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On Ternary Left Almost Semigroups

Pairote Yiarayong

ABSTRACT: A ternary LA-semigroup is a nonempty set together with a ternary
multiplication which is non associative. Analogous to the theory of LA-semigroups,
a regularity condition on a ternary LA-semigroup is introduced and the properties
of ternary LA-semigroups are studied. Some characterizations of quasi-prime and
quasi-ideals were obtained.
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1. Introduction

The theory of ternary algebraic systems was introduced by Lehmer [3] in 1932.
The notion of ternary semigroup was known to Banach [4] who is credited with
example of a ternary semigroup which can not reduce to a semigroup. The quasi-
ideal theory in ternary semigroups was studied by Sioson [5] in the year 1965. Los
[4] studied some properties of ternary semigroup and proved that every ternary
semigroup can be embedded in a semigroup. Dixit and Dewan [1,2] studied quasi-
ideals and bi-ideals in ternary semigroups. Recently, Bashir and Shabir [4] defined
the concepts of weakly pure ideal and purely prime ideal in a ternary semigroup
without order.

In this study we followed lines as adopted in [7,8,9] and established the notion
of ternary LA-semigroups. Specifically we characterize the quasi-prime and quasi-
ideals in ternary LA-semigroups with left identity.

2. Preliminaries

In this section, we give some preliminary results of ternary LA-semigroups which
will be required for our later discussions.
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Definition 2.1. Let S be a nonempty set. Then S is called a ternary left almost
semigroup (or simply a ternary LA-semigroup) if there exists a ternary operation
S xS x8— S, written as (x1,x2,x3) — T1T2x3, such that

(z122)23)(w425) = ((Ta75)23) (T122) = ((¥372)71)(T475)
for all x1, 19,13, 24,25 € S.

Example 2.2. Let S = {0,4,—i}. Then by defining SxSxS— S, as (x1,x2,x3) —
r1zox3, for all x1,xo,x3 € S. It can be easily verified that S is a ternary LA-
semigroup under complex number multiplication while S is not an LA-semigroup.

Example 2.3. Let S = Z. Define a mapping S x S x S — S by (x1,29,23) —
—x1 + x2 — x3, for all x1,x9,x3 € S, where — is a usual subtraction of integers.
Then S is a ternary LA-semigroup while S is not a ternary semigroup. Indeed

((zrx2)z3)(xazs) = (—x1 + 22 —x3)(za25)
= —(—xz1+ax2—x3)+a4— 25
= X1 — X2+ T3+ Ty —T5
—(—xg+ a5 —x3) + 21 — T2
= (—z4+ x5 — x3)(T122)
= ((waxs)xs)(z122)

and

((z122)ws)(245) = (=21 + 22 — 23)(T475)
—(—z1+ 22 —x3) + T4 — W5
Ty — T2+ T3+ 24— 25
—(—z3+ 22 — 1) + T4 — 75
(—x3 4+ 22 — 1) (T425)
((z322)21)(T45)

which implies ((z122)xs)(zax5) = ((xax5)x3)(x122) = ((w322)21)(T45), for all
T1,X2,T3,T4,T5 S S

Proposition 2.4. If S is a ternary LA-semigroup, then ((r1z2)xs)((vaws)rs) =

((x122)(xax5))(2326), for all x1,xe, x5, 24,5, 26 € S.

Proof: Let x1, 29,23, 24, 25,26 € S. Then by Definition of ternary LA-semigroup,
we get
((z1@2)w3)((waw5)36) =

(
(
=
)

Proposition 2.5. If S is a ternary LA-semigroup, then

[(z122)23)(2a5)] [(w627) (w379)710)] = [((T122)23)(T677)] [(T475) ((T879)10)],

for all x1, 22,23, %4, %5, %6, 27, Ts, T, T10 € 5.
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Proof: Let x1,x2, 23,24, 5,26 € S. Then by Definition of ternary LA-semigroup,
we have

[5617))((96819)%0)](Mﬁfs)]
[(za25) ($8$9)$10)]($6$7)]

[

(

[

((x122)x3)

{ 3)(67)]

[((z122)23) (45)][(w627) ((T8T9)710)] =

(12

2)T
(425)((2879)710)]-

O
Definition 2.6. An element e of a ternary LA-semigroup S is called a left identity
if (ee)r =z, for allz € S.
Note 1. By (AB)C (A(BC)) we mean the set
{(ab)c:a€ A,be B,ce C} ({a(bc) :a€ A,be B,ce C})

for non empty subsets A, B,C of S. If A = {a}, then we write ({a} B) C as (aB)C
and similarly if B = {b} or C = {c}, we write (Ab)C and (AB)c respectively.

