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Invariant Einstein Metrics on Generalized Flag Manifolds of Sp(n) and
SO(2n)
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ABSTRACT: It is well known that the Einstein equation on a Riemannian flag
manifold (G/K,g) reduces to an algebraic system if g is a G-invariant metric. In
this paper we obtain explicitly new invariant Einstein metrics on generalized flag
manifolds of Sp(n) and SO(2n); and we compute the Einstein system for generalized
flag manifolds of type Sp(n). We also consider the isometric problem for these
Einstein metrics.
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1. Introduction

A Riemannian manifold (M, g) is called Einstein manifold if its Ricci tensor
Ric(g) satisfies the Einstein equation Ric(g) = cg, for some real constant ¢. The
study of Einstein manifold is related with several areas of mathematics and has
important applications on physics.(see [5], for example).

Let G be a connected compact semisimple Lie group and G/K a flag manifold,
where K is the centralizer of a torus in G. It is well known that the Einstein
equation of a G-invariant (or simply invariant) metric g on a flag manifold G/ K
reduces to an (complicated in most cases) algebraic system. It is also known that
G/K admits an invariant Kéhler Einstein metric associated to the canonical com-
plex structure, see [7]. The problem of determining invariant Einstein metrics non
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Kéhler has been studied by several authors, see for example [2], [9], [12], [14] and
[18].

In the algebraic Einstein system for flag manifolds, the number of unknowns
is equal the number of equations and it is determined by the amount summands
in the isotropy representation. In this sense, several authors have approached the
problem of finding new Einstein metrics considering flag manifold with few isotropy
summands, see [14], [10] and [3]. Recently Wang-Zhao obtained, in [18], new
invariant Einstein metrics on certain generalized flag manifolds with six isotropy
summands using a computational method.

Few authors have obtained new invariant Einstein metrics on generalized flag
manifolds with many isotropy summands. For instance, Arvanitoyeorgos presented
new Einstein metrics on generalized flag manifolds of type SU(n) and SO(2n), see
[2]. In [14], Sakane obtained new invariant Einstein metrics on full flag manifolds
of a classical Lie group.

Bohm-Wang-Ziller conjectured in [6] that if G/H is a compact homogeneous
space whose isotropy representation consists of pairwise inequivalent irreducible
summands, e.g. when rank G = rank H, then the algebraic Einstein equations
have only finitely many real solutions. In particular, this problem is opened yet for
flag manifolds.

In this paper, following the method used in [2], we computed explicitly the
Einstein equations for generalized flag manifolds of type Sp(n). Our main results,
which extend partially the works [2] and [14], are:

Theorem A The family of flag manifolds Sp(n)/U(m)*, n > 3, admits at least
two not Kdhler and non isometric invariant Einstein metrics

fr=9=1
Lo 2(m + 1)+ (n —2m +2)m + VA
2[(n —m)m+m+ 1] ’
am(n — 2m + 2)[mn — m? + m + 1]
16(n+ 1) [(n —m)m +m + 1]
(m + 1)[6mn — 4m? + 4] F 2(m + 1)VA
16(n+ 1) [(n —m)m +m + 1]

C =

)

where A = m?n? — 4(m® + m)n + (4m* — 8m> + 8m? — 4), n > 2m and nm >

2 [m? 414 /20 § 1)).

Theorem B The family of flag manifolds SO(2n)/U(m)*, m > 1, admits at
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least two non Kdhler Einstein metrics, given by

f = g=1

n+2(m—1)+vA

2(n—1)
 (m=2m-2)2n-m—-1)FVA
‘- 8(n —1)2

where n = sm and A = n? — 4(m — 1)n + 4(m? — 1) > 0. Besides these Einstein
metrics are non isometric.

This paper is organized as follows: In Section 2 we discuss the construction of
flag manifolds of a complex simple Lie group, and we use Weyl basis to see these
spaces as the quotient U/ Kg of a semisimple compact Lie group U C G modulo the
centralizer Kg of a torus in U. In Section 3 we recall the description of invariant
metrics and its Ricci tensor on flag manifolds. The problem of isometric and non
isometric metrics is treated in the Section 4. In Section 5, we prove our results
solving explicitly the algebraic Einstein system with a specific restriction condition
on the invariant metrics.

2. Preliminaries

In this section we set up our notation and present the standard theory of partial
(or generalized) flag manifolds associated with semisimple Lie algebras, see for
example [15], [8], for similar description of flag manifolds.

