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Involute-Evolute D-Curves in Minkowski 3-Space E?

Fatma Almaz and Mihriban Alyamag Kiilahci

ABSTRACT: In this paper, we examine the notion of the involute-evolute curves for
the curves lying the surfaces in Minkowski 3-space E? We call these new associated
curves as involute-evolute and by using the Darboux frame of the curves. We give
the representation formulae for spacelike curves in Minkowski 3-space Ei” and using
this formulae we give some characterizations of these curves. Besides, we find the
relations between the normal curvatures, the geodesic curvatures and the geodesic
torsions of these curves.

Key Words: Involute-evolute curve, darboux frame, normal curvature, geodesic
curvature.
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1. Introduction

The theory of curves has been one of the exciting subject because of having
many application area from geometry to the different branch of science. In dif-
ferential gometry, there are many important consequences and properties in the
theory of the curves. Hence a lot of researchers follow labours about the curves.
C. Huygens, who is also known for his works in optics, discovered involutes while
trying to build a more accurate clock, [4]. In [5], the relations Frenet apparatus of
involute-evolute curve couple in the space E3 were given. In [11], A. Turgut and
E. Erdogan examined involute-evolute curve couple in the space E™. In [3], O.
Bektas and S. Yuce examined special involute-evolute curve couple by taking into
account the Darboux frames of them and gived some examples in the space E3.

In this study, we consider the notion of the involute-evolute curves in Minkowski
3—space Ef’ We give the representation formulae for spacelike curves in Minkowski
3—space E13 By using the Darboux frame of the curves we obtain the necessary
and sufficient conditions between kq, k,,7, and kg, ,k,, and we also give some
theorems, results and example.
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2. Preliminaries

The Minkowski 3-space E? is real vector space R? provided with the standart
flat metric given as following

() = dy? +dy} — dy3,

where (y,,y,,y,) is a coordinate system of E13 A vector V on E13 is called spacelike
it (V,V) >0or V=0, timelike if (V,V) < 0 and null if (V,V) =0 and V # 0.

Let M be an oriented surface in 3-dimensional Minkowski space Ef’, and let
consider a non-null curve y(s) lying on M fully. Since the curve y(s) is also in
space, there exists Frenet frame {7, N, B} at each points of the curve where
is unit tangent vector, ﬁ is principal normal vector and § is binormal vector,
respectively. Since the curve y(s) lies on the surface M, there exists another frame
of the curve y(s) which is called Darboux frame and denoted by {T,g,n}. In this
frame 7 is the unit tangent of the curve, 70 is the unit normal of the surface M
and 7 is a unit vector given by 7 =7 x ? Since the unit tangent 7' is common
in both Frenet frame and Darboux frame, the vectors N), ,? and 77 lie on the
same plane.

Suppose that the surface M is an oriented spacelike surface, then the curve y(s)
lying on M is a spacelike curve. So, the relations between the frames can be given
as follows:

T 1 0 0 T
gl = |0 coshy sinhep| [N
n 0 sinhe coshy| |B

in all cases, ¢ is the angle between the vectors 7 and ﬁ
Thus, the derivative formulae of the Darboux frame of y(s) is given by

T’ 0 k, k[T
gl=1-k, 0 7,119 (2.1)
n' k, 7, 0] |n

<T5T>: <gvg>:17<nan>:71 (22)

In this formulae, kg4, ky,, 74 are called the geodesic curvature, the normal curva-
ture and geodesic torsion, respectively. Furthermore, the relations between geodesic
curvature, the normal curvature and geodesic torsion and k, 7 are given as follows:

i) ky = kcose, k, = rsing, 7, = 7+ %2 if both M and y(s) are timelike or
spacelike.

ii) k; = kcoshy, k, = ksinho, 7, = 7+ %‘f if M is timelike and y(s) is
spacelike, [9].

Furthermore, the geodesic curvature k, and geodesic torsion 7, of the curve
y(s) can be calculated as follows:

dy d?y dy dn

k/’g: <£,@ X?’L),Tg: <E,TLX E>
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In the differential geometry of surfaces, for a curve y(s) lying on a surface M,
the followings are well-known

i) y(s) is a geodesic curve k, = 0,

ii) y(s) is an asymptotic line &, = 0,

iii) y(s) is a principal line 7, = 0, [9].

