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Operational Shifted Hybrid Gegenbauer Functions Method for Solving
Multi-term Time Fractional Differential Equations

Nasibeh Seyedi and Habibollah Saeedi

ABSTRACT: In this paper, we propose an efficient operational formulation of spec-
tral tau method for solving multi-term time fractional differential equations with
initial-boundary conditions. The shifted hybrid Gegenbauer functions(SHGFs) op-
erational matrices of Riemann-Liouville fractional integral and Caputo fractional
derivatives are presented. By using these operational matrices, the shifted hybrid
Gegenbauer functions tau method for both temporal and spatial discretization are
presented, which allow us to introduce an efficient spectral method for solving such
problems. Finally, numerical results show good deal with the theoretical analysis.

Key Words: Operational matrix, Multi-term FDEs, Shifted Hybrid Gegen-
bauer.
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1. Introduction

Many phenomena in fluid mechanics, physics and other sciences can be de-
scribed successfully by models using mathematical tools from fractional calculus
[2,4,7,19,28]. Theory of derivatives and integrals with fractional order and some ap-
plications are given in [20]. In this paper, the following multi-term time fractional
partial differential equation will be considered:

0?u(z,t)
ox?
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P(Dy)u(z,t) =k + flz,t), 0 <z < L,t >0, (1.1)
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with the following initial and boundary conditions:

ou(x,0
u(z,0) = 6, (x), 2280 g, 0), (12)
u(0,t) = py(t), u(L,t) = py(t). (1.3)
where  P(Di)u(z,t) = (Df + 377, diD; N u(z,t), with 1 < am < - < a1 < a <2,
dj >0, j=0,1,...,m. D7 is the Caputo fractional derivative operator of order «;

with respect to variable t and the functions ¢, (z), ¢,(x),p,(t) and p,(t) are given.
The multi-term fractional differential equations have been widely studied in rheol-
ogy, mechanical models, and in many other areas [28]. In [7] an analytical solu-
tion of multi-term time-space fractional advection diffusion equations with mixed
boundary conditions on a finite domain has been given. Atanackovic et.al. [2],
analyzed diffusion wave equation with two fractional derivatives of different order
on bounded and unbounded spatial domains. A finite difference scheme in time has
been proposed for solving this equation in [1]. Also authors in [19], have presented
a numerical solution of linear multi-term fractional differential equations by using
piecewise polynomial collocation methods.

Operational matrices are used in several areas of numerical analysis, they also hold
particular importance for solving different kinds of problems in various subjects
such as differential equations, integro-differential equations, ordinary and partial
fractional differential equations, optimal control problems and etc [16,17,18,22,23,
24]. The present method in this paper is based on shifted hybrid Gegenbauer
functions.

In this section SHGF's are introdued by using Gegenbauer polynomials together
with block pulse function(BPFs), then they were used to constract operational
matrix of fractional integration and were applied to solve the Eqs.(1.1-1.3).

2. Preliminaries

In this section, first some basic properties of fractional calculus theory are
recalled, then the shifted hybrid Gegenbauer function is introducted.

2.1. Fractional calculus

Definition 2.1. The Rimann-Liouville fractional integral of order « >0 of func-
tion w(xz,t) with respect to variable t is defined as:

o —&)*7hde, if a>0
I —_J) T fo u(§;t) (z—§) ) ) 91
e ul@,t) { u(z, t), if a=0. (2.1)
Definition 2.2. The Caputo fractional derivatives of order « are respectively given
as:
. L e
Diu(z,t) = T —a) /0 @t dg, (2.2)

where n—1<a<n,neN.
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The operator D satisfies the following properties:
1. Di(ciu(z,t) £ cow(z,t)) = c1D"u(x,t) + coD¥w(x, t),
2. DiI7u(z,t) = u(z,t),
3. IYDYu(x,t) = u(z,t) — [ a@ 0t )2

il

4 Dum[i’ _ 071"(6 1 ﬂ < v,
. T - + —v
mErene’ B
(2.3)

2.2. Shifted hybrid Gegenbauer functions

We denote the orthogonal set of SHGFs by Lyj(z),i =1,2,...,n,7 =0,1,...,m—
1 and define:

rhij(z) =

{ Cr(2n% —2i+1), L= <a<Li, (2.4)

0, otherwise,

where C}(z) are the Gegenbauer polynomials which are defined in [~1,1] by the
following recursive relation:

Co(x) =1, Ct(x) = 2)z,

Co(a) = L[2z(m + X = 1)Cp_1(z) — (M +2X = 2)Ch_a(z)], m=2,3,....