Let g be a finite-dimensional semisimple complex Lie algebra and take a Lie
group GG with Lie algebra g. Let h be a Cartan subalgebra. We denote by R the
system of roots of (g,h). A root o € R is a linear functional on g. It uniquely
determines an element H, € h by the Riesz representation a(X) = B(X, H,),
X € g, with respect to the Killing form B(:,-) of g. The Lie algebra g has the

following decomposition
g=ho Z Ja

aER

where g, is the one-dimensional root space corresponding to «. Besides the
eigenvectors F, € g, satisfy the following equation
[Eo,E_o] =B (Es, E_y) H,. (2.1)

We fix a system ¥ of simple roots of R and denote by Rt and R~ the
corresponding set of positive and negative roots, respectively. Let © C ¥ be a
subset, define

Re == (®)NR R = (©) N RE.
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We denote by Ry := R\ Re the complementary set of roots. Note that

po:=hHo Z Ja D Z Ja

a€ERT a€ERg

is a parabolic subalgebra, since it contains the Borel subalgebra b™ =h @ > ga.
a€Rt
The partial flag manifold determined by the choice ©® C R is the homogeneous

space Fg = G/Pg, where Pg is the normalizer of pg in G. In the special case
© = (), we obtain the full (or maximal) flag manifold F = G/ B associated with R,

where B is the normalizer of the Borel subalgebra bt =h® > g, in G.
aeRt
For further use, to each a € Ry, define the following sets

Ro(a) :={¢p € Ro: (a«+¢) € R} and
RM(a) = {6 € Ry (a + 6) S R]M}. (2.2)

Now we will discuss the construction of any flag manifold as the quotient U/ Kg
of a semisimple compact Lie group U C G modulo the centralizer K¢ of a torus
in U. We fix once and for all a Weyl base of g which amounts to giving X, € ga,
H, € b with o € R, with the standard properties:

H, €, a+5=0,
[Xa,Xﬂ] = Na,ﬂXa—i-Ba a+ 6 ER,
0, otherwise.
(2.3)
The real numbers N, g are non-zero if and only if o + 3 € R. Besides that it
satisfies

. 1, o+ ﬁ = 0)
B(Xa, Xp) = { 0, otherwise;

Na,ﬁ = 7N,a1,g - *Nﬁ,av
Nap = Ngy = Nya, it a+p+v=0.

We consider the following two-dimensional real spaces u, = spang{Aa, Sa},
where A, =X, — X_, and S, =i(X, + X_,), with a € R*. Then the real
Lie algebra u = ihg @ > u,, with @ € R™, is a compact real form of g, where hg
denotes the subspace of h spanned by {H,,a € R}.

Let U = expu be the compact real form of G corresponding to u. By the
restriction of the action of G on Fg, we can see that U acts transitively on Fg then
Fo = U/Ke, where Kg = Po NU. The Lie algebra g of Kg is the set of fixed
points of the conjugation 7: X, — —X_,, of g restricted to pe

to =unype =ibr P Z Ug.

aGRg

The tangent space of Fg = U/Kg at the origin o = eKg can be identified with
the orthogonal complement (with respect to the Killing form) of £g in u

TOIF@:IH: Z Uy

QERL
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with R}, = Ry N RY. Thus we have u = g @ m.

On the other hand, there exists a nice way to decompose the tangent space
m, see [1] or [17], which we will describe now. It is known that Fg is a reductive
homogeneous space, this means that the adjoint representation of tg and Kg leaves
m invariant, i.e. ad(fg)m C m. Thus we can decompose m into a sum of irreducible
ad(te) submodules m; of the module m:

m=m;®- - Dms.

Now we will see how to obtain each irreducible ad(tg) submodules m;. By
complexifying the Lie algebra of Kg we obtain

E=ba > g

a€Re

The adjoint representation of ad({%g) of E((C_) leaves the complex tangent space m®

invariant. Let
t:=Z(t5) Nibr

be the intersection of the center of the subalgebra £ with ihg. According to [2],
we can write
t={H €ibr:a(H) =0, for alla € Re}.