3. Representation Formulae of Spacelike Curves in Minkowski 3-Space
E3

Theorem 3.1. Let y(s) be a spacelike curve in Minkowski 3—space Ef’ with arc
length parameter s. Then y = (y1,y2,y3) can be given as follows

y@%=%u@ﬂg—g”)+wfﬁa—u@%wfl—%u@ﬂg+g”» (3.1)

1 2= 5
p(s) = glza=h (2—a/gg)2 ds+k>7 (32)

where a,k € R, and g(s) # constant.

Proof. Let y(s) be a spacelike curve in Minkowski 3—space Ef’ with arc length
parameter s. We write y = (y,,¥,,V,) and have

vyl -y =ad

2 2 _ 2 2 :
where a € R,. From y7 — y> = a” — y;, we can write

y17y3 _ a+y2

= . 3.3
a — y2 y1 + ys ( )
Furthermore, for a curve y with y(s) = (vy,,9,,¥,), we can suppose that
Yy, —y a+ Y,
= = 905, (3.4
a—y, Y Ty,
and
Yo = a— p(s). (3.5)
By considering 3.4 and 3.5, we get
_1 . -1
v =gHE)g—97) +9
-1 1 -1
Ys =9 a—Su(s)g+g7) (3.6)

2

That is, we can write the curve y as following

1 -1

y(s) = Gu(s)o —g") +ag™a— pls)ag™ — Zuls)o+97).
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If s is the arc length parameter of the curve y(s), we have

2a -1 1

-1 -1
s — =0. 3.7
pe + (=959 + 5995 (3.7)
Therefore, we obtain
21
p=gla? (—i/g - ds+kz> ,
2a Js
for non constant function g(s) and where k € R}f. O

4. Involute-Evolute D-Curves in Minkowski 3-Space E13

In this section, we define involute-evolute spacelike curves and give some char-
acterizations of these curves by considering the Darboux frame.

Definition 4.1. Let M and M, be oriented surfaces in Minkowski 3-space E13 and
let consider the arc length parameter spacelike curves y(s) and y,_(s,) lying fully
on M and M., respectively. Denote the Darboux frames of y(s) and y.(s«) by
{T,g,n} and {Tk, g.,n.}, respectively. If there exists a corresponding relationship
between the curves y and y. such that at the corresponding points of the curves,
the Darboux frame element T’ of y coincides with the Darboux frame element g, of
Y« (84). Then y.(s.) is called the involute D-curve of y(s) (y is called the evolute
D-curve of y«(s«)) if (T, Ty) =0, then {y(s),y«(s«)} is said to be a involute-evolute
D-pair.

Theorem 4.2. Let y(s) and y.(s.) be two spacelike curves in the Minkowski 3-
space E3. If the {y(s), y«(s«)} is a involute-evolute D-pair, then

Yu(85) = y(s(s4)) + (=s+ )T (s(sx)),c € R,. (4.1)

Proof. Suppose that the pair {y,y.} is an involute-evolute D-pair. Denote the
Darboux frames of y(s) and y, (s) by {T,g,n} and {7k, g«, n.}, respectively. From
the definition, we can assume that

ya(s) = y(s(s.)) + A(s(s.))T(s(s.)) (4.2)

for function A\(s(s4)). By taking the derivative of 4.2 with respect to s, and applying
the Darboux formulaes, we have

dy. dy ds , dT' ds
ds,  dsds, A ()T (s0) + A ds ds,’
d d
To(s)) = T(8)—r + NT(s) + ko T + kn ),
ds. ds.
o ds ds ds _
T.(s2) = (N (s4) + B )T (54) + Mg T T+ Men et (4.3)
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Since the curves y and y. are involute-envolute curves, we get

(T, T.) = 0.
Furthermore, exposing the inner product 7" to the both sides of 4.3, we obtain
ds
N (54 =0,
(s4) + oo
A(s) = —s+c,ceRF. (4.4)
This means that A is a nonzero function. O

