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On Spaces of Periodic Functions with Wavelet Transforms

Baby Kalita and Sunil Kumar Singh*

ABSTRACT: Some boundedness results for the wavelet transform on Fj([0,1]™)
and Fj;([0,1]™), the spaces of periodic test functions, are obtained. The wavelet
transform is also studied on generalized Sobolev space By ([0, 1]™).
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1. Introduction

In this paper, we have studied the wavelet transform, used by A. I. Zayed [11],
of periodic functions on R™. Let us recall some definitions and properties which
have been used in this paper.

Definition 1.1. A function f defined on R™ is termed as periodic (or Z™-periodic)
if f(t)=f(t+k) forall k € Z".

Definition 1.2 (The Fourier transform). The Fourier transform Z(f) = f of a
function f on R™ is defined by

1O =FDE) = | fe o,

provided the integral exists.
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Theorem 1.3. [1, p.-12] The k' Fourier coefficient of a Z"-periodic function
f e L?([0,1]") is given by

o= ) = [ e,
[0,1]"

and f can be represented into the Fourier series as

F6) =" flk)e k), (1.1)

kezn

Furthermore,
N 2
/[0 L MOF @ =17 = 3 |0

kezn

Definition 1.4. In this paper, the periodization operator TP" is defined by

TP (f) = f(t) ==Y f(t+k),

keZ

provided the series is convergent. The dilation operator D, for any function 1), is

defined as
1 tl tQ t3 tn
Daw(t)::—w DR )
((11!12(13 e 'an) ay az ag QAp
where a = (a1,az2,a3, - ,an), a; > 0,1=1,2,3,--- ,n, and the mother wavelet is
defined by
1 tlfbl t2*b2 tgfbg tnfbn
£ 1.2
’l/)a,b( ) (a1a2a3 . an) ’l/) < a ) as ) as ) ) an ) ( )
and

bap(t) = D baplt+k), (1.3)

kezn

whenever the series is uniformly convergent.

Definition 1.5. If 1 is a wavelet such that the series (1.3) is uniformly convergent,
then the continuous wavelet transform [3, p.-28] of a Z™-periodic function f €
L2([0,1]™) with respect to 1 is given by

(W5 £)(a,b) == /[O L0 DosB)dt, a €RY = (0,00)" and be [0,1]".  (1.4)
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Thus, we have

umﬁww:/ F() Doy () dt

[0,1]™
/ ) > U ,(t+k)d
Am kezn
Z/ () Dup(E TR dt
kezn 7 [0,1]"

(series is uniformaly convergent)

:ZAJ@

kezn
o 1 " t1+k17b17t2+k27b27”_7tn+kn7bn dt
(arazas---an) ax a2 an
-/ fla y+b—k) T dy
kezn Y lay+b—k|<1
; fla-y+b)¢(y)dy
where a-y is defined as a-y := (a1y1, a2y2, -+ , anYn), and hence by using equation
(1.1), we get
Wph)a.b) = [ o) Y fk)e?revttay
keZm
_ Z f(k) ei27r(bk / T 127 ay,k)dy
kezn Rn
= S f) e (a ). (15)
kezZm
Furthermore,
7 [Wif(a)] (k) = fk) dla- ). (1.6)

Theorem 1.6. (Parseval’s relation) If v € L*(R"™) is a wavelet and satisfies
the admissibility condition

. B2
0<c¢::/ ek 4, « ., vV ke N, (1.7)
]Ri a1ag - -+ an
and f,g € L*([0,1]™) are Z"-periodic functions, then
———  dbda
W+ £)(a, b)) W-g) (@ b) ——=" — ¢, (f.q). 1.8
Jo L WD @l S0 =Cutrg. (9

This gives the Plancherel relation

/[0,1]n /]Ri

2 dbd,
oo [ pefe 9
@n 0.1

(W;.f)(a,b)

aiag - -+
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Proof. From equation (1.5), we have

<W;bf, W;pg> = /[o,qn/i (kezzn Fk)d(a-k) ei27r(b,k)>

mezm

a1az -+ Qp

= Y fwam [ bl
kezn i "
= o Y i
kezn
= Cy(f,9)-

d

Definition 1.7. (Inversion formula) Let f € L?([0,1]") be a Z"- periodic func-
tion and ¢ be a wavelet that satisfies (1.7). Then the inversion formula for (1.4)

s given by
dbd
£t _/ / (W3 f)(a,b) 4 (8) — .
01]" n asb aiag - (07%

2. The wavelet transform on test function space F,([0,1]")

Let us recall the definitions of test function spaces F,([0,1]™) and G,([0,1]"),
the spaces of periodic test functions, defined by Pathak and Singh [6].