Lemma 2.7. If S is a ternary LA-semigroup with left identity e, then (SS)S =S
and (ee)S = S.

Proof: Let x € S. Then z = (ee)x € (S5)S so S C (S5)S. Hence S = (55)S.
Now as e is left identity in S, it is obvious that (ee)S = S. O

Lemma 2.8. If S is a ternary LA-semigroup with left identity, then x1(zaxs) =
xo(x123), for all 1,290,253 € S.

Proof: Let x1,x2,235 € S. Then by Definition of ternary LA-semigroup, we get

r1(xaxs) = ((ee)xr)(waxs)
= ((302303 z1)(ee)
= ((v173)22)(CC)
= ((ee)z2)(z173)
= zo(x123).
Hence x1(zox3) = x2(123). a

Proposition 2.9. If S is a ternary LA-semigroup with left identity, then
(z122)((T324)75) = (w5 (2374)) (T221),

for all x1, 19,13, 24,25 € S.
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Proof: Let x1, 22,23, 14,5 € S. Then by Definition of ternary LA-semigroup, we
get

(z122)((z3z4)25) = (((e€)m1)w2)((T324)25)
= ((z221)(ee))((z324)25)
= (((13504)%)( e))(z2m1)
= (((ee)xs)(z3za))(21)
= (x5 ($3x4))($2$1).
Hence (z122)((z324)xs) = (5(2324))(2227). O

Lemma 2.10. If S is a ternary LA-semigroup with left identity, then
(z172)(2324) = (T173)(T2T4),

for all x1,x9, 23,24 € S.

Proof: Let z1,29,23,24 € S. Then by Definition of ternary LA-semigroup, we
have

(z172)(2374) = (((e€)r1)z2)(T374)
= ((z3w4)z2)((e€)z1)
= ((z2w4)z3)((e€)z1)
= (((ee)x1)w3)(w274)
= ($1$3)(1‘2$4).
Hence (z122)(x324) = (x123)(2224). O

Lemma 2.11. If S is a ternary LA-semigroup with left identity, then
(z122)(2374) = (T43)(2271),

for all x1,x9, 23,24 € S.

Proof: Let z1,2z9,23,24 € S. Then by Definition of ternary LA-semigroup, we
have

(z122)(z324) = (((e€)z1)2)(2374)
= ((z2z1)(ee))(z324)
= ((z3za)(ee))(z221)
= (((ee)za)xs)(z221)
= (.T4$3)(.T2$1).
Hence (z122)(x324) = (2423)(2227). O

Lemma 2.12. If S is a ternary LA-semigroup with left identity, then
(z172)23 = (T372)71,

for all x1,x0,23 € S.
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Proof: Let x1,29,23 € S. Then by Definition of ternary LA-semigroup, we have

(T122)13 = (T172)((CC)T3)
= (21(ee))(w223)
= (z372)((ee)z:
== (5631'2)561.
Hence (z122)xs = (x322)21. O

3. Left ideals of ternary LA-semigroups

The results of the following lemmas seem to play an important role to study
ternary LA-semigroups; these facts will be used frequently and normally we shall
make no reference to this definition.

Definition 3.1. A non-empty subset A of a ternary LA-semigroup S is said to be
a

1. ternary LA-subsemigroup if (AA)A C A;
2. left ideal if (SS)A C A.
Remark 3.2. It is easy to see that every left ideal is ternary LA-subsemigroup.