The set of {Cw(z) : m = 0,1,...} in Hilbert space L*[-1,1] is a complete
orthogonal system with respect to the weight function w*(z) = (1 — zQ)A*%, ie.
N 2PN+ 5T (k +2))

1
A A A _ A5 =
| G @@ (2)dz = hid, hi. 2k + 20 K2 (2N

(2.5)

Lemma 2.3. The set of SHGFs hi;(z), is a complete orthogonal system in
Lik [0,1] :== {u : [0, L] — R| fOL u?(z)w} (x)de < oo} with respect to weight function,
L

W@ = (1= (2nE —2i+ 1> 3, de:

Lr2 22T (j+2))

1 -
/ Lhij (x)thq(x)wzd:v = njl(G+MTZ(N) ‘7 =
0 0, J#aq

Proof: By using the change of variables t = 2n%—2i+1 and applying the orthogonal
property in (2.5), we will have:

L

1
[ ihs @@t @de = [ 0 e - 24 D) @0 —2i+ 1)
0 L

i—1
n

x (1—(2nZ —2i+ 1)) 2dz

L
:% /jl MM (t)w(t)dt

Lw2" 2 D (j+2)) .
—{ Gz 0 T D

0, J#q
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The function w(z) € L2,[0, L], can be estimated by a unique function in the
L

space, n.mG?, where:

nmG1 = span{rhy(z),i =0,1,...,n,j =0,1,...,m} (2.6)
as: L
w(z) = > ciyrhij() =T m(@), (2.7)
i=1 j=0
where:
(u(®@), hij (2)).» Lo o1 (2.8)
C'L: b 1= b 7"'7007 = b b 7007
T (Lhij (@), Lhij(2)) ) !
C :[010) L )cl,m—la €205+ - -, 027m—1, c e Cn0y - ey cn,m—l]Ta (29)
Lq)nym(ZE) :[tho(.fC), R h11m71(1'>,[‘ hgo(l‘), ey (210)

Lh2,m71(z)a «e-sL hnO(x)v Y hn,mfl(x)]-

Similarly, a function of two independent variables u(z,t) € ,7 L?[0, L] x 7 L?[0, T
can be expaned in terms of SHGF's as:

n m—1 n m-—1

u(z,t) =~ Z Z Z Z Kiyjyizga Lhiy gy (x)Thizdé (t) =L (I)Z,m(x)KTq)n,m(t)v (2.11)

i1=171=01i2=1j2=0
where K = [Kiyjiinio](nm)x(nm) 1S the coefficient matrix and:

oo — <<U(537t),Lhz’l,jl(l'))wi,ThiQ,jz(t»wi
IR (Lhiy gy (@), Lhiy gy (ac))wi (Thig 3o ()T hig 35 (D)) n

L

i17i2:1,2,...,n, jl,jQZO,l,...,mfl.

3. SHGFs operational matrix of fractional integration

In this section, the operational matrix of Riemann-Liouville fractional integra-
tion for SHGF's will be interoduced.

Theorem 3.1. If [P, m(x) be the SHGFs vector and o >0, then I%[®nm(x) ~
P19, (), where the (mn)x (mn)-matric P* = [P, 4] is called SHGFs operational
matriz of fractional integration of order o and:

—
s
=
<
|
N
S

Pyg= Erspq(vy —72), i1=1,2,...,n, j=0,1,...,m—1, (3.1)

1
Il
)
w
Il
o

such that:
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(D)'TA 44 = )22 0" gl (g + M)
rI(j —2r —s)IT(s + 1+ o) LaT(q + 2))

Erspq = ,

b .
j—2r—s 1—1 s+a xz
1= [ D= ) @n g — 2+ Dw(a),

d .
1.\ s4+a T
1= [ = Deciead - 2+ Dwy(e),

-1 -1 0 — 1 -1 2 ;
a::max{pn ,Zn IS b::max{%7lT}, c::max{pn 7%}7 d::max{%,%}.

