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On a Positive Solution for (p, ¢)-Laplace Equation with Nonlinear
Boundary Conditions and Indefinite Weights

Abdellah Zerouali, Belhadj Karim, Omar Chakrone, Abdelmajid Boukhsas

ABSTRACT: In the present paper, we study the existence and non-existence results
of a positive solution for the Steklov eigenvalue problem driven by nonhomogeneous
operator (p, q)-Laplacian with indefinite weights. We also prove, under appropriate
conditions, that the results are completely different from those for the usual Steklov
eigenvalue problem involving the p-Laplacian with indefinite weight. Precisely, we
show that there exists an interval of principal eigenvalues for our Steklov eigenvalue
problem.
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1. Introduction
Consider the (p, ¢)-Laplacian Steklov eigenvalue problem

div[AY) (V)] = AW (u) in Q,

P
Puid\ A (u)0) = Almp(@)ulr2u+ pmg(@)ult2ul  on 90

where () is a bounded domain in RY (N > 2) with smooth boundary 952, v is the
outward unit normal vector on 95, {.,.) is the scalar product of RN, A € R, u >0
and 1 < g < p < o0. Letr:p,qandlet%<sr<ooifr<NandsT21
if r > N. Al (s) = |s|P=2s + p|s|92s and the function weight m, € M, may be
unbounded and change sign, where M, := {m,. € L*7(9Q); m;" # 0}.

The problem (P ,,) comes, for example, from a general reaction diffusion system

up = div(D(u)Vu) + c(x, u), (1.1)
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where D(u) = (|Vu|P~2 + u|Vu|9=2). This system has a wide range of applications
in physics and related sciences like chemical reaction design [2], biophysics [5] and
plasma physics [14]. In such applications, the function u describes a concentration,
the first term on the right-hand side of (1.1) corresponds to the diffusion with a
diffusion coefficient D(u); whereas the second one is the reaction and relates to
source and loss processes. Typically, in chemical and biological applications, the
reaction term c(z;u) has a polynomial form with respect to the concentration.

The nonhomogeneous operator (p, ¢)-Laplacian have been the topic of many
studies (see [6,7,13,17]). However, there are few results one the eigenvalue problems
for the (p,q)-Laplacian, we cite [3,9,10,15]. The classical eigenvalue problem for
the (p, ¢)-Laplacian

—Apu— plgu = ANmp(@)|ulP~2u + pmg(z)|ul?%u]  in Q, (1.2)
u = 0 on 02, '
where A,u = div (|[Vu|"~2Vu) indicate the r-Laplacian, has attracted consid-

erable attention. In [12], the authors study the problem (1.2) for domains with
boundary C? and bounded weights. They proved, in the case where p > 0, the
existence of an interval of eigenvalues and the existence of positive solutions in
nonresonant cases. A non-existence result is also given. In [18], A. Zerouali and
B. Karim are proved the same results by assuming the singularities on the domain
and the weights. Our purpose in this article is to extend the results of the classi-
cal eigenvalue problem involving the (p, ¢)-Laplacian (see for example [11,12]) and
generalize some results knouwn in the classical p-Laplacian Steklov problems (see
[4])-

We will write [Jull, = ([ [u|"dz) Y7 for the L™(Q)—norm and W7 (Q) will
denote the usual Sobolev space with usual norm [[ul|yy1.- o) := (|| V|7 + [Jul[7)/".
We recall that a value A € R is an eigenvalue of problem (P ) if and only if there
exists u € W1P(2)\{0} such that

| agiveds s [ agets=a] [ m@lup=? 4 pmg@lulr2)upds|

(1.3)
for all p € WP(Q2), where do is the N — 1 dimensional Hausdorff measure and u
is then called an eigenfunction of .
Letting ¢ — 07, our problem (Py,,) turns into the (p—1)-homogeneous problem
known as the usual weighted eigenvalue Steklov problem for the p-Laplacian with
indefinite weight m,,:

Dpu = |ulP~2u in €,
(Pk7mp){ |Vu|p_2% = )\mp(x)|u|p_2u on 0f)

Moreover, after multiplying our equation (Py ;) by 1/u and then letting p — +oo,
we obtain the (¢ — 1)-homogeneous equations in:

