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abstract: In this article, we introduce a further generalizations of the confluent
hypergeometric function and Whittaker function by introducing an extra parameter
in the extended confluent hypergeometric function defined by Parmar [15]. We
also investigate some integral representations, some integral transforms, differential
formulas and recurrence relations of these new generalizations.

Key Words:Whittaker function, Beta function, Extended beta function, Ex-
tended confluent hypergeometric function, Gauss hypergeometric function, Ex-
tended Gauss hypergeometric function.

Contents

1 Introduction 9

2 Generalized extended confluent hypergeometric function 13

3 Derivative of Φ
(α,β;m,n)
σ (b; c; z) 14

4 Mellin transforms and transformation Formula 15

5 Generalized Extended Whittaker Function 17

6 Integral transforms of M
(α,β;m,n)
σ,k,µ (z) 19

7 Derivative of M
(α,β;m,n)
σ,k,µ (z) 22

8 Recurrence relations of M
(α,β;m,n)
σ,k,µ (z) and concluding remarks 22

1. Introduction

The Whittaker function Mk,µ(z) in terms of confluent hypergeometric function (or
Kummer’s function) of first kind (see [5], [6], also see [8]) is defined as

Mk,µ(z) = zµ+
1

2 exp
(

−z

2

)

Φ(µ− k +
1

2
; 2µ+ 1; z), (1)

(

ℜ(µ) > −1

2
and ℜ(µ± k) > −1

2

)

.
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Very recently, Parmar [15] introduced and investigated some fundamental prop-

erties and characteristics of more generalized beta type function B
(α,β;m)
σ defined

by

B(α,β;m)
σ (x, y) =

∫ 1

0

tx−1 (1− t)y−1
1F1

(

α;β; − σ

tm(1− t)m

)

dt (2)

(ℜ(σ) > 0, ℜ(x) > 0, ℜ(y) > 0, ℜ(α) > 0, ℜ(β) > 0, ℜ(m) > 0).

When m = 1, (2) reduces to the well-known generalized beta type function defined
by Özergin et al. [7]:

B(α,β)
σ (x, y) =

∫ 1

0

tx−1 (1− t)y−1
1F1

(

α;β; − σ

t(1− t)

)

dt (3)

(ℜ(σ) > 0, ℜ(x) > 0, ℜ(y) > 0, ℜ(α) > 0, ℜ(β) > 0).

For α = β, (3) reduces to

Bσ(x, y) = B(α,α)
σ (x, y) =

∫ 1

0

tx−1 (1−t)y−1 exp

(

− σ

t(1− t)

)

dt (ℜ(σ) > 0), (4)

which was introduced by Chaudhry et al. [12] in 1997. Clearly, classical beta
function B(x, y) is given by

B(x, y) = B0(x, y) = B
(α,β)
0 (x, y).

Using (4), Chaudhry et al. [13] extended the Gauss hypergeometric function and
confluent hypergeometric function as follows:

Fσ(a, b; c; z) =

∞
∑

n=0

(a)n Bσ(b+ n, c− b)

B(b, c− b)

zn

n!
(5)

(σ ≥ 0; |z| < 1; ℜ(c) > ℜ(b) > 0),

Φσ(b; c; z) =
∞
∑

n=0

Bσ(b + n, c− b)

B(b, c− b)

zn

n!
(6)

(σ ≥ 0; ℜ(c) > ℜ(b) > 0)

and gave their Euler’s type integral representation

Fσ(a, b; c; z) =
1

B(b, c− b)

∫ 1

0

tb−1 (1− t)c−b−1 (1−zt)−a exp

[

− σ

t(1− t)

]

dt (7)

(σ > 0; σ = 0 and | arg(1− z)| < π; ℜ(c) > ℜ(b) > 0),

Φσ(b; c; z) =
1

B(b, c− b)

∫ 1

0

tb−1 (1− t)c−b−1 exp

[

zt− σ

t(1− t)

]

dt (8)
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(σ > 0; σ = 0 and ℜ(c) > ℜ(b) > 0).

By appealing B
(α,β)
σ (x, y), Özergin et al. [7] further extended Gauss hypergeomet-

ric function and confluent hypergeometric function by

F (α,β)
σ (a, b; c; z) =

∞
∑

n=0

(a)n B
(α,β)
σ (b+ n, c− b)

B(b, c− b)

zn

n!
(9)

(σ ≥ 0; |z| < 1; ℜ(c) > ℜ(b) > 0, ℜ(α) > 0, ℜ(β) > 0),

Φ(α,β)
σ (b; c; z) =

∞
∑

n=0

B
(α,β)
σ (b + n, c− b)

B(b, c− b)

zn

n!
(10)

(σ ≥ 0; ℜ(c) > ℜ(b) > 0, ℜ(α) > 0, ℜ(β) > 0)

and gave their Euler’s type integral representation

F (α,β)
σ (a, b; c; z) =

1

B(b, c− b)

∫ 1

0

tb−1 (1− t)c−b−1 (1− zt)−a

×1F1

(

α; β; − σ

t(1− t)

)

dt (11)

(σ > 0; σ = 0 and | arg(1 − z)| < π; ℜ(c) > ℜ(b) > 0, ℜ(α) > 0, ℜ(β) > 0),

Φ(α,β)
σ (b; c; z) =

1

B(b, c− b)

∫ 1

0

tb−1 (1− t)c−b−1 ezt

×1F1

(

α; β; − σ

t(1− t)

)

dt (12)

(σ > 0; σ = 0; ℜ(c) > ℜ(b) > 0, ℜ(α) > 0, ℜ(β) > 0).