Proof: Suppose that h;j(x) is the [-th element of the vector ®n.m(z). By applying
the operator I, we have:

I%hij(x) = ﬁ /Oz(x — ) hyy (t)dt
L e,
= m{-’ﬂ * hij(z)}.

By taking Laplace transform from both sides of the above equation, we will have:

L[I%hij(z)] = ﬁz[m“‘l]ﬁ[h”(m)]

= Ll (@)

n n

= siaa [Cj(%% —2i+1) (U(foii S fU(:v*Li))} ;

where Ul(x) is the unit step function. thus:

o 1 ey .
Ll his ()] = 2100 Bt~ D]e” 5 — 210} R+ 1)
- [Z}Jir mF )\+] _ T)QJ 21"+m m (_l)j_g,n me_rnls B 6_%3
- r=0 m=0 F 7" ] - 2T) (.7 —2r— )ILm gotm+1 gatm+1 |-

Now, by taking the inverse Laplace transform, we get:

[ (=1)"D(A 4 j — r)2d=2rtmpm
T(\)7r!(j —2r)(j — 2r —m)!IT(m + a+ 1)L™

< (1 - S - L - - D - 1))

n n n

r=0 m=0




102 N. SEYEDI AND H. SAEEDI

However, for i=1,...,n and j=0,...,m —1 by approximating I“h;;(z), via
SHGFs, we have:

n m—1

I%hij(z) ~ Z Pp.qhp.q(@), (3:2)

p=1 g=

so that:

% (@), hp g (T)) wy ()
LS T ) N 2 e
[rCr@ns —2p+1) (U(z — LE2) — Uz — L2)) I*hij (z)wp(x)

= Lao—2AD(q+21)
nq!(g+2X)I'2(N\)

b d
=% B ([ B0t [ oy
r=0 m=0 a c
O
4. Description of the method
Consider Eq.(1.1). Suppose that:
f(ZE,t) =~ L(I)Z,m(x)FT(I)",m(t% (41)
and: 9

u(x,t

(95172 ) ~ 1P (2)O1 P (8), (4.2)

where @ ., (x) and @7, () are SHGFs in terms of = and ¢, respectively. F
and O are known and unknown coefficients matrices. By applying the operator
I3 on (4.2) and using property (2.3), we get:

ou(0,t)
Ox
Utilizing the boundary conditions (1.3), we have:

u(z,t) —u(0,t) — 1@ (2) (o P2) Or®rm(2). (4.3)
u(@, t) =Py, (2) (2 P2) T Or @ (t) + p1(t)

+ % (pl (t) - p2(t) - L(I)Z,m(L)(zPﬂTOT@n,m(t)) : (4-4)

If we assume that:

pl(t)% (pl(t) - pg(t)) = L@Z,m(x)STq)n,m(t)v = L(I)Z,m(x)x7 (4'5)

i
L
then, Eq.(4.4) can be rewritten as:

u(z,t) ~ 1O () (PITQO +5- X@Z,M(L)PZTQO) B0 (£). (4.6)
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By substituting Eqs.(4.1),(4.2) and Eq.(4.6) into Eq.(1.1) and applying the
operator I{* on it, we get:

- _Qu(@,0), | NN penas _ _ Ou(z,0)
u(z,t) — u(z,0) 5 t+ ; d;1 (u(a@t) u(z,0) 5 t
11Dy, (€) O P, (8)) + 1% (1. Py (€) F 1P (8)). (4.7)
Using initial condition (1.2) and substituting Eq.(4.6) into Eq.(4.7), we have:

L0 () (PEQO +5— XLéf,m(L)ngo) 7@ (t)

~p ®F L (2) <0Pa + FPa = diOPa_a, + G) 7@ m (), (4.8)

i=1
where G is the coeflicients matrix of the function g¢(x,t¢), which is defined as
follows:

ta*ai tafaiﬁ»l
a—o;+1) +w(£)r(a—o¢i++2)) '

(4.9)
By applying the orthogonal property of SHGFs, we achieve the following linear
matrix system of equations:

o(5,0) = 61,(0) + 0@t = 30 (61,07

P0+S— X7 1 (L) PoO—OPa—FPat Y | di( PoO+S—X®7 1, (L) P20) Pa—a; —G = 0.
i=1

(4.10)

Actually, equation (4.10) is a Sylvester system as AO+ OB+ C =0, where A,
B and C are as the following:

A= PL - Xo"(L)PL,

B=—Pa(I+Y0"  Paa,)" "

C= (X", 8Paa, = FPa—G) (I+ Y07, Paca,)
Some algorithms for the numerical solution of Sylvester equations can be find in
[10,11,12)].