( ) Ngu = |uli™%u in Q,
A |Vu|q’2% = Amg(x)|u|?"?u  on N
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Nonlinear Steklov eigenvalue problem (Pj .. ), where r = p, ¢ and with indefi-
nite weight m, € M, have been studied by several authors, for example (see [4]).
These works proved that there exists a first eigenvalue A (r, m,.) > 0, where

1 1
A1(r,m,) := inf {—||u||§V1,T(Q);u € Wb (Q) and —/ my(x)|u|"do = 1} , (1.4)
T T Joq

which is simple in the sense that two eigenfunctions corresponding to it are propor-
tional. Moreover, the corresponding first eigenfunction ¢, (r, m,) can be assumed
to be positive. It was also shown in [4] that A\;(r, m,.) is isolated and monotone.

This paper is divided into three sections, organized as follows. In Section 2, we
study Rayleigh quotient for our problem (Pj ;). In contrast to homogeneous case,
we prove that if A\q(p,mp) # A1(q,mg) or ¢1(p,mp) # kéq(q, mq) for every k > 0,
then the infimum in Rayleigh quotient is not attained. We also show non-existence
results for positive solutions of the eigenvalue problem (P ,) formulated as The-
orem 2.5. Our existence results for positive solutions of the eigenvalue problem
(Py,,.) are presented in Section 3. We study the non-resonant case (Theorem 3.1)
which prove that when p > 0 there exists an interval of positive eigenvalues for the
problem (P ).

2. Rayleigh quotient and non-existence results

This section concerns the Rayleigh quotient and non-existence results for our
eigenvalue Steklov problem (P ). It is inspired from [11] and [15].

Remark 2.1. We start by pointing out to find a solution for the problem (P ;) is
equivalent to seek a solution in the case p = 1, that is to solve the problem (P 1).
Indeed, if u is a solution of (P 1), then multiplying equation (Py 1) by sP~! for
5 > 0 we deduce that v = su is a solution for problem (Py ,—sa).

Conversely, let u be a solution of problem (P ;). Then it follows that v = pt/P=ay
is a solution of (Py 1).

2.1. Rayleigh quotient for the problem (P ,)
We introduce now the functionals A and B on W1P(Q) by

1
p

1
Au) == =ull? 1,00 +
)= Sl +

‘“Hg/vl,q(g) (2.1)

1 1
B(u) = —/ my(@)|ulPdo + —/ my(2)|ul"do (2.2)
P Joa q Joa
for all u € WHP(Q).

Proposition 2.2. (i) The functional A is well defined and sequently weakly lower
Semi-continuous.

(i1) If m,, € M, and m, € My, then the functional B is also well defined and weakly
continuous.
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Proof. (i) The functional A is well defined. Indeed, since  bounded and ¢ < p,
we have W1P(Q) ¢ WH4(Q). Then for all u € WHP(Q), %HuH@Vl,p(Q) < 00 and
%||u||W1,q(Q) < oo. It follows that A(u) < oo. It is clear that A is sequently weakly
lower semi-continuous.

(ii) The functional B is also well defined. Indeed, for u € WP(€), by Holder’s
inequality, for r = p,q and s,. = s,./(s, — 1), we obtain

1 1 1/s, , 1-1/s,
- my(2)|u|"do < = </ |mr(x)|STdJ) (/ |u|”rdo)
T Joq T \Joa Q

1
= ~limells, oellullvs o0

< o0,

since m, € M, and the trace embedding W7 (Q) —s L™+ (8Q) is compact.

Let us now show that B is weakly continuous. If u,, — u weakly in W17 (Q), up to
a subsequence, u, — u strongly in L™ (8Q) and |u,|” — |u|” strongly in L*-(9£)
with » = p, q. Hence by Hoélder’s inequality, we have

1

Bun) — Bl < 3 ] [t~ iyt

1
# 2| | malo)funlt = s
q1Jog

1 1
< ]—jl\mpllsp,mlllunlp — [ullls; 00 + gl\mqllsq,mlllunlq = [ul?|[s;,00
— 0.