Definition 2.1. The test function space F, ([0 11"); 1 < p < o0, is defined as

]
£y ([0,1]") := {f . £ € C([0,1]") and t° 1) e LP([0,1]"), Vo ﬂGN"}
2 ([0,1]™) : : , dtﬂ , nt

The space F,([0,1]") is a complex linear space with respect to usual point wise
operation of addition and scalar multiplication. If we define vgﬁﬁ(f) as

8
hoh) o= {2

dt?
then the collection

s forf e Fyanda, s € NH},
Lp
My = {2 ,(f) s 0,8 NG}

is a countable multinorm and F,(R™) becomes a countably multinormed space with
the topology generated by M,y,.
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Definition 2.2. For 1 < p < oo, b € [0,1]" and a € R, the test function space
Gp(R% x [0,1]") is defined by

Gp(RY x [0,1]")

—{occ=mxpami( [

for all 0,0, 8,v e Ny with 8, +v;, > d; +1,i=1,2,--- ,n.

P 1/p
/ a’b* D] D} ¢(a,b)da db) <oo},
R

n
+

Theorem 2.3. Let f € F,([0,1]") be a Z"-periodic function and ¢ € . (R™) be a
wavelet such that

0<Cy= }/R s“Dgfp(E)ds} < oo,

where 6,y € Ni. Then the wavelet transform Wy, = Fp([0,1]") — Gp(R% x [0,1]")
18 continuous linear operator.

Proof. If §,cr, B,v € Nj with 8, +v, > §; + 1, then

I = a’b*DID)(Wyf)(a,b)
= a’b*D](W;D" f)(a,b)

= aD) Y FID°fI(k) bla- k) e
kezZm

= a’*D) > (i2rk)’ f(k)(a- k)R,
kezn

/ Ida = ) ™R (iark)? f (k) / a®DY(a - k)da

kezn R
= b Y PR (iarnk)? £ (k) / Wk DY ) (w)du
kezn R

= b Y PR (o) 0 (o) T (k) / w DY (u)du.
kezn n
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Therefore, we have

/ / Ida

[0,1)" [JR™

:/ b Z eﬂ”(b’m(i2ﬂ'k)ﬂ+'y*571(i27r)|577+1‘f(k)/ uw’ DY p(u)du
O | gezn R

/[0,1]"'

c |

w [O,l]n

p
Y o

6774’1 4
[Ovl]n

p

db

P
db

IN

b Z eiQﬂ(b,k}(iQWk)ﬁJF'Y*&*l(i27‘r>|677+1‘f(k)
kezn

p

db

b (i2m) PN " PR (o) PO (k)
kez™

p
b (i2m) 0N 20K Z YA f ()] ()| db

kezn

baDg“’*‘s*lf(b)’p db

_ |5—7+1] P P
= (2m)°THCY

bozDg+ﬂ75flf(b)’

Le([o,)m)

Therefore, the wavelet transform W, : Fj,([0, 1]") — G, (R} x [0, 1]") is continuous
and linear map. O

3. The wavelet transform on test function space F;([0,1]")

Definition 3.1. For 1 < p < oo,a € Nj, the test function space Fj([0,1]") is
defined by

F o) = {7 s pec@ar)aa [T (b0 ) 1€ o}
j=1 J
and the corresponding space of distributions is denoted by (FI’;)’.
Definition 3.2. The test function space Gy (R’ x [0,1]") is defined, for 1 < p <
oo,a € Nj,a € R and b€ [0,1]" , by
Go(RY x [0,1]") = {qﬁ € C*(RY} x [0,1]") :

- 9 o \“ P dadb \'*
(/"/1 jl:[l(ajajj—f'ﬁja—ﬂj) o(a,b) 7{11(12...&") <oo}.

The corresponding space of distributions is denoted by (Gy)".

Note that any differentiable function v satisfies the following partial differential
equations given in [4].
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(i) For a,b,t € R,

(v (5) = (@)oo () o0

(ii) Furthermore, for a,b,t € R and m € Ny, we have

0 o\"1 t—10
(“%”%) ﬂ( @ )

3.2
=(-n™ ta+1m1w b >
N ot a a )’
(iii) In the n-dimensional case, this takes the form
n o o\ 1 t1 — b1 to —bo tz — b3 tn — bn
jljl(ajaaj—’— Jab') ala203"'anw( ar  az | a3 " an )
7( 1)‘Q‘H(_+1)J ! w(tl_b17t2_b27t3_b37"'7tn_bn)7
aia2a3 .- an al a as Qn,
for a,b,t € R™ and a = (1, aa,, - -+ , ) € Nf.

Theorem 3.3. If f € F5([0,1]") is a Z" periodic function and ¢ € Z(R™) is a
wavelet, then the wavelet transform Wy, : F5([0,1]") — G3(RY} x [0, 1]") is one-one
onto continuous linear map.