5. Error analysis

In this section, an upper bound of the shifted hybrid Gegenbauer approxima-
tion will be given. Also, by using the presented equations in previous section, we
introduce a process for estimating the error function when the method is used to
solve the main problem,(1.1)-(1.3).
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5.1. Error bound
suppose that:

I_l;\n,n = span{Lhil,jl(x)ThiZajz(t)7 1,12 =1,2,...,n, Jji1,52=0,1,....,m— 1}7
We assume that wm,n(z,t) € M), is the best approximation of wu(z,t), i.e
V’Um,n(l’, t) € mim,m Hu(x7t) - um,"(mv t)HOO < Hu(x7t) - Um,"(mv t)HOO‘ (5'1)

If vmn(x,t) denotes the interpolating polynomial for w(z,t) at points (z,,ts)
where z, are the roots of rh;, m(x), while ¢, are the roots of rhi, m(t), then:

m—1
u(m,t)fvm’n(m,t)*a u(n, ) 7 H x;) +6 u(z, ) I1 ¢ -t
5=0

Az (m)! Az (m)!

62m

6zm6t7f"(nm)l‘t Zn)‘ H (@—ar Uo(t —ts),

where n,7" € [0,L] and u,u" € [0,T], and we obtain:

9™ u(n, t) | T (2 — =)o

lw(z,t) = vm,n (@, D)lloc < maz(e yerl

ox™ (m)!
O™ u(m, w) NI (= ) lloo
+ maz(, erl e \ )t
4 maz ‘5‘27"11(77', u') | I (2 = ) ool TTESG (8 = ) lloo
(T g ypm gtm mim! ‘

Since wu(z,t) is a smooth function on w(z,t) € [0, L] x [0, T], then there exist the
constants ci,ce and cs, such that:

O u(n,t OMu(x *mu(n’, 1
max(x,t)el|#| <, mam(x,t)el|#| < ¢, mam(x,t)el|ﬁ| < cs.
(5.2)
Now, Let z:=zL, then z €[0,L] and we get:
m m
ming, co,pymazose<c| [ [ (@ — )| = min,cjoymazo<z<i| [ [ B(z — 27)]
r=0 r=0
m—1
= L™ min.,c[o,1ymazo<-<1| H (z — zr)|
r=0
< Lm7 (5.3)

where z;s are the roots of A3, ,,(2). Then by using Eqs.(5.2),(5.3), we have:

[z, t) = vmn (@, 8)l|oo < &1 (m> e <W) e (W) '
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5.2. Estimation of the error function

Suppos that the function wm,,(z,t) € My, ,, is the approximate solution of the
main problem (1.1)-(1.3), which is obtained by using the presented method. First,
we name:

emn(2,t) = u(z,t) — um,n(z,t), (5.4)
as the error function where wu(z,t) is the exact solution of Eq.(1.1). Hence,
Um,n(7,t) satisfies the following problem:

82um,n (z,t)

P(Dt)umn(z,t) — k D2

= f(z,t) + Rm,n(z,1), (5.5)

with the following initial and boundary conditions:

OUum,n(2,t)

ALl = 0(@), w00 = pil), wmn(L,8) = pa(d),

(5.6)
Here, Rum.n(z,t) is the residual function which is obtained by substituting the
approximate solution wm, . (z,t) into Eq.(1.1).
Now, let us subtract Eqgs.(1.1),(1.2) from Egs.(5.5),(5.6), respectively. Hence,
we obtain the error problem as follows:

Um,n(2,0) = ¢(z),

8%emn(x,t)
P(Di)emn(x, t) — kT = —Rmn(z,t), (5.7)
with the homogeneous conditions:
emm(z,0) = ae%t(x’t)h:o =0, emn(0,8) = emn(L,t) = 0. (5.8)