Thus the functional B is weakly continuous. O

Define now the Rayleigh quotient

A\ = inf {%;u € WhP(Q), B(u) > 0} : (2.3)

Proposition 2.3. One assumes that m, € M, and mq € M.
If M(p,mp) # M(g,mq) or ¢1(p,mp) # kéi(q,mg), for every k > 0. Then the

infimum in (2.3) is not attained.
For the proof of Proposition 2.3, we will need to use the following lemma.

Lemma 2.4. The infimum in (2.3) verifies
A" = min{ i (p,mp), \1(gq, mq) }

Proof. For sufficiently large k > 0, using (2.1) and (2.2), we have

Bk .my)) =17 (17042 [ g myhao ) >0
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and )
Ay (p,mp)) = K7 (mp, my) + K74 mp>|%vl,q<m) -
By (2.3), we find
)\* S A(k¢1(pamp))
B(k¢1(p,mp))
)\1(1% mp) + %kq_pH%(Pa ml))H(IZ/VLQ(Q)
1+ %k/’q_p faQ mq(ac)(b'f(p, my)do
— Ai(p, mp) as k — 400, because ¢ < p.

It follows that A* < A;(p,m,). On the other hand, we also have

A(k¢, (q,m4))

B(ke,(q,mq))

A1(g,mg) + %k’p_qll% (‘Jamq)Hg{/l,p(Q)
I+ %kp*q faQ myp(x) Y (q, mg)do

— Ai(g,my) as k — 07, because g < p.

A*

Thus, we obtain A* < X\;(g,mg), which implies that
)\* S min{Al (p7 mp)7 )\1((15 mq)}

Conversely, suppose by contradiction that A* < min{\;(p, m;), A1(q,mq)}. Then,
by (2.3), there exists u € W1P(Q) such that B(u) > 0 and

A(u) )

W < min{Ai (p,my), Ai(g, mq)}-
We distinguish three cases.
Case (i): Suppose that [, mplufPdoc > 0 and [, mglu|%doc < 0. There hold
pB(u) < [, mplulPdo and pA(u) > ||u||€vl,p(9). Using the definition of A (p, mp),
we arrive at the contradiction.

A(u) e 0
B(u) = [oqmplulPdo :

min{A; (p, my), A1(g, mq)} >

Case (ii): Suppose that [, mylul’do < 0 and [, me|ul?do > 0. Using the
definition of A\ (g, my), we also arrive at contradiction

A U E 1,9
(u) el o) > A1 (g, my). (2.5)

min{A; (p,mp), A1(q, mq)} > B(u) ~ faﬂ mglul?do —

Case (iii): Suppose now that [, my|u[Pdo > 0 and [, me|u|?do > 0. It follows
from the definition of A\;(r, m,.), where r = p, ¢ that

[l @y = A (r,my) o my|u|"do.
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Hence we get

A1 ( D, My

Au) > 7/ mp|u|pd0+ / mq|u|?do
> mln{)‘l(pa mp)a )‘1 (qamq)}B(

Against the assumption in our reasoning by contradiction.

Proof of Proposition 2.3. By contradiction, we suppose that:

A(u)

Bu) A

there exists u € W'?(Q) such that B(u) > 0 and

Using Lemma 2.4, we give

A(u)
B(u)

= A" = min{Ai(p, myp), A1(q,mq)}. (2.7)

We argue by considering the three cases in the proof of Lemma 2.4.
Case (i): By (2.4), (2.7) and [, mq|u|?do < 0, we have

A(u) HUH%/LP(Q) + %”U”?/Vl,q(g) HUH%/LP(Q)

A= > >
B(u) Joq mplulPdo Joq mplulPdo

> )\1(p,mp) P
We deduce that
el ) = M (0my) /6(2 myp|ulPdo and |Jul|yw.a(q)y = 0.

Thus u = 0. This contradicts the fact that u # 0.
Case (ii): similarly, By (2.5), (2.7) and [, mp|u|Pdo < 0, we get

||u||?/[/1,q((z) = A1((]77”1(])/6Q mq|u|qd0 and ||U||W1,p(Q) = 0

Thus v = 0. Which contradicts u # 0.
Case (iii): In this case, using (2.6) and (2.7), we find

A (
A(u) = \*B(u) = M/ my|ulPdo + 218 M) / malul?do.
It follows
[A1(p,myp) — / myp|ulPdo + [A1 (g, mq) / mgl|u|?do = 0.