Let ih% and t* be the dual vector space of ihr and t, respectively, and consider
the map k: iy — t* given by k(a) = «a|¢. The linear functionals of R¢ := k(Ra)
are called t-roots. Denote by R = k(R},) the set of positive t-roots. There exists
a 1-1 correspondence between positive t-roots and irreducible submodules of the
adjoint representation of g, see [1]. This correspondence is given by

E4— me = Z Uy
k(a)=¢

with € € R;". Besides these submodules are inequivalents. Hence the tangent space
can be decomposed as follows

m=mg O Dmg

where R} = {¢,,...,&,}.
3. Invariant metrics and Ricci tensor on Fg

A Riemannian invariant metric on Fg is completely determined by a real inner
product g (-, -) on m = T,Fg which is invariant by the adjoint action of ¢g. Besides
that any real inner product ad(€g)-invariant on m has the form

g ('7 ) =-A\B ('a ) |m1 Xmy T T AsB ('7 ) |msxms (3-1)

where m; = mg, and \; = A¢, > 0 with §; € R{, fori=1,...,s. So any invariant
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Riemannian metric on Fg is determined by |R; | positive parameters. We will call
an inner product defined by (3.1) as an invariant metric on Fg.

In a similar way, the Ricci tensor Ricy(-.-) of a invariant metric on Fg depends
on |R;"| parameters. Actually, it has the form

Ricg () ==r1MB () [myxmy = = 7sAsB () [, xcm,

where r; are constants. Thus an invariant metric g on Fg is Einstein iff r; = --- =
rs. The next result shows a way to compute the components of the Ricci tensor by
means of vectors of Weyl base.

Proposition 3.1. ([2]) The Ricci tensor for an invariant metric g on Fg is given
by

RiC(XOMXB):Oa aaﬁeRMa a+6¢RMa

Ric(Xa, X o) =B(a,0) + Y N2, (3.3)

$ERo
a+peER

me

s ()\i — (ANatp — )\B)Q) :

Ll
4

BERM
a+BERM

Since Ric(kg) = Ric(g) (k € R), one can normalize the Einstein equation
Ric(g) = ¢ - g choosing an appropriate value for ¢ or for some \,.

Remark 3.2. Although (5.2) is not in terms of t-roots, if o, € Ry are two
different roots that determine the same t-root, i.e. k(o) = k(5), then Ao = Ag and
RiC(Xa,X_a) = RiC(XB,X_B).

In [13], Park-Sakane computed the Ricci tensor in a similar way. In their
formula appears the dimension d; of each irreducible submodules m;, while (equi-
valently) the equation (3.2) depends on the amounts of factors U(n;) in the isotropy
subgroup K. Actually Park-Sakane formula is very useful when one wants to des-
cribe the Ricci tensor on homogeneous spaces with few isotropy summands or
maximal flag manifolds (see for example [18], [3] [14]). The advantage of using
(3.2) is that we can examine at once the Einstein equation for different families of
flag manifolds, of the same type, in terms of the size and the amounts of U(n)-
factors in the isotropy subgroup K. We will use Proposition 3.1 to complete the
list of the algebraic Einstein system for all generalized flag manifolds of classical
Lie groups.

4. Isometric and non isometric metrics

We discuss the problem of determining if two invariant Einstein metrics on Fg
are isometric or non isometric.
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Let Fg be a flag manifold with isotropy decomposition

m=m;P---Dmg

and denote by d = dimm = dimFg and d; = dimm;, i = 1,...,s. Given an
S

invariant Einstein metric g = (A1,..., As) on Fe, its volume is given by V, = [] )\fi.
i=1

Consider the scale
H, =Vis,,

S
where S, = > d;r; is the scalar curvature of g, V = Vs /Vp and Vg denotes the
volume of thze 1normad metric induced by the negative of the Killing form in U
(compact real form of G). We normalize Vi = 1, then H, = Vgl/ng. It is known
that H, is a scale invariant under a common scaling of the parameter \; (see [3]
or [18]).

If two invariant Einstein metrics g; and go on Feg are isometric then Hy, = Hy,.
Thus if Hy, # Hg, then g; and go are non isometric. In general, it is not a
trivial problem to determine if two invariant Einstein metrics are isometric (see for
example [4]).

Now we note that if g is an invariant Einstein metric then S, = ¢ - d, where
c is the Einstein constant from Ricy(-,-) = cg(-,-). Besides, if g has volume V

then g = g has volume V5 = 1 and in this case Hj = cd, since Ricg(-,-) =

V) /d
Ricy(-,-) = cg(-,-). Soif g1 and g2 are two invariant Einstein metrics with different
Einstein constants ¢; and co, then g; and g are non isometric.

5. Proof of Theorem A

In this section we consider flag manifolds of the form Sp(n)/U (ny)x---xU (ns),
where n > 3 and n =Y n;.