Example 3.3. Let S = {0, —1,—2,—3, —4} the binary operation - be defined on S
as follows:

clo 1 2 8 4 -0 -1 2 -3 -
00 0 0 0 0 0|0 0 0 0 0
dlo 1 2 38 4 1|0 -1 2 -3 -
200 2 4 1 38 2|0 -2 -4 -1 -3
Sslo 3 1 4 2 3|0 -3 -1 -4 -2
4o 4 38 2 1 4|0 -4 -3 -2 -1

lo 1 2 3 4

010 0 0 0 0

g1l0 -1 -2 -3 -

200 -2 -4 -1 -3

300 -3 -1 -4 -2

4o -4 -8 -2 -1

Define a mapping SxSxS — S by (x1,x2,x3) — xfl-xg-xgl, forall xy, 29,23 € S
and xl-xfl = xfl-xl =1= xg-xgl = x;l-xg. Then S is a ternary LA-semigroup.
It is easy to see that {0,—1} is a ternary LA-subsemigroup of S. But {0,—1} is
not a left ideal of S, since (S5){0,—-1} =S ¢ {0, —1}.

Example 3.4. Let S = {0, —a, —b, —c} the binary operation - be defined on S as
follows:
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. | 0 -a -b -¢ - | 0 a b ¢ - | 0 -a -b -c

oo o o0 o0 0|0 0 0 0 00 0 0 0

|0 a b ¢ -a|0 -a b -¢c al|l0 -a -b -c

b0 b 0 b -b|0O0 b 0 -b b|O -b 0 -b

|0 ¢ b a -c|0 -¢ b -a c|0 -¢ -b -a

Define a mapping S x S xS — S by
-1 -1 -1 -1 -1 -1
i wywyt Fey eyt € S[ral =a=wx3- 23]
(1, 22, 25) = { 0 ;otherwise.

Then S is a ternary LA-semigroup. It is easy to see that {0,—b} is a left ideal of
S.

Lemma 3.5. Let S be a ternary LA-semigroup with left identity. If A is a left
ideal of S, then B(AA) is a left ideal of S, where ) # A C S.

Proof: Suppose that S is a ternary LA-semigroup with left identity. Let A be a
left ideal of S. Then by Lemma 2.12, we have

(55)(B(A4)) = B((55)(AA))
= B(A((55)4))
C B(A4)
By Definition of left ideal, we get B(AA) is a left ideal of S. O

Corollary 3.6. Let S be a ternary LA-semigroup with left identity. If A is a left
ideal of S, then a(AA) is a left ideal of S, where a € S.

Proof: It is straightforward by Lemma 3.5. O

Definition 3.7. If A is a left ideal of a ternary LA-semigroup S and ) # B,C C S,
then

(A:B:C)={seS:(BC)s C A}
and it is called the extension of A by B,C. Let (A : a:b) stand for (A :{a} : {b}).

Proposition 3.8. Let A be a left ideal of a ternary LA-semigroup S and () #
B,C,D,E CS. Then the following statements hold.

1. AC(A:a:b), where a,be S.
If D C B, then
If EC C, then
If AC D, then

SAREER-S RS

(A
(A
(A
(A

If BC A, then
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6. IfC C A, then(A:B:C)=2S.
Proof: It is straightforward by Definition 3.7. O

Proposition 3.9. Let A be a left ideal of a ternary LA-semigroup with left identity
S and O # B,C C S. Then the following statements hold.

1. f BC A, then (A:B:C)=S.
2. IfCC A, then(A:B:C)=S.

Proof: It is straightforward by Definition 3.7. O

Lemma 3.10. Let S be a ternary LA-semigroup with left identity. If A is a left
ideal of S, then (A :a:b) is a left ideal of S, where a,b € S.

Proof: Suppose that S is a ternary LA-semigroup with left identity. Let r,s € .S
and z € (A:a:b). Then (ab)r € A. Then by Lemma 2.12, we have

(ab)((rs)z) (rs)((ab)z)
(rs)A
A.

N m

Therefore (rs)x € (A:a:b) sothat (SS)(A:a:b) C(A:a:b). Hence (A:a:b)
is a left ideal in S. O

Corollary 3.11. Let S be a ternary LA-semigroup with left identity. If A is a left
ideal of S, then (A : B:C) is a left ideal of S, where ) # B,C C S.

Proof: It is straightforward by Definition 3.10. O

Lemma 3.12. Let S be a ternary LA-semigroup with left identity. If A is a left
ideal of S, then (SS)a is a left ideal of S, where a € S.

Proof: Suppose that S is a ternary LA-semigroup with left identity. Then by
Definition of ternary LA-semigroup, we have

(59)((98)a) =

I
P e L R T i R

where a € S. By Definition of left ideal, we get (5S)a is a left ideal of S. O
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Definition 3.13. Let S be a ternary LA-semigroup. A left ideal P is called quasi-
prime if (AB)C C P implies that A C P or B C P or C C P for all left ideals
A, B and C in S.