Since fagz mp|u|Pdo > 0, fa&z mglul?do > 0 and A" = min{\; (p, my,), A1(q, mq)}, we
have
)\* == )\l(pv mp) = )\1((15 mq)-
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We deduce that

HUH%VLP(Q)

HUH%/IJ(Q) _
fasz mqlu|?do

ToqmplulPdo Ai(p,mp) = A(g,myq)

Hence, the simplicity of eigenvalue A;(r,m,) (for r = p,q), guarantees that v =
to1(p,mp) = s¢1(q, my) for some ¢t # 0 and s # 0. The hypotheses of proposition
is thus contradicted. O

2.2. Non-existence results

The following theorem is the main result of this section.
Theorem 2.5. One assumes that m, € M, and mg € M.
(a) If 0 < X < A, then the problem (Px1) has no non-trivial solutions.

(b) Moreover, if one of the following conditions holds

(Z) Al(p)mp) 7& Al(qamq);
(i1) &1(p,my) # k1 (g, mg), for every k > 0,

then the problem (Px.1), with A = X" has no non-trivial solutions.

Remark 2.6. It is easy to see that if A\i(p,mp) = Ai(g,my) and ¢, (p,mp) =
k¢, (g, mq), for some k > 0, then ¢, (p,m,) and ¢, (g, mq) are positive solutions of
problem (P 1), with A = A1 (p, m;) = A1(q, myq).

Proof of Theorem 2.5. Assume by contradiction that there exists a non-trivial solu-
tion u of problem (Py 1). Then, for every s > 0, we have that v = su is a non-trivial
solution of problem (Py s»-4) (see Remark 2.1). Choose s~ = p/q and then act
with su as test function on the problem (P) s»—q). We arrive at

0 < pA(su) = pAB(su). (2.8)

From the estimate (2.8) and according to Lemma 2.4, we obtain

Y

A= min{)\l (p, mp)a )\I(Qa mq)}

This contradiction yields the first assertion of the theorem.
The second part of the Theorem 2.5 follows by Proposition 2.3. O

3. Existence result with non-resonant case

The following theorem is our main existence result for problem (P 1) (or (P ,))
in the non-resonant case. This result prove that there exists an interval of positive
eigenvalues for the problem (Py 1) (or (P,), with g > 0).
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Theorem 3.1. One supposes that m, € M,, m, € M, and A1 (p, m,) # A1(q, mq).
If
min{Al(p’ mp)a A1(qv mq)} < >\ < maX{Al (p7 mp)7 )\1((15 mq)}7

then the problem (Px.1) has at least one positive solution.

Remark 3.2. The proof of Theorem 3.1 reduces to provide a non-trivial critical
point of the functional Iy, m, defined for all u € WP (Q) by

Dy omymg (0) == Au) — AB(u™),

where u™ = max{u,0} and A, B are the functionals defined by (2.1) and (2.2). This
non-trivial critical point u of Iy m,m, is a non-negative solution of the problem
(Px1). Indeed, inserting —u~ = — max{—u, 0} as test function leads to

0= (I}, ()~} = 0™ By + 0 [

thus u~ = 0. We can check that u € C1%(Q) for some o € (0,1) (see [1]). Then
the maximum principle of Vasquez [16] can be applied to ensure positiveness of w.

The argument will be separately developed in two cases:
(a) A1(g,mq) <A < Ai(p,my).
(b))‘l(pa m;D) <A< )‘1(Qa mq)'
In case (a), we apply the minimum principle and in case (b), we use the mountain
pass theorem.