By using B
(α,β;m)
σ (x, y), Parmar [15] defined a new generalization of extended

Gauss hypergeometric function and confluent hypergeometric function as follows:

F (α,β;m)
σ (a, b; c; z) =

∞
∑

n=0

(a)n B
(α,β;m)
σ (b + n, c− b)

B(b, c− b)

zn

n!
(13)

(σ ≥ 0; |z| < 1; ℜ(c) > ℜ(b) > 0, ℜ(α) > 0, ℜ(β) > 0, ℜ(m) > 0),

Φ(α,β;m)
σ (b; c; z) =

∞
∑

n=0

B
(α,β;m)
σ (b+ n, c− b)

B(b, c− b)

zn

n!
(14)

(σ ≥ 0; ℜ(c) > ℜ(b) > 0, ℜ(α) > 0, ℜ(β) > 0, ℜ(m) > 0),
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and gave their Euler’s type integral representation

F (α,β;m)
σ (a, b; c; z) =

1

B(b, c− b)

∫ 1

0

tb−1 (1 − t)c−b−1 (1− zt)−a

×1F1

(

α; β; − σ

tm(1− t)m

)

dt (15)

(σ > 0; σ = 0 and | arg(1− z)| < π; ℜ(c) > ℜ(b) > 0, ℜ(m) > 0),

Φ(α,β;m)
σ (b; c; z) =

1

B(b, c− b)

∫ 1

0

tb−1 (1 − t)c−b−1 ezt

×1F1

(

α; β; − σ

tm(1− t)m

)

dt (16)

(σ > 0; σ = 0; ℜ(c) > ℜ(b) > 0, ℜ(m) > 0).

On substituting t = 1−u in (16), Parmar [15] obtained the following new exten-
sion of Kummer’s relation for the generalized extended confluent hypergeometric
function of the first kind:

Φ(α,β;m)
σ (b; c; z) = exp(z) Φ(α,β;m)

σ (c− b; c;−z). (17)

For σ = 0, (17) reduces to the Kummer’s first formula for the classical confluent
hypergeometric function [4].

Afterwards, Srivastava et al. [9] introduced a new generalized Gauss hypergeomet-
ric functions as follows:

F (α,β;m,n)
σ (a, b; c; z) =

∞
∑

k=0

(a)k
B

(α,β;m,n)
σ (b+ k, c− b)

B(b, c− b)

zk

k!
(18)

(|z| < 1; min{ℜ(α),ℜ(β),ℜ(m),ℜ(n)} > 0; ℜ(c) > ℜ(b) > 0; ℜ(σ) ≥ 0),

where the generalized beta function B
(α,β;m,n)
σ (x, y) is defined by

B(α,β;m,n)
σ (x, y) =

∫ 1

0

tx−1 (1 − t)y−1
1F1

(

α; β; − σ

tm(1− t)n

)

dt (19)

(ℜ(σ) ≥ 0; min{ℜ(α),ℜ(β),ℜ(x),ℜ(y)} > 0; min{ℜ(m),ℜ(n)} > 0).

On substitutingm = n in (18) and (19), respectively, we get the extended Gauss
hypergeometric function and extended beta function defined by Parmar [15].
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2. Generalized extended confluent hypergeometric function

In this section, we give the definition of the generalized extended confluent hyper-
geometric function. An integral representation and a Kummer type relation of this
function are also indicated.

Definition 2.1. The generalized extended confluent hypergeometric function (for
|z| < 1;min{ℜ(α),ℜ(β),ℜ(m),ℜ(n)} > 0; ℜ(c) > ℜ(b) > 0; ℜ(σ) ≥ 0) is denoted

by Φ
(α,β;m,n)
σ (b; c; z) and is defined as follows:

Φ(α,β;m,n)
σ (b; c; z) =

∞
∑

k=0

B
(α,β;m,n)
σ (b + k, c− b)

B(b, c− b)

zk

k!
(20)

Remark 2.2. On setting m = n, (20) reduces to the generalized extended conflu-
ent hypergeometric function defined by Parmar [15], which further for n = 1 gives
the known extension of the confluent hypergeometric function given by Özergin et
al. [7]. Further, if we set α = β and m = n in (20) then we get the generalized
confluent hypergeometric function defined by Lee et al. [3] and if we put α = β and
m = n = 1 in (20) then we obtain the extended confluent hypergeometric function
defined by Chaudhry et al. [13].