Example 3.14. By Ezample 3.15, S = {0, —a, —b, —c} is a ternary LA-semigroup
with left identity a. Then {0, —b} is a quasi-prime ideal of S.

Theorem 3.15. Let S be a ternary LA-semigroup with left identity. Then a left
ideal P of S is quasi-prime if and only if (ab)c € P implies that a € P orb € P or
c € P, where a,b,c€ S.

Proof: Suppose that S is a ternary LA-semigroup with left identity. Let P be a
left ideal of S. Then by Definition of left ideal, we get

(((58)a)((S8)b))((SS)e) = ((((SS)b)a)(SS))((SS)e)
= (((ab)(59))(59))((S9)c)
= (((85)(59))(ab))((S5)c)
= (((89)c)(ab))((S9)(55))
= (((ab)c)(S9))((S5)(589))
= (((89)(59))(89))((ab)c)
= ((((59)5)5)(59))((ab)c)
= (((85)5)S)((ab)c)
= (59)((ab)e)

C (S9)P
c P

By Lemma 3.12, we get (S5)a, (55)b, (55)c are left deals S so that (ee)a € (SS)a C
P or (ee)b € (SS)b C P or (ee)c € (SS)e C P. Conversely, assume that if (ab)c €
P, then a € Porb e P or c € P, where a,b,c € S. Suppose that (AB)C C P,
where A, B and C are left ideals of S such that A € P and B € P. Then there
exist a € A,b € B such that a,b € P. Now consider (ab)c € (AB)C C P, for all
¢ € C. So by hypothesis, ¢ € P for all ¢ € C implies that C' C P. Hence P is a
quasi-prime ideal in S. O

Example 3.16. In the ternary LA-semigroup Z— of all negative integers, the ideal
P ={2x:x €Z } is a quasi-prime ideal of Z~. But the ideal Q = {70z : x € Z~}
is not a quasi-prime ideal of Z~, since (—2)(=5)(=7)=-70€ Q but -2 & Q,—5 &
Q and —7¢ Q.

Corollary 3.17. Let S be a ternary LA-semigroup with left identity. Then a left
ideal P of S is quasi-prime if and only if a,bc & P, implies that (ab)c & P , where
a,bce S.

Proof: It is straightforward by Theorem 3.15. O

Theorem 3.18. Let S be a ternary LA-semigroup with left identity. If A is a left
ideal of S and P is a quasi-prime ideal of S, then AN P is a quasi-prime ideal of
A.
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Proof: Suppose that S is a ternary LA-semigroup with left identity. Clearly ANP
is a left ideal of A. Let (ab)c € AN P. Then (ab)c € P, since AN P C P. Since S
is a quasi-prime ideal of S, we have a € P or b € P or ¢ € P. Therefore a € AN P
orb e ANP or ¢ € AN P. Consequently, by Theorem 3.15, we get AN P is a
quasi-prime ideal in S. O

Theorem 3.19. Let S be a ternary LA-semigroup with left identity. If P is a
quasi-prime ideal of S, then (P : a:b) is a quasi-prime ideal of S, where a,b € S.

Proof: Assume that P is a quasi-prime ideal of S. By Lemma 3.10, we have (P : a :
b) is a left ideal in S. Let (zy)z € (P :a:b). Then (zy)((ab)z) = (ab)((zy)z) € P.
By Theorem 3.15, we get (ab)x € (ab)P C P or (ab)y € (ab)P C P or (ab)z € P.
Therefore z € (P:a:b)orye (P:a:b)orze€ (P:a:b). Hence (P:a:b)isa
quasi-prime ideal of S. O

Corollary 3.20. Let S be a ternary LA-semigroup with left identity. If P is a
quasi-prime ideal of S, then (P : a:b) is a quasi-prime ideal of S, where a,b € S.

Proof: It is straightforward by Definition 3.19. O

Theorem 3.21. Let S be a ternary LA-semigroup with left identity. A left ideal P
of S is a quasi-prime ideal if and only if S — P is either ternary LA- subsemigroup
of S or empty.