Proof of case (a). By Proposition 2.2, A is sequently weakly lower semi-
continuous and B is weakly continuous. It follows that Iy ,,, m, is sequently weakly
lower semi-continuous. Moreover Iy, m, is bounded from below. Indeed for all
u € WHP(Q), we have

Inmy m, () > ~AB(u") > —c0. (3.1)

It is remains to show that Iy ., m, is coercive in WLr(Q).
Fix ¢ > 0 such that
(1 —e)Ai(p,mp) > A (3.2)

which is possible due to the assumption in case (a). For every u € W1P(Q) with
Joq mp(u)Pdo < 0, through Holder’s inequality we obtain

1 1 A
Doty (0) 2 Sy + gl =2 [ motu*)rdo
A

p
1 1
> p _ q _ sq +)q s/ .
2 el + Clellwra) = 2 Imallisa@o 1)l g, (3:3)
1 AC
= ;”u”i’;VLP(Q) - 7||quLS‘1(6Q)HUH(IZ/VLP(Q)

for u € WHP(Q) with [, mp(u™)Pdo > 0, by (1.4) we have

”qu”ng’P(Q) > Al(p,mp) o mp(u+)Pdo.
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Then, taking into account (3.2), we derive

€ (1—¢e)A(p,myp) — A
I)\,mp,mq (U) > _HU’HI;VLP(Q) + L mp(u+)pda
p p o0
A
~ gl o (3.4)
€ CA q
_Hunl p(Q) q qu”LSQ(BQ)||U||W1,p(gz)

Since ¢ < p, it follows from (3.3) and (3.4) that Iy, m, is coercive and bounded
from below. Consequently, by a standard result(see, e.g., [[8],Theorem 1.1]), there
exists a global minimizer ug of Iy. In order to have ug # 0 it suffices to show
that Iy(uo) = miny 1.0y Ix < 0. Let ¢, be the eigenfunction corresponding to
Ai(g, mq) that satisfies [, mgtp{do = 1. Because X > Xi(g,my), for sufficiently
small ¢ > 0 it holds

P—q A1(g,mg)—A
Dy, (t1) = tq< 11 (@) = 25— Jog metide + e q ) ) <0

which completes the proof.
Proof of case (b). We organize the proof of this case in several lemmas. In

the sequel, we design by o(1) a quantity tend1n§ to 0 asn —>
Lemma 3.3. Let my € My, mg € My If 0 < A # A (p,my), Then the functional

In.m, m, satisfies the Palais-Smale condztzon

tpq

Proof. Let (u,) C WHP(Q) be a sequence such that Inm,my(un) — cfor c €
R and I} (un) — 0in (WHP(Q))* as n — oo. Let us first show that the

A,myp,myg
sequence (un) is bounded in W1P(Q). It is sufficient only to prove the boundedness
of [|unl|ps; , because using the Holder’s inequality and the continuous embedding

WLP(Q) C L% (09), we have

A
H“nle 2(Q) —pc""C)‘HmpHspH“nH s, +C”?||ququuan/Vl,p(Q) (3-5)

where ¢’ and ¢” are the positive constants.

Suppose by contradiction that [|un[/ps, — 400 and let vy, := tp—. We claim
that the sequence v,, bounded in WP (Q).
Indeed, dividing (3.5) by |lun]? ps, WHhave

l[va Iy, 2(Q) < W + C1 + Callonlj, 2 () (3.6)

where the positive contants C; and Cy are defined by Cy = ¢/A||myls, and Cy =

o' = Imglls,- Since 1 < ¢ < p, the inequality (3.6) implies the boundedness of vy,
in Wl’p(Q) for a subsequence, v, — v (weakly) in in W?(Q). By the compact
embedding. W' (Q) € L™+(9Q), (r = p, q) we have v, — v strongly in L"*» (%)
(r = p,q). First we observe that v~ = 0 in Q. In fact, acting with —u,, as test
function, we have

_ _ 1, _ 1, _ _
o(Wllug, llpsy, = (Ixm, m, (Un)y =ty ) = Ellunl\’;vl,p(gfr;l\un a2 lun @)
(3.7)
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the inequality(3.7) quarantines the boundedness of ||v;, ||y 1.»(0) and so [|vy, (w1 () =

w—)O thus v~ = 0, holds, hence v > 0 in .

lunllpsr,

Now, by taking (v, — v)/||u,, ||ps, as test function, we have

lun s

1
= —/ |an|p72anV(vnfv)dx+ﬁ/ |V, |72V, V (v, — v)dx
b Jo QH“n|

o(1) = (T} (1), L=

1
/ |vp P20 —v)de + ———— [0 |9 20 (v, — v)d
q”unl ps
- ; o0 my (v )P 20 (v — v)do
A +y9—2,,+
_ W ” mq(v,)) vt (v, — v)do
n psé
1 —92 1 —2
== | |[Vo|P~*Vu,V(v, —v)dz + = [ |v,P" v, (v, — v)dx
P Ja pPJa
A