Proof. Let f € F5([0,1]") C L?([0,1]™) be a Z"- periodic function and the wavelet
e .S (R") C L?(R™). Since

(W3.f)(a,b)
:/ op> 1 w(tl_b1+kl7t2_b2+k27”.7tn_bn+kn>dt
[0,1]™ sezn a1a20a3 - an a1 a2 Qn
_ / 1 w<t1—61+k17t2—b2+k27_”7tn_bn+kn)dt
wezn /(0,17 a1a2a3"'an ai az an
/ 1 ¢(y1—b17y2—b27_”7yn—bn)dy
kezn /1y— k\<1 a1a2a3---an ai az an
1 y1—b1 y2 —bo Yn — bn
/nf(y)alagag...anw< —h b et g
That is,

(W f)(a,b) = (Wy f)(a,b). (3.4)
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For a,b,t € R, using equation (3.1) and integrating by parts, we have

(a% 4 b%) (Wi f)(a,b) = / (1) (a% +b%) 2w (t - b)dt

In general, by induction on m € N,

<a% + b%)m (Wyf) (a,b) = Wy (<t%)m f(t)) (a,b).

Now, generalising for the n-dimensional case, we have
- 9 o\ n 5\

where a € R}, b,t € [0,1]" and o = (a1, 2,03, ,a,) € Nj. Using equation
(3.4), (3.5) and Plancherel formula, we have

& Jou
Cw [0,1]”’ 1 .

g ) o\
\(SORES T

5 1/2

5 1/2

! 7 0 9\
e %G, T ) Wy f) (a,b
Cy /[0,1]n/1 H ( T0a; 7 b, (Wy f) (a,b)

2 1/2
-l /W / | (H Qg) f(t)) (a,b)

< 0oQ.

L2([0,1]™)
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Thus, Wy, f : F5([0,1]") — G5 (R} x [0, 1]") is one-one onto continuous linear map.
If W{; ! denotes the inverse of WJ}, then

9 1/2

= O\
Jowe W ()57 (es)]

J

5 1/2

2 1/2
1 - 9 N\ dbda
=\~ aj=— +bj— 1% a,b)| ——————
Cy /[0,1]" /i 11 ( ! Da; mbj) (W) (a:0) ajag - - - ay
9 1/2

A N
“\a 5= +big- | (Waf)(ab < co.
Cy 0.1 JRY E j@aj Jabj ( ¥ ) (a,b) a1as - an

Thus, Wﬂjl is also a continuous linear map from G3(R”} x [0,1]™) onto F3 ([0, 1]™).
g

4. The wavelet transform on Generalized Sobolev space BE([0,1]")
Let us recall the definitions of generalised Sobolev spaces defined in [6].

Definition 4.1 (Temperate weight function). A positive function k defined on
R™ is called a temperate weight function if there exists positive constants C' and N
such that

RE+n) < (L+CIENYR() 5 €neR™.
The set of all such functions k is denoted by J& . Certain properties of temperate
weight functions can be found in [2].
Definition 4.2. The generalised Sobolev space BE([0,1]™) is a space of all infinitely
differentiable complex valued function f on [0,1]" such that
P

11 (t%) £(#)

=t BE([0.)")

- [ wer|s () 7)) @) de <o

Jj=1
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where 1 < p < oo and a € Ny, and k is the temperate weight function.

Definition 4.3. The generalised Sobolev space VP(R! x [0,1]™) is a space of all
infinitely differentiable complex valued function ¢(a,b) on R} x [0,1]" such that

P

n a a Qi
aj—— +b‘—) é(a,b)
1;[1 ( J aa]— J ab]
J Vi (R x[0,1]™)
. 0 o\ P da
= i— +b;— b
/Ri ]1;[1 <aJ ba; ]abj> ot
Theorem 4.4. Let ¢ be a wavelet such that

< Q.

BE([o,1]r) 414243 7" An

ajaz--a
n 142 n
+

ng/ [@ol” 1 o o v e Rrn,.

Then the wavelet transform Wy = BE([0,1]") — VP(RY x [0,1]") is one-one onto
continuous linear map.

Proof. Let (W@f) € VP(R} x [0,1]"). Then by using the techniques of [6], we
have

P
n a a Ot]‘
_H <aj67j + bja_bj) (W;bf) (a,b)
=1 VP (R? x[0,1]7)
p
n a a Otj
= H <aj67j +bja_bj> (Wy f) (a,b)
j=1

VP (R x[0,1]7)

. 0 o\ ’ da
:/R’ H(ajale"‘bja_bj) (Wy f) (a,b) IV
) BE([0,1]™)

A ) (R I

BE([0,1]™)
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Now by using equation (3.5), we have

P
- 0 o\
H (aj% + bja_bj) (W&f) (a, b)

5=t VP (R? x[0,1]7)

& X o\ da
/Ri /[o,l]nMg)'p"é Wy H<tfa_tj> f@&) | (@b) ] ()| d o —
p
5 N 9\ da
—/i /[Oyl]nlm(ﬁ)lp wms)\ F jl:[l(tja—t]) 1) | ©)] de | ———
p
— p = ‘i)a]‘ ~ p da
_/[O,WMM F j]:[l(tjatj f(t)) (€) </}R+ d(a ‘ a1a2man>d5
p
n a o
:C:D Pl g _ d
L[ |7 E(tjat]> ONGIR"
n « p
=CP H<t a) Jf(t)
v LL\ Yo
=t BE([0,1]")
This completes the proof of theorem. O
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