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A Study on Local Properties of Fourier Series *

Hikmet Seyhan Ozarslan

ABSTRACT: In this paper, a general theorem on the local property of |A, pn;d|k
summability of factored Fourier series has been proved. This new theorem also
includes several new and known results.
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1. Introduction

Let Y a,, be a given infinite series with partial sums (s,,). By (u,) and (¢,) we
denote the n-th (C,1) means of the sequences (sy) and (na,), respectively. The
series > ay is said to be summable |C, 1|, k > 1, if (see [16])

oo oo 1
Zlnk71|un —up|F = Z E|tn|k < 0. (1.1)
n—=

n=1
Let (p,) be a sequence of positive numbers such that

Pn:ZpU—M)o as n—oo, (P_j=p_;=0, i>1). (1.2)
v=0

The sequence-to-sequence transformation

1 n
Opn = P—n;)pvsv (1.3)
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defines the sequence (0,,) of the Riesz mean or simply the (N ,pn) mean of the
sequence (s,,), generated by the sequence of coefficients (p,,) (see [17]). The series

> ay, is said to be summable |N,pn}k, k> 1,if (see [3])

o) k—1

P,
E (—) |Ac,_1|F < oo, (1.4)
ne1 \Pn

where

n
_ P
Ao—nfl - 7PnPn—1 ;Pvflavv n Z 1.

In the special case, when p,, = 1 for all values of n (resp. k = 1), [N, p,|, summa-
bility is the same as | C,1 |, (resp. |N,p,|) summability. If we take £k = 1
and p, = 1/(n+ 1), then summability |N,p,|, is equivalent to the summability
|R,logn, 1].

Let A = (any) be a normal matrix, i.e., a lower triangular matrix of nonzero di-
agonal entries. Then A defines the sequence-to-sequence transformation, mapping
the sequence s = (s,) to As = (A,(s)), where

An(s) :Zamsv, n=20,1,.. (1.5)
v=0

The series ) | a,, is said to be summable |A[, ,k > 1, if (see [31])

ink_l ‘AAn(s)VC < 00, (1.6)

n=1

and it is said to be summable |A, py;0|g, k> 1 and 6 > 0, if (see [26])

%) P Sk+k—1 B
3 (—) Ay (s)]* < oo, w7
1 Pn

where
AAn(s) = An(s) — Ap_1(s).

If we take ay,, = f;—’; and 0 = 0, then |A,p,;d|x summability reduces to |N,p,|x
summability. Also, if we take § = 0, then | A, p,; d|x summability reduces to | A, py |k
summability (see [30]). In the special case § = 0 and p,, = 1 for all n, |4, p,;d|k
summability is the same as [A[, summability. Furthermore, if we take a,, = 1’;—2,
then | A, p,,; 6| summability is the same as | N, p,,; 6| summability (see [7]).

A sequence ()\,) is said to be convex if A2\, > 0 for every positive integer n, where

AQ)\n = A(A)\n) and A)\n = )\n - )\n-i-l (See [33])
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Let f(t) be a periodic function with period 2w, and integrable (L) over (—m, 7).
Without any loss of generality we may assume that the constant term in the Fourier
series of f(t) is zero, so that

"yt =0 (1.8)

—T

and
f(t) ~ i(ancosnt + bpsinnt) = i Ch(t), (1.9)
n=1 n=1

where (a,,) and (b,) denote the Fourier coefficients. It is well known that the
convergence of the Fourier series at ¢ = z is a local property of the generating
function f(¢) (i.e. it depends only on the behaviour of f in an arbitrarily small
neighbourhood of z), and hence the summability of the Fourier series at t = = by
any regular linear summability method is also a local property of the generating
function f(t) (see [32]).

Before stating the main theorem, let us introduce some further notations.

Given a normal matrix A = (a,,), we associate two lower semimatrices A = (a,)
and A = (iny) as follows:

Any :Zaniv n,v=0,1,... (110)
and
doo = (_100 = apo, dnv = dnu — (_lnflyv, n = 1,2, (111)

It may be noted that A and A are the well-known matrices of series-to-sequence
and series-to-series transformations, respectively. Then, we have

AH(S) = Zanvsv = Zanvav (112)
v=0 v=0
and
AAn(s) = nyay. (1.13)
v=0

2. Known Results

Mohanty [22] has demonstrated that the summability |R, logn, 1| of

Cn(t)
Z log(n+1)’ 2.1)
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at t = x, is a local property of the generating function of > C,(¢). In [20],
Matsumoto has improved this result by replacing the series (2.1) by

Cu(t)
E 0. 2.2
{loglog(n + 1)}1+e€’ € (2.2)
Bhatt [2] has generalized the above result in the following form.

Theorem 2.1. If (\,,) is a convex sequence such that > n=1\, is convergent, then
the summability | R, logn, 1| of the series > Cy(t)Anlogn at a point can be ensured
by a local property.

Also, Mishra [21] has proved the following most general theorem.