Integral representation: The integral representation of the generalized extended
confluent hypergeometric function can be obtained by using the definition of gen-
eralized beta function defined by (19).

Theorem 2.3. For the generalized extended confluent hypergeometric function,
we have the following integral representation:

Φ(α,β;m,n)
σ (b; c; z) =

1

B(b, c− b)

∫ 1

0

tb−1 (1− t)c−b−1 ezt

×1F1

(

α; β; − σ

tm(1 − t)n

)

dt (21)

(σ > 0; σ = 0; ℜ(c) > ℜ(b) > 0, ℜ(m) > 0,ℜ(n) > 0).

Proof. We have

Φ(α,β;m,n)
σ (b; c; z) =

∞
∑

k=0

B
(α,β;m,n)
σ (b + k, c− b)

B(b, c− b)

zk

k!

On using the integral representation of B
(α,β;m,n)
σ , we arrive at

Φ(α,β;m,n)
σ (b; c; z) =

1

B(b, c− b)

∫ 1

0

tb−1 (1− t)c−b−1
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×1F1

(

α; β; − σ

tm(1 − t)n

) ∞
∑

k=0

(zt)k

k!
dt

=
1

B(b, c− b)

∫ 1

0

tb−1 (1− t)c−b−1 ezt1F1

(

α; β; − σ

tm(1− t)n

)

dt

This completes the proof.

On substituting t = 1 − u in (21), we obtain the following new extension of
Kummer’s relation for the generalized extended confluent hypergeometric function
of the first kind:

Φ(α,β;m,n)
σ (b; c; z) = exp(z) Φ(α,β;m,n)

σ (c− b; c;−z). (22)

For σ = 0, equation (22) reduces to the Kummer’s first formula for the classical
confluent hypergeometric function [4].

Remark 2.4. On taking m = n, (21) reduces to the integral representation of the
generalized extended confluent hypergeometric function defined by Parmar [15],
which further for n = 1 gives the integral representation of the extended confluent
hypergeometric function given by Özergin et al. [7]. Further, if we put α = β

and m = n in (21) then we get the integral representation of generalized conflu-
ent hypergeometric function defined by Lee et al. [3] and if we set α = β and
m = n = 1 in (21) then we obtain the integral representation of extended confluent
hypergeometric function defined by Chaudhry et al. [13].

3. Derivative of Φ
(α,β;m,n)
σ (b; c; z)

The derivative of generalized extended confluent hypergeometric function

Φ
(α,β;m,n)
σ (b; c; z) with respect to the variable z in terms of a shift operator is

obtained by using the following formulas:

B(b, c− b) =
b

c
B(b + 1, c− b) and (a)n+1 = a(a + 1)n. (23)

Theorem 3.1. For the generalized extended confluent hypergeometric function

Φ
(α,β;m,n)
σ (b; c; z), the following differentiation formula holds true:

dr

dzr

[

Φ(α,β;m,n)
σ (b; c; z)

]

=
(b)r
(c)r

Φ(α,β;m,n)
σ (b + r; c+ r; z). (24)

Proof. Taking the derivative of Φ
(α,β;m,n)
σ (b; c; z) with respect to z, we obtain

d

dz

[

Φ(α,β;m,n)
σ (b; c; z)

]

=
d

dz

[

∞
∑

r=0

B
(α,β;m,n)
σ (b+ r, c− b)

B(b, c− b)

zr

r!

]
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=

∞
∑

r=1

B
(α,β;m,n)
σ (b + r, c− b)

B(b, c− b)

zr−1

(r − 1)!
.

Replacing r by r + 1, we get

d

dz

[

Φ(α,β;m,n)
σ (b; c; z)

]

=
b

c

∞
∑

r=0

B
(α,β;m,n)
σ (b + r + 1, c− b)

B(b+ 1, c− b)

zr

r!

=
b

c

[

Φ(α,β;m,n)
σ (b + 1; c+ 1; z)

]

.

In a similar procedure, by induction, we can obtain the desired result.

4. Mellin transforms and transformation Formula

Certain interesting Mellin transforms and a transformation formula for the gener-
alized extended confluent hypergeometric function are given in the following theo-
rems:

Theorem 4.1. For the generalized extended confluent hypergeometric function,
we have the following Mellin transform representation:

∫ ∞

0

σs−1 Φ(α,β;m,n)
σ (b; c; z)dσ =

Γ(α,β)(s)B(b +ms, c− b+ ns)

B(b, c− b)

×1F1(b+ms; c+ (m+ n)s; z). (25)

Proof. To obtain Mellin transform, multiply both sides of (21) by σs−1, and
integrating with respect to σ over the interval [0,∞), and changing the order of
integral, we get

∫ ∞

0

σs−1 Φ(α,β;m,n)
σ (b; c; z)dσ =

1

B(b, c− b)

∫ 1

0

tb−1 (1− t)c−b−1 ezt

×
[
∫ ∞

0

σs−1
1F1

(

α; β; − σ

tm(1− t)n

)

dσ

]

dt.