Theorem 4.3. Let y(s) and y.(s.) be two spacelike curves in the Minkowski 3-
space E3. If the {y(s),y«(s«)} is an involute-evolute D-pair, then the curve y. is
given as

B (g — g7 1)+ ag™" + Ags(B(1+ g72) + ag™?),

Yu(si) = a— pu(s) + Apg, ,a €R,.
- A _ _ _
ag™! — (g + g71) = Ago(5(1 — g72) +ag™?)
Proof. Tt is obvious from 3.1 and 4.2. O

Conclusion 4.1. Let y(s) and y,(s,) be two spacelike D-curves in the Minkowski
3—space E}. If the {y.(s.),y(s)} is an involute-evolute D-pair, then the between
the curves y(s) and y.(s«) is A(s) = |—=s+¢c|, c € R,

Theorem 4.4. Let M and M, be oriented surfaces in Minkowski 3-space E13
and the arc length spacelike curves y(s) and y.(s«) lying fully on M and M,,
respectively. y.(s.) is involute D-curve of y(s) if and if only satisfy the following
equations

i) The geodesic curvature k, and the normal curvature k, of y(s) satisfy the
following equations

cosh 6
k, = ———
g OV
P sinh 0
"o AN

1
k2 —k2 = ——
g n ()\/\/)2

b\ (B _ a8
ko) \k,) = ds

1) The geodesic curvature kq_ and the geodesic normal ky_ of y.(s) satisfy the
following equations

kg, = -

*

—s+c;CERO

1
h\
kE\' [k
k, = -n ) =N
= () ()-m).
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where 0 is the angle between the vectors Ty and g at the corresponding points of
y(s) and y.(s.).
Proof. i) Suppose that the pair {y,y.} is an involute-evolute D-pair. Denote the

Darboux frames of y(s) and y.(s) by {T,g,n} and {T%, g«, ns}, respectively. From
4.3, we can write

d d
T (5.) = Nig 2= + Moo = (4.5)

d
. ? — . . .
Furthermore, from 4.5 we say that 7' € Sp{?, 7 } and using this representation

we say that .
T.(s.) = cosh g + sinh 077 (4.6)

where 6 is the angle between the vectors T, and 7 at the corresponding points of
y and y,. By differentiating 4.6 with respect to s., we get

d
ky. g% + kn. 7t = (—kg cosh 0 + ky, sinh@)ds T

Sx

de ds do ds

(G 7o) g ST o+ (o ) 5= cosh 07 (4.7)

Furthermore, from equation 4.7 and the fact that ? € (ﬁ X 7) we can say that
T ¢ Sp{ni,gi} and 7, € Sp{q, 7}, we write

7y = sinh 8¢ + cosh 677, (4.8)

from 4.7 and 4.8, we have

d
kg, g1 + kn, sinh07g + k,,, cosh07 = (—k, cosh 6 + k,, sinh 0) 57

dsy
do ds de ds
+(£+T9>d—s* smh9?+(£ +Tg)d_3* cosh@ﬁ. (49)
By considering 4.5 and 4.6, we get
Akg ds Ak, ds
= = ) 4.10
coshfds,  sinh@ ds, ( )
By solving the previous equation, we obtain
Ky = cothé or kn = tanh 6.
Furthermore, from 4.9 we have
. ds
ky. = (—kg cosh 6 + k,, sinh 0) T (4.11)
de d
ko sinh 6 = (7 +Tg)d—isinh9 (4.12)
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do d
k., cosh@ = (E + Tg)d—ss* cosh 6, (4.13)
or since jTi = -\, we can write
kg, = (—kgcosh® + ky, sinh 0) (—=X") (4.14)
do
kn, = (E +74) (—X) . (4.15)

By using 4.10, 4.11, 4.12, 4.13 and dde* = —), we can write as follows

cosh 6
9= T (4.16)
sinh 6
kp = ———. 4.17
N (.17)
By considering 4.16 and 4.17, we have
L RS, B (4.18)
’ "= DWE .
ii) From 4.12 and 4.13 and using the previous equations, we have
1 1
kg, = —— = ;¢ € Ry. 4.19
9= )\ —s4c c 0 ( )