The next result was obtained in a different way in [11], we proved it with the
aim of introducing the notation.

Theorem 5.1. The set Ry of t-roots corresponding to the flag manifolds
Sp(n)/U (ny) x -+ x U (ns)
is a system of roots of type Cs.

Proof: A Cartan subalgebra of sp(n, C) consists in taking matrices of the form

= <3 _OA) (5.1)

where A = diag(ey,...,en), &; € C. Following the notation of [2], we will denote the
linear functional b — +2¢; and h — *(g; £¢;) by £2¢; and +(e; £ ¢;) respectively.
Thus the root system is

R={*(eite;);1<i<j<n}u{x2e;1<i<n} (5.2)
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The root system for the subalgebra €5 = sl (n1,C) x - -+ x sl (n,, C) is given by
R@:{i(efl—d',); 1<a<b<n;,l<i<s}
Then

RM:{i(EfliEi);1§i<j§s}u{i(52+€é);1§i§s,1§a<b§ni}

=005

and the algebra t has the form

: _ a3 1 1.2 3 ; i
with A = diag (gm, B PR LT o A ,Efls). Here each ¢;,, appears
exactly n; times, i = 1,...,s. So restricting the roots of Rj; in t, and using the

notation &; = k(&), we obtain the t-root set:
Rt:{i(éi—éj),i((si—f—éj); 1§i<j§S}U{i2(Si; 1§i§8}.

Note that k(e + e}) = k(2¢%), 1 < i < s. In particular, there exist s* positive
t-roots. |

Next we are going to compute the Einstein system for a invariant metric on
Sp(n)/U (n1) x -+ x U (ns). The Killing form of sp(n) is given by

B(X,Y)=2(n+1)tr(XY),
and )
B(a,a) = { 11//2((7:1111))7, if o= i(i iO;;,ﬂf% i<j<n.
Then the eigenvectors X, € g, satisfying (2.3) are

1
Xi(e,—ey) == mEi(Ei*Ej)’
1

Xi(eite;) = WEi(EiJrsj)a I<i<j<sm
1
Xioe, =+ ——=Fy9,,, 1<i<mn,
2(n+1)

where E, denotes the canonical eigenvectors of g,. It is convenient to use the
following notation

i . ij _ e ‘ S
Ey = ngl—si’ Fop = XEHE%, FY . = X*(Efﬁrs{))’ 1<i<j<s;
F‘;b:X‘Efl""ali;’ F:;b:X7(53+52)7 1§a7éb§n“

Go=Xo, GL=X_ ., 1<i<s.
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An invariant metric on Fo(ny, ..., ns) will be denoted by
g =9 (ELEL), fu=9(FhF3). 1<i<j<s  (53)

hi=g(GL,GZL), lLi=g(FL, F,), 1<i<s.

—a

Since k(g% + €}) = k(2¢h) = 2k(el) it follows

by remark 3.2.
Considering short and long roots of sp(n), one can see that the square of
structural constants are given by

1
2 2 2 T
N(Ei*f’gj),:t(fi*Ej) = N:|:2sj,(si:st) = N725i,(si:|:sj) = ma v 7& 75

1
2 — N2 =
Nieimepa = Neren s = Ty 1)

ifoe{(er—ei),(e; —en), (g +ea), —(ei+e): pFA il # ik #1651 # j} and
Bef{—(eiter),—(gj+e): k#jl#i}.
In the next table we compute Rg(a) and Rps(«) for each o € Ryy.



Table 1: The sets Reo (o) and Ry () for Sp(n)/U (n1) x -+ x U (ns)

o € Ry Ro (a) is the union of Rys (@) is the union of
ek — ¢, {sﬁ—sgzlgagnk,a;&c} {(eh, —€b), (et — k), (el +€4) , — (e +£F)}

1<k<t<s

{eh,—et:1<a<nya+#d}

1<i<s,i#k,t and 1<a<mn;

ek 4+ et {eF—eh 1 <a<np,a#c} {(eh —ek), (el —et) , — (el +eF) , — (el + &%)}
1<k<t<s {et —el:1<a<n,a##d} 1<i<si#hkt;l1<a<n;
(b = (e +el) 1< a < my)
{(ek—et),— (b +eF):1<a<n}
bk (&~ eb) (& — b)) (e — ) (e — k) = (ch 4 eb) = (e + )
1<k<s 1 <a<ng;a#cd 1<i<sji#k

1<c<d<ny,

{ (ef — =)}

{eF -1 <a<ng;a#c}

{(eh =€), — (el +eb) 1 <i< si £k}

9¢¢

VATIS V(I "d "N ANV SHATY "V T
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Now we can apply Proposition 3.1 we obtain the following result.
Proposition 5.2. The Einstein equation for an invariant metric on Sp(n)/U (n1) x

-+ x U (ng) reduces to an algebraic system where the number of unknowns and equa-
tions is s2, given by

{otm 400+ S (- s - 10?)