Substitution of u = σ
tm(1−t)n in the integral then leads to

∫ ∞

0

σs−1
1F1

(

α; β; − σ

tm(1− t)n

)

dσ =

∫ ∞

0

us−1 tms(1 − t)ns 1F1(α;β;−u)du

= tms(1− t)ns
∫ ∞

0

us−1
1F1(α;β;−u)du

= tms(1 − t)nsΓ(α,β)(s),

where Γ(α,β)(s) is the generalized Gamma function [7].
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Thus we have

=
1

B(b, c− b)

∫ 1

0

tb−1 (1− t)c−b−1 ezt
[
∫ ∞

0

us−1
1F1 (α; β; −u) du

]

dt

=
Γ(α,β)(s)

B(b, c− b)

∫ 1

0

tb+ms−1 (1 − t)c−b+ns−1 eztdt

=
Γ(α,β)(s)B(b +ms, c− b+ ns)

B(b, c− b)
1F1[b+ms; c+ (m+ n)s; z].

This completes the proof.

Corollary 4.2. By the Mellin inversion formula, we have the following complex

integral representation for Φ
(α,β;m,n)
σ (b; c; z):

Φ(α,β;m,n)
σ (b; c; z) =

1

2πi

∫ +i∞

−i∞

Γ(α,β)(s)B(b +ms, c− b + ns)

B(b, c− b)

×1F1(b+ms; c+ (m+ n)s; z)σ−sds. (26)

Proof. Taking Mellin inversion of Theorem (4.1), we get the required result.

Theorem 4.3. For the generalized extended confluent hypergeometric function,
we have the following transformation formula:

Φ(α,β;m,n)
σ (b; c; z) = exp(z)Φ(α,β;m,n)

σ (c− b; c;−z). (27)

Proof. Using the definition of the generalized extended confluent hypergeometric
function, we have

Φ(α,β;m,n)
σ (b; c; z) =

1

B(b, c− b)

∫ 1

0

tb−1 (1− t)c−b−1 ezt

×1F1

(

α; β; − σ

tm(1 − t)n

)

dt

Replacing t by t− 1, we get the result.

Remark 4.4. For m = n, (27) reduces to the extended Kummar’s first formula
defined by Parmar [15]. Clearly, for σ = 0, (27) reduces to the well known Kum-
mer’s first formula for the classical confluent hypergeometric function 1F1.
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5. Generalized Extended Whittaker Function

In this section, we give the definition of the generalized extended Whittaker func-
tion in terms of generalized extended confluent hypergeometric function. Some
integral representations and a relation of this function are also derived.

Definition 5.1. The generalized extended Whittaker function for σ ≥ 0 and

m ≥ 1, n ≥ 1, ℜ(α) > 0 and ℜ(β) > 0 is denoted by M
(α,β;m,n)
σ,k,µ (z) and is defined

as

M
(α,β;m,n)
σ,k,µ (z) = zµ+

1

2 exp
(

−z

2

)

Φ(α,β;m,n)
σ (µ− k +

1

2
; 2µ+ 1; z), (28)

where ℜ(µ) > − 1
2 , ℜ(µ± k) > − 1

2 and Φ
(α,β;m,n)
σ is the generalized extended con-

fluent hypergeometric function of the first kind defined by (21).

On setting m = n = 1 in (28), we obtain the following (presumably) a new repre-
sentation of the extended Whittaker function:

M
(α,β;1,1)
σ,k,µ (z) = M

(α,β)
σ,k,µ (z) = zµ+

1

2 exp
(

−z

2

)

Φ(α,β)
σ (µ− k+

1

2
; 2µ+1; z), (29)

where ℜ(µ) > − 1
2 , ℜ(µ± k) > − 1

2 .

Remark 5.2. On setting m = n in (28), we obtain the generalized extended
Whittaker function defined by Choi et al. [10]. Further, on setting α = β, m = n

in (28), we get the extended Whittaker function given by Khan and Ghayasuddin
[14], which further for n = 1 gives the extended Whittaker function due to Nagar
et al. [2]. For σ = 0, (28) reduces to the classical Whittaker function defined by (1).

Integral representations: Certain interesting integral representations of the gen-

eralized extended Whittaker function M
(α,β;m,n)
σ,k,µ (z) are given in the following the-

orem:

Theorem 5.3. Suppose that

σ > 0; σ = 0 and ℜ(µ) > ℜ(µ± k) > −1

2
, ℜ(m) > 0,ℜ(n) > 0.