By taking the derivative of the equation ﬁ—: = tanh # with respect to s., we get

By subsitituting 4.20 in 4.15 and making necessary calculations, we obtain

kn, = <(I;—Z>/ (I;—Z) - A’Tg> : (4.21)

d

Theorem 4.5. Let the pair {y(s), y«(s«)} be an involute-evolute D-pair in the
Minkowski 3-space E3. Then the relation between the geodesic curvature k, and
the normal curvature k,, of y(s) is given as follows:

kN [k, k.,
DIGRE
kg

(kg —s+c "
or ,

kn

(&) (
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Proof. By taking the derivative of the equation 4.5, we have

ds
— = _ 2 2
BBl ko = (K= kDAL T
d?s ds ds
A= — Dy + Ak, + A
+( ds? (ds*> Jen + ds. nt s
ds ds
A k4 koty) — kp 24 ko
+( dS*( g+ Tg) (ds*) +
Furthermore, using equations jTi =\, % =X and X' = -1, \" =0, we get

ko G + ki1l = (K2 — K2) (=) T

(V)2 4 (AN = AW kg T 4 (AN (K, + kory) — ka(N)2) G (4.22)

By the help of 4.7 and 4.22, we can write as follows,

(ks = Kg)(=AX) = (kg cosh 0 + i sinh 0) (—N)

(—(\)2kn + (= AN)K, — AN kyTy) = (% +74) (=X') cosh 6

do

(=N (k) + knTg) — kn(X)?) = (5= + 74) (—X') sinh 6.

ds
By considering 4.23, 4.24 and 4.25, we have

(k2 — k2)A = (kn sinh 6 — kg cosh )

do
(N + ML, + NegTy) = (E + 74) cosh 6

do
(MK + k) + kN = (52

By substituting 4.16 and 4.20 in 4.27, we can obtain

k. \' [k k
)k LN A —")
(kg) (kg) g+*5+c n=0

By using 4.17 and 4.20 in 4.28, we can obtain

k' [k k
)22k, "k =0.
(kg> <k9> +_3+C g

+ 74)sinh 6.

(4.23)
(4.24)

(4.25)

(4.26)
(4.27)

(4.28)

(4.29)

(4.30)

d

Corollary 4.6. Let M and M, be oriented surfaces in Minkowski 3-space E3
and the arc length spacelike curves y(s) and y.(s«) lying fully on M and M,,
respectively. Denote the Darbouzx frames of y(s) and y.(s«) by {T, g, n} and {T,
Gx, N}, respectively. If the pair {y,y.} is an involute-evolute D-pair. Then the

following relations hold:
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1) If y is an asymptotic line, then k, = constant, k,, = T4, kg, =

i
—s+c’
=1
—s+c’

3) If y is a geodesic curve, then there is not {y(s),y«(s.)} involute-evolute D-pair
in the Minkowski 3-space E.

Where 6 is the angle between the vectors T and g at the corresponding points
of y(s) and y.(s«) and kg, k,, 7, are called the geodesic curvature, the normal
curvature and geodesic torsion, respectively.

9 =
!
2) If y is a principal line, then k,, = (’Z—Z) (’Z—Z) and kg, =

Example 4.7. The curve

R . e ® 3 e R
y(s) = ((e® + 1)sinh s+ R (e® + 1) coshs)
is spacelike in the Minkowski 3-space Ef’ with arc length parameter s and this curve
is an evolute of y.(s), for a = 3,k =1, the curve y.(s) is given as following

(1+ (d—s)e®)sinhs + % + (—s+c)e’(coshs + 1 +e72%),
Yu(s) = (=s+m)e® — %, ;
e; — (14 (d — s)e®) cosh s — (—s + c)e®(sinh s + 1)

with d,m, c € Ry.

054

(a) The curve y (b) The rotated surface of y

(¢) The curve yx (d) The rotated surface of yx

Figure 1: Graphics of curves y and y.
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