8(n+1) Thefer
(ne +1) -
+ httifkt (git = (he - fkt)2) + > — (Qit ~ (gox — git)Q)

ikt

S n/L
+Z _ _(git_(fik_fit)Q) =cgrt, 1<k#t<s;
i;ékthk it

1 (ng + 1) )
m {Q(Hk + nt) + Tgkt (fl?t — (hk — gkt) )
(ne+1) s .
+ Zigkt (fl?t — (he — gkt)Q) + Z ﬁ (fl?t — (fi — gik)2)

ikt

* Z ﬁ (fl?t*(fik*git)Q) =cfrp, 1<k#t<s;

ikt

1
8(n+1)

4(nk+1)+2i

i£k

n;
Fordin (hi = (fir — gik)2) =chg, 1<k<s.

Now we consider the flag manifold

Sp(n)/U (m) x --- x U (m),

where n = ms. Using the previous result the Einstein equations is given by

1 (m+1) ) (m+1) )
ST 1) {4m+ fer (git — (hk = fit) ) + Tl (g;%t — (he = frt) )

S

D>

ikt

(gl%t — (gik — git)2) + i # (git — (fir — fit)Q) = COkt,

9ik it iRt
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with1 <k#t<s.

1 (m+1) (m+1) )
St 1) {4m + Torgre (fl?t - (hk - gkt)2) + Tgkt (fl?t - (ht - gkt) )

+i o (fl?t*(fitfgik)Q)ﬁLi = (fl?t*(fikfgit)Q) = cfrt;

el fitGir el firgit

with 1 <k#t<s.

1 u m

— <4 1 2
8(n+1) (m+1)+ ;fikgik

(h% — (fix — gik)Q) =chr, 1<k<s.

If we consider an invariant metric satisfying g;x = fix = 1 and hy = h, then the
previous algebraic system reduces to following one

dm+2(m+1)(2—-h)+2m(n—2m) = 8(n+1)c,
4m+1)+2m(n—m)h* = 8(n+1)ch.

In this way, we get that

2(m+ 1)+ (n —2m +2)m + VA
2[(n —m)m+m+1]

~dm(n—2m+2)[mn —m? +m + 1]

© = 16(n+1)[(n—mm+m-+1]

(m + 1)[6mn — 4m? + 4] F 2(m + 1)VA
16(n+ 1) [(n — m)m 4+ m + 1]

)

where A = m?n? — 4(m3 +m)n + (4m* — 8m? + 8m? — 4). Note that A > 0 if

nm =2 [m? 4+ 14 2m +1)| 2 8

since m > 1. It is easy to see that if n > 2m then h > 0. Besides, these metrics
are non isometric since ¢y # cs.

If n = m we obtain the isotropy irreducible space Sp(n)/U(n) that (up to
homotheties) admits a unique invariant metric which is Einstein, ( see 7.44, [5]).
For m = 1 we obtain the Sakane’s result [14], which provides the invariant
44+nt/(n—-8n . hee dn+n*F/(n—8)n
2(n+ 1) with €= A(n + 1)2
on the full flag manifold Sp(n)/U (1)". O

Einstein metrics f = g=1,h =
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Example 5.3. If we fitm = 2, then for each n > 10 the flag manifold Sp(n)/U (2)°,
n = 2s, admits at least two non Kdahler (and non isometric) invariant Einstein
metrics

D f o= g1 pontltVEHPT

2n—1

n+1-—4/(n—5)2—-18

2 = g=1, h=
) f g=1 S

Corollary 5.4. The FEinstein equations on the full flag manifold Sp(n)/U (1)"
reduce to an algebraic system of n* equations and unknowns g;j, fij, hi:

2 ) 9 ,
4+ —hkfkt (91%1& — (hi = fre) ) + m (git — (ht — fre) )

1 1
+y — (gﬁt = (gik — git)Q) + > (91315 = (fir — fit)2) = Gkt
i;éktglkglt i;ﬁktflkf”

with 1 <k #t<n.
2 9 2 2
4 2 (12— (- 2 (2 = (-
+hkgkt (fkt (P gkt))Jrhtgkt (fkt (P gkt))

- L 2 2 - 1 2 2\
+ i#zkt fitgik (fkt - (flt - glk) ) + i;]ﬁ ﬂ (fkt - (flk - glt) ) - fkta
with 1 <k#t<n.