Each of the following integral formulas holds true:

M
(α,β;m,n)
σ,k,µ (z) =

zµ+
1

2 exp(− z
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

×
∫ 1

0

tµ−k− 1

2 (1 − t)µ+k− 1

2 ezt 1F1

(

α; β; − σ

tm(1− t)n

)

dt; (30)
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M
(α,β;m,n)
σ,k,µ (z) =

zµ+
1

2 exp( z2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

×
∫ 1

0

uµ+k− 1

2 (1− u)µ−k− 1

2 e−zu
1F1

(

α; β; − σ

un(1− u)m

)

dt; (31)

M
(α,β;m,n)
σ,k,µ (z) =

(q − p)−2µ zµ+
1

2 exp(− z
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )
×
∫ q

p

(u− p)µ−k− 1

2 (q − u)µ+k− 1

2

× exp

[

z(u− p)

(q − p)

]

1F1

(

α; β; − σ (q − p)m+n

(u− p)m(q − u)n

)

du; (32)

M
(α,β;m,n)
σ,k,µ (z) =

exp
(

− z
2

)

zµ+
1

2

B(µ− k + 1
2 , µ+ k + 1

2 )

∫ ∞

0

uµ−k− 1

2 (1 + u)−(2µ+1)

× exp

(

zu

1 + u

)

1F1

(

α; β; −σ (1 + u)m+n

um

)

du; (33)

M
(α,β;m,n)
σ,k,µ (z) =

2−2µ zµ+
1

2

B(µ− k + 1
2 , µ+ k + 1

2 )

∫ 1

−1

(1 + u)µ−k− 1

2 (1− u)µ+k− 1

2

× exp
(zu

2

)

1F1

(

α; β; − 2m+n σ

(1 + u)m(1− u)n

)

du. (34)

Proof. The use of (21) in (28) is seen to yield the integral representation (30).
Setting t = 1 − u, t = u−p

q−p
and t = u

1+u
in (30) yield (31),(32),(33) respectively.

Setting q = 1 and p = −1 in (32) gives (34).

Remark 5.4. On setting m = n in (30), (31), (32), (33) and (34), we obtain
the integral representations of generalized extended Whittaker function defined by
Choi et al. [10], which, on further setting α = β correspond with the integral rep-
resentations for the extended Whittaker function given by Khan and Ghayasuddin
[14]. The case α = β, m = n = 1 of (30), (31), (32), (33) and (34) is seen to yield
the integral representations of the generalized extended Whittaker function due to
Nagar et al. [2].

Remark 5.5. On using (21) in the equation (31), we get

M
(α,β;m,n)
σ,k,µ (z) = zµ+

1

2 exp
(z

2

)

Φ(α,β;m,n)
σ (µ+ k +

1

2
; 2µ+ 1;−z), (35)
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Thus it is seen that the generalized extended Whittaker function can also be ex-
pressed by (35).

Theorem 5.6. The following relation holds true:

M
(α,β;m,n)
σ,k,µ (−z) = (−1)µ+

1

2 M
(α,β;m,n)
σ,−k,µ (z). (36)

(σ > 0; σ = 0 and ℜ(µ) > ℜ(µ± k) > −1

2
, ℜ(α) > 0,ℜ(β) > 0).

Proof. Replacing z by −z in (28), we get

M
(α,β;m,n)
σ,k,µ (−z) = (−z)µ+

1

2 exp
(z

2

)

Φ(α,β;m,n)
σ (µ− k +

1

2
; 2µ+ 1;−z). (37)

Now using (22) in (37) and then writing the resulting expression by using (28), we
get the desired result.

6. Integral transforms of M
(α,β;m,n)
σ,k,µ (z)

Certain interesting integral transforms of the generalized extended Whittaker func-

tion M
(α,β;m,n)
σ,k,µ (z) are given as follows:

Theorem 6.1. The following Mellin transformation holds true:

∫ ∞

0

σs−1 M
(α,β;m,n)
σ,k,µ (z) dσ

=
Γ (α,β)(s)zµ+

1

2 exp(− z
2 ) B(µ− k +ms+ 1

2 , µ+ k + ns+ 1
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

×Φ

(

µ+ms− k +
1

2
; 2µ+ (m+ n)s+ 1; z

)

(38)

(

ℜ(s) > 0, ℜ(µ± k) > −1

2
, ℜ(µ+ms− k) > −1

2
, ℜ(µ+ ns+ k) > −1

2

)

.

Proof. Using the integral representation of M
(α,β;m,n)
σ,k,µ (z) given by (30) and chang-

ing the order of integration, we get

∫ ∞

0

σs−1 M
(α,β;m,n)
σ,k,µ (z) dσ =

zµ+
1

2 exp(− z
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

∫ 1

0

tµ−k− 1

2 (1−t)µ+k− 1

2 ezt

×
(
∫ ∞

0

σs−1
1F1

(

α; β; − σ

tm(1− t)n

)

dσ

)

dt.
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Taking u = σ
tm(1−t)n , we get

∫ ∞

0

σs−1
1F1

(

α; β;− σ

tm(1− t)n

)

= tms(1− t)ns
∫ ∞

0

us−1
1F1(α; β; −u)du

= tms (1 − t)ns Γ (α,β)(s),

where Γ
(α,β)
σ (s) is the generalized gamma function defined by Özergin et al. [7].

