk(un) — VTk(vj)x;) dx dt +e(n, j, s).
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For r < s, we have

o</ ( (2t Tk(un),VTk(un))—a(ﬂﬁ,f,Tk(Un)aVTk(u)))

x (VT,c — VTi(u )) d dt

/QS ( t, Ty (), VT (1)) — a(x,t,Tk(un),VTk(u)))
x (VT,c — VTi(u )) d dt

/QS ( a(@,t, To(tn), Vi () — a(m,t,Tk(un),VTk(u)xS))
x (VTk —VTh(u)x ) dz dt

IN

(a t, Tk(un), VI(uy)) — a(z, t, T (u,), VTk(u)XS))

J

(VT,c n) — VTi(u)y ) dz dt

D

X

/Q(a b, T (tn), VT (1)) a(x,t,Tk(un>,VTk(vj)X;))

X

VT (un) VTk(u)Xj) dx dt +e(n, j, s).

<e(n, j,p, i, s,m).

Hence, by passing to the limit sup over n and the limit successively on j —

00, [t —,1 — 00,8 — 00, and m — 00, we get

hmsup/r {(a(‘r’taTk(un)aVTk(un)) _a(xataTk(un)aVTk(u))

n—oo
X [VTk (un) — VTk(u)} dz dt = 0.
Using a similar tools as in [16], we get
Ti(un) — Ti(u) for the modular convergence in Wy " L(Q).
Which implies that exists a subsequence still denote by wu,, such that
Vu, — Vu a.e. in Q.
We deduce then that,for all £ > 0, one has

a(x, t, Tk (un), VT (uy)) = a(x, t, T (u), VI (u))
weak star in (Ly(Q))N for o(IILy, TIE,).

(5.44)

(5.45)

(5.46)
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Step 5: Equi-integrability of g, (x,un, Vuy,).

We shall now prove that g, (z,t, un, Vu,) — g(x,t,u, Vu) strongly in L*(Q) by
using Vitli’s theorem.

Since gn(x,t, up, Vi) = g(z,t,u, Vu) a.e. in Q, thanks to (5.22) and (5.44)
and Vitali’s theorem, it suffices to prove that g, (z,t, u,, Vuy,) are uniformly equi-
integrable in Q.

Let E C @ be a measurable subset of Q). Then for any m > 0, one has

/|gn(x,t,un,Vun)|d:cdt:/ |gn (@, t, tun, Vuy,)| de dt
E En{u,<m}

+ / |gn (@, t, up, Vuy,)| dz dt.
Eﬁ{un>m}

On the one hand,

C

m

1
/ |gn (2, t, 1, Vuy,)| dedt < —/gn(x,t,un,Vun)Vun drdt <
En{u,>m} m Q

where C' is the constant in (3.4). Therefore, there exists m = m(e) large enough
such that

/ |gn (2, t, U, Vuy,)| dedt < Vn.
En{up>m}

Do | (™

On the other hand
/ |gn(:c, t, Un, vun)| dxdt < / |gn(x, t, Tm(un)a VTm(un))| dz di
En{u,<m} E
< b(m)/ (cal@,t) + l, VITo(un))]) dodt
E

< b(m)/E (cz(z, t) + éd(x,t)) dzx dt
b(m)

(0%

+ / a(x, t, T (tn), Vi (up)) - VI (uy) de dt

where we have used (3.4). Therefore, it is easy to see that there exists v > 0 such
that

|E| < v = |gn (2, t, Up, Vuy)| dedt < Vn.

En{u,<m}

DO ™

Consequently,

|E|<1/:>/ |gn (2, t, tUp, Vuy,)|dedt < e Vn.
E
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Which shows that g, (z,t,u,, Vu,) are uniformly equi-integrable in @ as re-
quired.
Moreover, we get

Gn(x,t,Up, Vu,) — g(x,t,u, Vu)  strongly in L*(Q). (5.47)
Step 6: Passage to the limit.

Let v € Wy"L,(Q) such that %v e WLy (Q) + L*(Q). There exists a pro-

longation T of v such that (see the proof of Lemma 4.7 and Theorem 4.6. in [1]
)

v=wv on(Q,

T €Wy Ly(Q x R)NLYQ x R) N L®(Q x R),

and e W hTL,(Q xR) 4+ LY(Q x R).

By Lemma 4.7, there exists a sequence (w;); in D(Q x R) such that w; — 7 in
Wy Ly(Q x R) and 2% — 90 i =171, (Q x R) + L (2 x R) for the modular
convergence and
[wjlloo,@ < (N + 2)[[v]| oo,

Go back to approximate equations (P,,) and use T (u, — w;)xo, for every
7 € (0,77, as a test function one has

ouy,
/ WTk(Un —w;)dxdt

-

+/ a(z,t, upn, V) - VI (u, —w;) de dt

-

Jr/ D, (x,t,un) - VIg(u, —wj) dedt (5.48)
Q

-

-

< Tk (un — wj) dz dt.
Q-

For the first term of (5.48), we get

%Tk(un—wj)dacdt: [/Tk(un—wj)dac] —|—/ %Tk(un—wj)dacdt
Q2 0 Q. Ot

Q. Ot
" 3w]—
= Ti(u —wj)de| + —Ti(u —w;) dedt
Q 0 Qr ot

+e(n)

ou
= 0. ETk(u —w; ) dxdt.
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For the second term of (5.48), we have if |u,| > A then |u, — w;| > |u,| —
[lwjllec > k, therefore {|u, —w;| <k} C {Jun| <k + (N +2)||v|loo}, which implies
that, we get

liminf/a(z,t,un,Vun)VTk(un —wj) dxdt
Q

n—-+o0o
2/a(z,thk+<N+2>nvnx(u)vVTk+<N+2>Hv||w(U))

(VTk+(N+2)|\v||oo(u) - ij)X{\ufv\Sk} dx dt, (5.49)
:/a(m,t,u,Vu)(Vu—ij)x{|u_wj|<k} dx dt

o <
:/a(x,t,u,Vu)VTk(u —w;) dxdt.
Q

Since VT, (up—w;) = VT (u—wj) in L, (Q) as n — 400, we have (as n — +00)

/ D, (z,t,up) - VI (up —wj)dedt

-

— O(z,t,u) - VI (u — wj) de dt.
QT

Consequently, by using the strong convergence of (g,(x,t, un, Vuy,)), and
((f))n, one has

ou
o ETk(u —w;)dxdt

+/ a(z,t,u, Vu) - VI (u — w;) dz dt

-

+/ O(z,t,u) - VI (u — wj)ddz dt (5.50)

-

+/ gz, t,u, Vu) Ty (u — wj) de dt

-

< fTk(u —wj) dedt.
QT
Thus , by using the modular convergence of j, we achieve this step.

As a conclusion of Step 1 to Step 6, the proof of Theorem 5.1 is complete.
O
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