Finally, we solve the error problem Eqs.(5.7),(5.8) in the same way as presented in Section
(4) and thus we will find the following approximation:

n m—1 n m-—1

€mn(2,1) = Z Z Z Z a:17j1,127]'2]4hi1,11 (x)rhis 5, (1) (5.9)

i1=171=01i2=1 j2=0

= H"(z)AH(t), (5.10)

for the error function ey, n(z,t). We note that if the exact solution of the problem (1.1)
is unknown, then the maximum absolute error can be estimated approximately by using:

Epn(z,t) = maz{emn(z,t),0 <z < L,0<t<T}. (5.11)

6. Numerical results and comparisons
In this section we examine the method described in the previous sections by some

examples.

Examplel. Consider the following time fractional partial differential equation:

0%u(z,t)  0%u(z,t)
o

+ 267 292, 0<z<1,0<t<1
xr — xr
F(S_a) b b b
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w(0,t) = 0,u(1,t) = t* & wu(x,0) = 0,u¢(x,0) = 0,

where wu(z,t) = z%t? is the exact solution, and 1 < o < 2 and B = 2. The approximate
solutions are obtained [, m = 4,n =1 and A = 0.5 for a fixed « in a specified time.
Figure 2 shows the error for m =4,n=1and A =0.5 for « =15 and [ =2. Table 1
shows the error in ¢ = 0.2. Figure 1 shows the approximate solutions at moment ¢ = 0.2
for =2,8=18and B =1.4that m =4,n=1and X =0.5. Actully, if  — 2,
then we get closer to the exact solution.

x error error error EOC

r | f=14|B=138 B =2 8=2

0 0.5e-3 0.3e-3 | -0.090e-10 | 18.3466
0.1 | 0.5e-3 le-3 0.141e-10 | 18.0228
0.2 | 1.1e-3 0.6e-3 0.288e-10 | 17.5076
0.3 | 0.9¢e-3 0.5e-3 0.364e-10 | 17.3386
0.4 | 0.9e-3 0.4e-3 0.382e-10 | 17.3618
0.5 | 0.6e-3 0.2¢-3 0.355e-10 | 17.3567
0.6 | 0.2e-3 | -0.0e-3 | 0.296e-10 | 17.4878
0.7 | -0.3e-3 | -0.2e-3 | 0.218e-10 | 17.7084
0.8 | -0.7e-3 | -0.2e-3 | 0.134e-10 | 17.0595
0.9 | -0.6e-3 | -0.2e-3 | 0.057e-10 | 18.6761

Table 1: The eror function for m = 4,n = 1 and different 3 in example 1.

Therefore EOC in the tablel is the estimated order of convergence such that

log |e log
EOC = &lel e expect that ex ()", s0 r= loglel
logv logﬁ

0006

—=—— exact solution

TR

-—B-- teta=2
goisp 0 | ——e—- teta=1.8
L g teta=1.4

0.004
J.003
0ooz E

0001 f

Figure 1: Approximate solution for m = 4,n =1 and o = 1.5 in ex. 1.
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Figure 2: The eror function for m = 4,n =1 and a = 1.4 in ex. 1.

Example2. Consider the following time fractional partial differential equation:

0%u(z,t)  0u(z,t)  O’u(z,t)

—|—f(£C7t)7 0<tz<1,

ot dtor 02
u(z,0) =0, Qu@.0) — 0, u(0,t) =0, u(1,t) =0,

Such that u(z,t) = sin(wx)t? is the exact solution, where 1 < a < 2 and f(z,t) is as
follows:

flz,t) = <1’*(46, ) 37 4 xe E al)t37al> sin(rx) + m2t3sin(nzx).

The procedure for « = 1.5, A = 0.5 presents the error function value at moment ¢ = 0.2
for m = 4 and different n. The results show that the larger n is the smaller error we
have, so we get closer to the exact solution.

Figure 3: The error function for m = 4,n = 1 in moment ¢ = 0.2 in ex.2.
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0.5

1.5

~<10®

0.4

in ex.2.

0.25 0.3 0.35

Figure 5: The error function for m = 4,n = 4 in moment ¢ = 0.2

8

107

0.4

in ex.2.

Figure 6: The error function for m = 4,n = 8 in moment ¢ = 0.2

0.4

in ex.2.
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