So that, we have

∫ ∞

0

σs−1 M
(α,β;m,n)
σ,k,µ (z) dσ =

Γ (α,β)(s) zµ+
1

2 exp(− z
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

×
∫ 1

0

tµ+ms−k− 1

2 (1− t)µ+ns+k− 1

2 ezt dt

=
Γ (α,β)(s)zµ+

1

2 exp(− z
2 ) B(µ− k +ms+ 1

2 , µ+ k + ns+ 1
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )B(µ− k +ms+ 1
2 , µ+ k + ns+ 1

2 )

×
∫ 1

0

tµ+ms−k+ 1

2
−1 (1− t){2µ+(m+n)s+1}−(µ+ms−k+ 1

2 )−1 ezt dt,

On using the integral representation of confluent hypergeometric function 1F1 or
Φ in the above equation, we get the required result.

Remark 6.2. The case n = m of (38) on arranging the resulting expression in
terms of classical Whittaker function, is seen to yield the Mellin transform of the
extended Whittaker function given by Choi et al. [ [10], p.6535, eq.(27)].

Theorem 6.3. The following formula holds true:

∫ ∞

0

za−1 e−pzM
(α,β;m,n)
σ,k,µ (bz) dz =

bµ+
1

2 Γ(a+ µ+ 1
2 )

(p+ b
2 )

a+µ+ 1

2

×F (α,β;m,n)
σ

(

a+ µ+
1

2
, µ− k +

1

2
; 2µ+ 1;

2b

2p+ b

)

, (39)

(σ ≥ 0, 2p > b > 0,ℜ(a+ µ) > −1

2
)

where F
(α,β;m,n)
σ (a, b; c; z) is the generalized extended Gauss hypergeometric func-

tion defined by (18).
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Proof. On using the integral representation of M
(α,β;m,n)
σ,k,µ (z) on the left hand side

of (39) given by (30), and changing the order of integration, and integrating with
respect to z by using the definition of gamma function, we arrive at

∫ ∞

0

za−1 e−pz M
(α,β;m,n)
σ,k,µ (bz) dz =

bµ+
1

2 Γ(a+ µ+ 1
2 )

(p+ b
2 )

a+µ+ 1

2 B(µ− k + 1
2 , µ+ k + 1

2 )

×
∫ 1

0

tµ−k− 1

2 (1− t)µ+k− 1

2

(

1− 2bt

2p+ b

)−(a+µ+ 1

2
)

1F1

(

α; β; − σ

tm(1− t)n

)

dt.

(40)

On using the integral representation of F
(α,β;m,n)
σ (a, b; c; z) (which can be easily

obtained by using the integral representation of extended beta function given by
(19) in (18)) in (40), yield the desired result.

Corollary 6.4. If we put b = a = 1 in (39), we obtain following special case.

∫ ∞

0

e−pz M
(α,β;m,n)
σ,k,µ (z) dz =

2µ+
3

2 Γ(µ+ 3
2 )

(2p+ 1)µ+
3

2

× F (α,β;m,n)
σ

(

µ+
3

2
, µ− k +

1

2
; 2µ+ 1;

2

2p+ 1

)

. (41)

Theorem 6.5. The following Hankel transformation holds true:

∫ ∞

0

z M
(α,β;m,n)
σ,k,µ (z) Jν(az) dz =

Γ(µ+ ν + 5
2 )

(a2 + 1
4 )

µ

2
+ 5

4

×
∞
∑

s=0

B
(α,β;m,n)
σ (µ− k + 1

2 + s, µ+ k + 1
2 ) (µ+ ν + 5

2 )s

B(µ− k + 1
2 , µ+ k + 1

2 ) (a
2 + 1

4 )
s

2 s!
P−ν

µ+n+ 3

2

(

1√
4a2 + 1

)

(42)

(ℜ(µ± k) > −1

2
,ℜ(µ+ ν) > −5

2
),

where P ν
µ (z) is the Legendre function [8].

Proof. By using (20) and (28), expanding M
(α,β;m,n)
σ,k,µ (z) in terms of generalized

extended beta function and changing the order of integration and summation, we
get

∫ ∞

0

z M
(α,β;m,n)
σ,k,µ (z) Jν(az) dz =

∞
∑

s=0

B
(α,β;m,n)
σ (µ− k + 1

2 + s, µ+ k + 1
2 )

B(µ− k + 1
2 , µ+ k + 1

2 ) s!

×
∫ ∞

0

zµ+s+ 3

2 e−
z

2 Jν(az) dz.
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Using the known formula (see [ [1]; p.182(9)]):

∫ ∞

0

e−pt tµ Jν(at) dt = Γ(µ+ ν + 1) r−µ−1 P−ν
µ

(p

r

)

,

where ℜ(µ+ ν) > −1, r = (p2 + a2)
1

2 and P ν
µ (z) is the Legendre function [8],

in the above expression and after some simplification, we get the desired result.