=2 my (P20 (v, — v)do + o(1)
P Joa
(3.8)

because ¢ < p, [uy [[ps;, — +00, v, is bounded in WP(Q) and converge to v

strongly in LP°»(9Q). Thus by (3.8) and (S.) property of —Apu + uP~?y in
WLP(Q), we deduce that v, — v strongly in W1P(Q). For any ¢ € WHP(Q),
by taking # as test function, we obtain

¥
0(1) = (I3 m, (1n); W>
nllps!

1
:5/S2|an|P—2anVgad:c+ ol ”p q/|an|q Vv, Vpdx

) i (3.9)
+—/ |vp [P 2o pdx + P q/ v, |77 2onpdx
pJa qll n|
_A +p2+d,7/\ Y120t pd
mp(vn) pao p—q mq(vn) pao
P Joo fJHUans; o

Passing to the limit in (3.9), we see that v is a non-negative and non-trivial solution
of problem (P ,) (note v > 0 and |v[|w1r) = 1). The eigenfunction v is
C1(Q) for some a € (0,1) (see [1]). According to maximum principle of Vasquez,
we have v > 0 in WP(Q). This implies that A = \;(p,m,) because any positive
eigenvalue other than A (p, mp) has no positive eigenfunction. Therefore, we obtain
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a contradiction since we assumed A # A1 (p,m,,). Hence u, is bounded in Wl’p(Q)
For a subsequence, u,, — u (weakly) in W?(€) and u,, — u (strongly) in L (99).
We claim now that u, — u in WHP(Q). As WP(Q) is reflexive and uniformly
convex, it suffices to prove that [|u,||w1.r() — |ullwrrq). It is clear that

0(1) = <I§\,mp,mq (Un), Un — ’U,>
1 1
= —/ |V P2V, V (uy, — u)de + —/ [t [P~ 2y (1, — 1) d
b Ja b Ja
1
|V |72V, V(u, —u)dr + - / |2 U, (g, — w)dz + o(1).
Q qJa
(3.10)

Using Holder’s inequality and for (r = p, q), we have

|Vun|r Vu,V(un, dz+/ |2, (g, — u)dw

:/ |Vun|Td:E+/ |Vu|Td:c—/ |Vun|T_2Vunud:cf/ |Vu|""2VuVu,dz
Q Q Q Q

:/ |un|de+/ |u|rd:c—/ |un|T_2unud:E—/ lu|" v, dx
Q Q Q Q
(r—=1)/r 1/r

2/ |Vun|rdz+/ |Vu|"dx — </ |Vun|rd:c) </ |Vu|rd:c)

Q Q Q Q

(r—=1)/r 1/r

—|—/ |un|Tdac+/ |u|"da — (/ |un|Tdac> (/ |u|de)

Q Q Q Q

= (el oy = Nl ) (i = o

>0
(3.11)
Moreover, (3.10) and (3.11) imply that ||u.|wir@) = |lullwir). Thus u, — u
strongly in W1P(Q). O

Lemma 3.4. Let m, € M,, my € M,. If X < A\i(q,my), then there exist § > 0
and p > 0 such that

I (u) > & whenever HUHL‘”%(asz) = p. (3.12)
To prove the Lemma 3.4, we need the following lemma.
Lemma 3.5.