1
8+ 22 fingin (hi — (fir *gik)Q) =hg, 1<k<n.
;ék K2 (2

6. Proof of Theorem B

Now we consider the homogeneous spaces of the form SO(2n)/U(ny) X -+ x
U(ns), where n > 4 and n = > n,;. We see the Lie algebra so (2n, C) as the algebra
of the skew-symmetric matrices in even dimension. These matrices can be written

as
v —a

where «, 3, are matrices n X n with 3,~ skew-symmetric.
A Cartan subalgebra of so0 (2n, C) consists of matrices of the form

h = {diag(e1,...,en,—€1,...,—€n); & € C}. (6.1)
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The root system of the pair (so (2n,C),b) is given by
R={+(e;t¢j);1<i<j<n} (6.2)
The root system for the subalgebra £5 = sl (ny,C) x - - - x sl (ng, C) is
Re ={£(cL—¢€});1<c<d<n},

then ‘
Ry, ={e, tel;1<i<j<s}U{e, +e};a<b}

The subalgebra t is formed by matrices of the form

t={diag (571“, . ,5}11, R TN S —571“, e —5}11, €8 ..., —€) ) €ibr}
where 5; appears exactly n; times. By restricting the roots of Rxf to t, and using
the notation d; = k(&’,), we obtain the set of positive t-root:

R ={6;+6;,26;;1<i<j<s}.

In particular there exist s? positive t-roots.
The Killing form on so (2n) is given by B(X,Y) =2 (n — 1) tr XY and B (a, ) =

L__ for all @ € R. The eigenvectors X,, satisfying (2.3) are given by

2(n—1)
pi-_ Yt p, , Fi-_1_p
ab 2\/m el —ep)? ab 2\/m el +el
- 1 . 1
ij . i o
Ffab - 2\/mE7(sfl+si)’ ab — 2\/mEsg+s;
where E, denotes the canonical eigenvector of g,. The non zero square of structures
constants is N 5 = 1/4(n — 1).
The notation for the invariant scalar product on the base {X,;a € Ry} is
given by

9ij = 9(EZ B, fij=9(Fa, F2,).  hi=g(Gly Gi,), (6.3)

with 1 <i<j <s.
According to [2], the Einstein equations on the spaces SO(2n)/U(ny) x -+ X
U(ns) reduce to an algebraic system of s? equations and s* unknowns g;;, fij, hi :

1 n 2 n 2
nitng+g Z — (Q?j — (9a — gj1) ) + Z i (Q?j = (fa — f1) )
I, gilgji oy il J 5l

n; — 1

i n; — 1
fijhi

+
fijhj

(9% = (fis —m)*) + (9% = (fu - hj>2)} = 4(n —1)egy;,
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1 ny 2 ny 2
nitn;+g Z — (fj—(gil—fjl))JrZ — (fj—(fu—gjz))
by gitfji vy fagji

ni—1 7.9 2\ nj—17 ., 9
+ g ( 5 — (915 — hi) )Jr—gijhj ( 5 — (9ij — hy) ) =4(n —1)cfi;,

ny

2(ni— 1)+

2
I#i gufi (h? ~ (gu = fu) ) =4(n — 1)ch;.

If we consider the invariant metric g;; = g, fi; = f and h; = h on the space
SO(2n)/U(m)®, m > 1, the Einstein equation reduce to the following algebraic
system

1 92 m-—1, 4 L
2m+§[m(s—2)+mﬁ(s—2)}+f—(g —(f—=h)*) = 4(n—1)cg
2t (s =D = (9= 1)+ T (P = (g =h) = A= Def
2(m71)+%(s—1)(h27(g7f)2) = 4(n—1)ch.

In a similiar way, as in the case C),, if f = g = 1 we obtain

n+(m-—1)(2-h) = 4(n—1)c

2(m —1)+m(s —1)h* = 4(n—1)ch.

By solving explicitly this algebraic system one obtains the two non isometric metric
of Theorem B. O

The previous result does not applies to the full flag manifold SO(2n)/U(1)™,
because on this space any invariant metric does not depend on the parameter h;,
it is determined only by positive scalars g;; and f;;. This case was treated in [14].
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