7. Derivative of M
(α,β;m,n)
σ,k,µ (z)

Theorem 7.1. For the generalized extended Whittaker function M
(α,β;m,n)
σ,k,µ (z),

the following differential formula holds true:

dr

dzr

[

e
z

2 z−µ− 1

2 M
(α,β;m,n)
σ,k,µ (z)

]

=
(µ− k + 1

2 )r

(2µ+ 1)r
e

z

2 z−µ− r

2
− 1

2 M
(α,β;m,n)
σ,k− r

2
,µ+ r

2

(z).

(43)

Proof. By using (24), we have

dr

dzr
[Φ(α,β;m,n)

σ (b; c; z)] =
(b)r
(c)r

Φ(α,β;m,n)
σ (b + r; c+ r; z). (44)

Now, using the definition of generalized extended Whittaker function on the left
hand side of (43), we get

dr

dzr

[

e
z

2 z−µ− 1

2 M
(α,β;m,n)
σ,k,µ (z)

]

=
dr

dzr
[Φ(α,β;m,n)

σ (µ− k +
1

2
; 2µ+ 1; z)].

By applying (44) in the above expression and then using the definition of general-
ized extended Whittaker function given by (28), yield the required result.

8. Recurrence relations of M
(α,β;m,n)
σ,k,µ (z) and concluding remarks

Theorem 8.1. The following relations for the generalized extended Whittaker

function M
(α,β;m,n)
σ,k,µ (z) holds true:

(i) (β − α) M
(α−1,β;m,n)
σ,k,µ (z) + (2α− β)M

(α,β;m,n)
σ,k,µ (z)

−σzµ+
1

2 exp(− z
2 )B(µ −m− k + 1

2 , µ− n+ k + 1
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

×Φ

(

µ−m− k +
1

2
; 2µ− (m+ n) + 1; z

)

− α M
(α+1,β;m)
σ,k,µ (z) = 0; (45)

(ii) β(β − 1)M
(α,β−1;m,n)
σ,k,µ (z)− β(β − 1)M

(α,β;m,n)
σ,k,µ (z)
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+
σβzµ+

1

2 exp(− z
2 )B(µ−m− k + 1

2 , µ− n+ k + 1
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

×Φ

(

µ−m− k +
1

2
; 2µ− (m+ n) + 1; z

)

−σ(β − α)zµ+
1

2 exp(− z
2 )B(µ−m− k + 1

2 , µ− n+ k + 1
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

×Φ

(

µ−m− k +
1

2
; 2µ− (m+ n) + 1; z

)

= 0; (46)

(iii) (1 + α− β)M
(α+1,β;m,n)
σ,k,µ (z) + (β − 1) M

(α,β−1;m,n)
σ,k,µ (z) = 0; (47)

(iv) β M
(α,β;m,n)
σ,k,µ (z)− β M

(α−1,β;m,n)
σ,k,µ (z)

+
σ zµ+

1

2 exp(− z
2 )B(µ −m− k + 1

2 , µ− n+ k + 1
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

×Φ

(

µ−m− k +
1

2
; 2µ− (m+ n) + 1; z

)

= 0; (48)

(v) αβ M
(α,β;m,n)
σ,k,µ (z)− σβzµ+

1

2 exp(− z
2 )B(µ −m− k + 1

2 , µ− n+ k + 1
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

×Φ

(

µ−m− k +
1

2
; 2µ− (m+ n) + 1; z

)

+
σ(β − α)zµ+

1

2 exp(− z
2 )B(µ−m− k + 1

2 , µ− n+ k + 1
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

×Φ

(

µ−m− k +
1

2
; 2µ− (m+ n) + 1; z

)

− αβ M
(α+1,β;m,n)
σ,k,µ (z) = 0; (49)

(vi) (α− 1) M
(α,β+1;m,n)
σ,k,µ (z)− σzµ+

1

2 exp(− z
2 )B(µ −m− k + 1

2 , µ− n+ k + 1
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

×Φ

(

µ−m− k +
1

2
; 2µ− (m+ n) + 1; z

)

+ (β − α) M
(α−1,β;m,n)
σ,k,µ (z)

−(β − 1) M
(α,β−1;m,n)
σ,k,µ (z) = 0. (50)
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Proof (i). We have the following recurrence relation of the confluent hypergeo-
metric function 1F1 (see [11, p.19])

(b−a) 1F1(a−1; b; z)+(2a−b) 1F1(a; b; z)+z 1F1(a; b; z)−a 1F1(a+1; b; z) = 0.
(51)

With the help of above relation (51), we derive

(β − α) zµ+
1

2 exp(− z
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

∫ 1

0

tµ−k− 1

2 (1− t)µ+k− 1

2 ezt

×1F1

(

α− 1; β; − σ

tm(1− t)n

)

dt

+
(2α− β) zµ+

1

2 exp(− z
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

∫ 1

0

tµ−k− 1

2 (1 − t)µ+k− 1

2 ezt

×1F1

(

α; β; − σ

tm(1 − t)n

)

dt

− σ zµ+
1

2 exp(− z
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

∫ 1

0

tµ−m−k− 1

2 (1 − t)µ−n+k− 1

2 ezt

×1F1

(

α; β; − σ

tm(1 − t)n

)

dt

− α zµ+
1

2 exp(− z
2 )

B(µ− k + 1
2 , µ+ k + 1

2 )

∫ 1

0

tµ−k− 1

2 (1 − t)µ+k− 1

2 ezt

×1F1

(

α+ 1; β; − σ

tm(1− t)n

)

dt = 0.