X(d) = {u e WH(Q); [lullfyr ) < dllull® (3.13)

L7 (asz)}
for d > 0. Then there exists C = C(d) > 0 such that

(09Q) for all u e X(d).

lullwrr@) < Cllull
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Proof. By way contradiction, we assume that
1
VYn € N, Ju,, € X(d), ﬁHunHWLp(Q) > HU”HL"%(asz) (3.14)

Set v, = W; hence v,, bounded in W1P(Q), then there exists a subsequence
nllwl.pq)

that we still denote v,, such that v, — v weakly in WP(Q). By the compact
embedding W (Q) C L™ (0Q)(r = p,q) we have v,, — v strongly in L (9Q).
By (3.14), we have an||quq(6Q) L thus v, — 0 in L%% (09)). By uniqueness of

the limit we have v = 0, hence v,, — 0 in LP%» (99). As u, € X (d) we have

1 lual®

Tl 0oy _ Sy
d= ||un||W1p(Q Unll st 90y
Passing to the limit, we obtain a contradiction. a

Proof of Lemma 3.4. Let C, the constant from embedding W' (Q) C L™ (89),
where r = p, ¢. According to Lemma 3.5, there exists C(d) > 0 such that

[ullwr) < C(A)||ull asrapqy for all w € X(d), (3.15)
where d such that

q> max{l, CoMImyll o o0y, Anmpm(am}. (3.16)

For any u € X(d) satisfying [, mqu®do < 0 by (3.16) and (3.15) we have

1-d
In(u) > lellfyrngay + H Ul et a0y H [y ()
= 2 ooy ||Lpsp(6m
1
> — Z P
> ey + 2 0 gy + 1
CpA
- p HmPHLSP(6Q)||uHW1p(Q)
1-d (d*Cp/\HmHLSP(BQ))
>
> ey + 2 . lly
(1 —4)Cr(d)
> |u Hpqh +—H ullf
p L q(aQ) q L q(aQ)
(3.17)
For any u ¢ X(d) satistying [,,, mqu$do < 0 thanks to (3.13) and (3.16) we find
d = Allmp|lrer 00
In(u) > Pl —|| Ul e
(3.18)

quq(agz)
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If u e Wh2(Q) fulfills [, mqu’do >0, we get

[y = lelragay = Milam) [ mnddo (3.19)
Our assumption on A enables us to fix (1 > ¢ > 0) with
(1 —e)Ai(qg,mq) > A. (3.20)

If in addition u ¢ X (d) then due to (3.16) and (3.20) we have the estimate

I)\(’u) -

T T L LU E Ay P
D LPSP(BQ) q 59 q¥+

H [

€
+ gHunl q(Q) Hunl,q(Q) > — L% (90

(3.21)
Finally, if u € X(d) and [, mqu®do > 0, then (3.16), (3.19), (3.20) imply

1—d, €. g (1—e)Ai(g,mg) — A

Ix(u) > ||U||W1,p(gz) + _Hunl,q(Q) =+ q 0 mquido
_|| || )\”mPHL Sp BQ || ||
we(Q) LP*» (89)
(1 d)CP(d)  \p d, \»
> — - La( + —||u|p1,p
> » [|u ||quq(m) H ullfy @) p|| 100
C )‘HmP”LSP(aQ) || ||
» Wip(Q)
e =
= L% ( L7°4 (%)
d— Cp)\||mp||LSp(an
+ 1,p
’ M, ©)
> L= D) e + =l
- p L% (9Q) LqSQ(aQ)

(3.22)

Using that ¢ < p, the claim in (3.12) follows from (3.17), (3.18), (3.21), and (3.22).
g

Lemma 3.6. Let my, € M,, mqy € My. If \i(p,mp) < A, then there exist R > 0
such that

[Re1 llpas 90y > p and Ix(Rey) <0, (3.23)

where p > 0 is the constant in (3.12) and @, is the positive eigenfunction corre-
sponding to A\i(p,myp) satisfying fag mppldo = 1.
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Proof. Taking into account that A > A1(p,m,) and p > ¢, we claim that (3.23) is
true because for a sufficiently large R > 0 we have

Ix(Ryy) _ A1(p,mp) — A 1 q q
Rp = 1 + qRr—a ”Sﬁlel,q(Q) - 6 chpldo <0.

d

Recalling that Iy .,,,m, satisfies the Palais-Smale condition by virtue of Lemma

3.3, the properties pointed out in (3.12) and (3.23) allow us to apply the mountain
pass theorem, which guarantees the existence of a critical value ¢ > ¢ of Iy, with
d > 0 in (3.12), namely

= inf I t
¢i= inf max A((1)),

2= {7y € C([0,1], WP (92));7(0) = 0,7(1) = Ry, }.

This completes the proof of Theorem 3.1.
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