Proof: Suppose that P is a quasi-prime ideal of S and S — P # (). Let a,b,c €
S — P. Then a,b,c ¢ P. By Corollary 3.17, we get (ab)c € P so (ab)c € S — P.
Hence S — P is a ternary LA- subsemigroup of S. Conversely suppose that S — P
is either ternary LA- subsemigroup of S or empty. If S — P is empty, then S = P
and hence P is a quasi-prime ideal of S. Assume that S — P is a ternary LA-
subsemigroup of S. Let (ab)ec € P. Then (ab)c & S — P. Since S — P is a ternary
LA- subsemigroup, we get a ¢ S — Porbg S — P or c¢ S— P. Therefore a € P
orbe Porce P. By Theorem 3.15, we have P of S is a quasi-prime ideal of S.

O

4. Quasi-ideals of ternary LA-semigroups

The results of the following theorems seem to play an important role to study
quasi—ideals in ternary LA-semigroups; these facts will be used frequently and
normally we shall make no reference to this definition.

Definition 4.1. A non-empty subset Q of a ternary LA-semigroup S is called a
quasi-ideal of S if

1.(@5)5Nn(5Q)Sn (S c @
2. (@9)SN((S9)Q)(S5) N (59)Q < Q-
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Remark 4.2. Let S is a ternary LA-semigroup.

1. Each quasi-ideal Q of S is a ternary LA-subsemigroup. In fact,
(QQ)Q C (@5)SN(SQ)SN(S)Q € Q.
2. Every left ideal of S is a quasi-ideal of S.

Proposition 4.3. Let S be a ternary LA-semigroup. If Q; is a quasi-ideal of S,
then ﬂ Q; is a quasi-ideal of S.

el

Proof: Suppose that 4; is a quasi-ideal of S. Then (Q;5)SN(SQ;)SN(SS)Q; C Q;
and (@;5)SN((59)Q:)(SS)N(S5)Q; C Q;. Then by Definition of quasi-ideal, we
get

(Q9)SN(S((Q)S N (59) (ﬂ@) = (@59 N [)((5Q:)S)
N)((59)@s)

(@:8)5 1 (5Q1)5N
gsm

N

N

and

((ﬂ@i) )S N ((SS) ﬂQz )(8S) N (SS) ﬂQz = n((QiS)S)ﬁ
(912090
Zeﬂl((SS)Qi)

fc(ﬁg?)% (59)2)(55)
Q-

N

N

Therefore (1) Q:)8)S N (S([)@:)S N (SS)(()Q:) € () Qi and

il il il il
() Q)S)SN((SS) (M QSN (S (@) ) Qi
el iel iel iel
Hence ﬂ Q; is a quasi-ideal of S. O

el

Theorem 4.4. Let S be a ternary LA-semigroup with left identity. Then S2anaS?
is a quasi-ideals of S, for every a € S.
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Proof: Let S be a ternary LA-semigroup with left identity. Then by Definition of
quasi-ideal, we get

(((88)a N a(S8))S)S

(((59)a)9)S N ((a(55))8)S
((5a)5?)S N ((55%)a)S

(55%)(Sa) N (Sa) (55
( S)n(s
(a
(S

)
aS)(S? 25)(as)
) N S(aS)

ana(S9).

Therefore ((S%a N aS?)S)S N (S(S%a N aS?))S N S(S(S%a N aS?)) C S%a N aS?
and ((S%2aNaS?)9)S N (S?(S%anaS?))S?NS(S(S%?anaS?)) C S?anaS?. Hence
S2%a M aS? is a quasi-ideals of S. O

Theorem 4.5. Let S be a ternary LA-semigroup with left identity. Then AUS?A
s a quasi-ideals of S, for every ) # AC S.

Proof: Let S be a ternary LA-semigroup with left identity. Then

(((85)a)s)s
((Sa)S?)s
(S 2)( a)N
(aS)(S%8) N
(aS)S N S(aS)
(SS)ana(SS).

((5S)ana(55))5)S N ((a(55))5)S
((55%)a)S

(Sa)(55°)
(5%5)(asS)

N
a

Therefore ((S%a N aS?)S)S N (S(S%a N aS?))S N S(S(S%a N aS?)) C S%a N aS?
and ((S%aNasS?)S)S N (S?(S%anaS?))S? N S(S(S%anaS?)) C S%aNaS?. Hence
S2%a M aS? is a quasi-ideals of S. O
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