By using the integral representations of M
(α,β;m)
σ,k,µ (z) and Φ in the above expression,

we get our first relation (45). Similarly, we can derive (46), (47), (48), (49) and
(50) by using the following recurrence relations of 1F1 (see [11, p.19]):

b(b− 1) 1F1(a; b− 1; z)− b(b− 1) 1F1(a; b; z)− bz 1F1(a; b; z)

+(b− a)z 1F1(a; b+ 1; z) = 0; (52)

(1 + a− b) 1F1(a; b; z)− a 1F1(a+ 1; b; z) + (b− 1) 1F1(a; b− 1; z) = 0; (53)

b 1F1(a; b; z)− b 1F1(a− 1; b; z)− z 1F1(a; b+ 1; z) = 0; (54)

ab 1F1(a; b; z) + bz 1F1(a; b; z)− (b− a)z 1F1(a; b+ 1; z)

−ab 1F1(a+ 1; b; z) = 0; (55)

(a− 1) 1F1(a; b; z) + z 1F1(a; b; z) + (b− a) 1F1(a− 1; b; z)



A New Generalization of Confluent Hypergeometric Function · · · 25

−(b− 1) 1F1(a; b− 1; z) = 0. (56)

In the present investigation, we have made an attempt here to extend the gener-
alized extended confluent hypergeometric function and the generalized extended
Whittaker function of first kind. Further, we have provided an elegant extensions
of the usual properties of classical confluent hypergeometric function and the classi-
cal Whittaker function of first kind. Most of the special functions of mathematical
physics, such as modified Bessel function, Hermite and Laguerre polynomials can
be expressed in terms of Whittaker function. Therefore numerous generating func-
tions involving the extensions and generalizations of the Whittaker function are
capable of playing important roles in the theory of special functions of applied
mathematics and mathematical physics.
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7. E. Özergin, M.A. Özarslan and A. Altin, Extension of gamma, beta and hypergeometric
functions, J. Comput. Appl. Math., 235, 4601-4610, (2011).

8. H.M. Srivastava and H.L. Manocha, A treatise on generating functions, Halsted Press (Ellis
Horwood Limited, Chichester), John Wiley and Sons, New York (1984).

9. H.M. Srivastava, P. Agarwal and S. Jain, Generating functions for the generalized Gauss
hypergeometric functions, Appl. Math. and Comp., 247, 348-352, (2014).

10. J. Choi, M. Ghayasuddin and N.U. Khan, Generalized extended Whittaker function and its
properties, App. Math. Sci., 9, 6529-6541, (2015).

11. L.J. Slater, Confluent hypergeometric functions, Cambridge University Press, UK (1960).

12. M.A. Chaudhry, A. Qadir, M. Rafique, and S.M. Zubair, Extension of Euler’s beta function,
J. Comput. Appl. Math., 78, No. 1, 19-32, (1997).

13. M.A. Chaudhry, A. Qadir, H.M. Srivastava, and R.B. Paris, Extended hypergeometric and
confluent hypergeometric functions, Appl. Math. Comput., 159, No. 2, 589-602, (2004).

14. N.U. Khan and M. Ghayasuddin, A note on generalized extended Whittaker function, Honam
Math. J., 38, No.2, 325-335, (2016).

15. R.K. Parmar, A New Generalization of Gamma, Beta, Hypergeometric and Confluent Hy-
pergeometric Functions, LE MATEMATICHE, LXVIII, 33-52, (2013).



26 N.U. Khan, T. Usman and M. Ghayasuddin

Nabiullah Khan,

Department of Applied Mathematics,

Faculty of Engineering and Technology,

Aligarh Muslim University,

Aligarh-202002, India.

E-mail address: nukhanmath@gmail.com

and

Talha Usman,

Department of Applied Mathematics,

Faculty of Engineering and Technology,

Aligarh Muslim University,

Aligarh-202002, India.

E-mail address: talhausman.maths@gmail.com

and

Mohd. Ghayasuddin,

Department of Mathematics,

Faculty of Science,

Integral University,

Lucknow-226026, India.

E-mail address: ghayas.maths@gmail.com


	Introduction
	Generalized extended confluent hypergeometric function
	Derivative of 0=x"011B(0=x"010B,0=x"010C; m,n)(b;c;z)
	Mellin transforms and transformation Formula
	Generalized Extended Whittaker Function
	Integral transforms of M0=x"011B, k, 0=x"0116(0=x"010B,0=x"010C;m,n)(z)
	Derivative of M0=x"011B, k,0=x"0116(0=x"010B,0=x"010C;m,n)(z)
	Recurrence relations of M0=x"011B, k,0=x"0116(0=x"010B,0=x"010C;m,n)(z) and concluding remarks