Theorem 2.2. Let the sequence (py,) be such that

P, Apy, = O(pnpnti)- (2.4)

Then the summability |N,p,| of the series
Crn(O)An Py
5~ Caliry -
nPn

at a point can be ensured by local property, where (\,) is a convex sequence such
that S"n=t\, is convergent.

Many works dealing with Fourier series have been done (see [1]-[2], [5]-[14],
[18]-[29]). Few of them are given above. Furthermore, Bor [4] has proved the
following theorem.

Theorem 2.3. Let k > 1 and (pn) be a sequence such that the conditions (2.3)
and (2.4) of Theorem 2.2 are satisfied. Then the summability |N,p,|, of the series
(2.5) at a point can be ensured by local property, where () is as in Theorem 2.2.

3. Main Result

The aim of this paper is to generalize Theorem 2.3 for |A, p,; d|r summability.
Now, we shall prove the following theorem.

Theorem 3.1. Letk > 1 and 0 < 6 < 1/k. Let A = (any) be a positive normal
matriz such that

=1 n=01,.., (3.1)

Qp—1p = Ay, for n>v+1, (3.2)
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U = O <%’;> , (3.3)

|dn7v+1| =0 (’U |Avdnv|) . (34)

If all the conditions of Theorem 2.3 and the conditions

m ok
Z <%) %()\U)k =0(1) as m — oo, (3.5)

Py

v=1

m+1 Sk Sk—1
P, . P,
Z (—) |Aylny| = O { (—) } as m — 0o, (3.7)
n=v+1 n Pv
m+1 Sk Sk
P, . P,
Z (_) |nws1] = O { (—) } as m— oo (3.8)
ne—ot1 n Do
are satisfied, then the summability |A, py;d|k of the series > % at a point

can be ensured by local property.

It should be noted that if we take 6 = 0 and a,,, = %’;, then we get Theorem
2.3. In this case, the conditions (3.1)-(3.6) are obvious and the conditions (3.7)
and (3.8) reduce to

m—+1
Z |Ayan,| = O (%) as m — oo, (3.9)
n=v+1 v
and
m+1
Z |G vr1] =O(1) as m — oo, (3.10)
n=v+1

which always hold.
We need the following lemmas for the proof of Theorem 3.1.

Lemma 3.2. [21]. If the sequence (py,) is such that the conditions (2.3) and (2.4)
of Theorem 2.2 are satisfied, then

A (%) _0 (%) . (3.11)
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Lemma 3.3. [15]. If (\,) is a convex sequence such that > n~=1\, is convergent,
then (A\n) is non-negative and decreasing, and nAX, — 0 as n — co.

Lemma 3.4. Let k> 1 and 0 < § < 1/k. If (s,) is bounded and all conditions of
Theorem 3.1 are satisfied, then the series

Yy o : (3.12)
Pn

n
n=1

is summable | A, pn; |k, where (A\,) is as in Theorem 2.2.

k

Remark 3.5. Since (\,) is a convex sequence, therefore (\,)" is also convex

sequence and
1 k
E —(Ap)" < 0. (3.13)
n
4. Proof of Lemma 3.4

Let (I,,) denotes the A-transform of the series > %. Then, by (1.12) and
(1.13), we have

Applying Abel’s transformation to this sum, we get that
n—1 v n
- Gy Ao P, rn P\
AIn _ ZAU (anv v U)Zar+ann n nzav
v=1 UPv r=1 "Pn v=1

n—1 ~
noAo Py nnPnn
- Y, (7) 5y 4 GonFodn
o UPv

npn

n—1 n—1

Pv)\vAv (dnv) aJn,vﬂrl A)\UPU
LT e LT

Sy + v

v=1 v=1

n—1
~ P’u annPn)\n
+ Z an,v-{-l)\v—i-lA (—) Sy + ——5n

v n
) Pv Pn

= In,l +In,2 +In,3 +In,4-
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To complete the proof of Lemma 3.4, it is sufficient to show that

o/ p A\ Sk+h—1
Z (—") | L, |F< 00, for r=1,2,34. (4.1)
Pn

n=1

First, by applying Holder’s inequality, we have

n—1

m+1 Pn ok+k—1 . m+1 Pn Sk+k—1 PU)\UAU (dnv)
S () k= () S R,
n—o \Pn o \Pn —t UPv

m+1 Sktk—1 (n—1 k
P, P,
< - - A'u dnv )\’U So
< ;(p) {;(p) ()] ) |}
m41 Sktk—1 (n—1 k
P, P,
< — =) A (@no) (M) [0
ACY {_(p) Bulam) () |}

X
—N—
s |
™
—
>
<
—
Q>
3
=
_
B
L

By (1.10) and (1.11), we have that

Av(anv) = Qpy — Apuv+1 = Qpy — an—l,'u - an,v—i—l + an—l,'u-i—l = Qpy — Gn—-1,v-

Thus using (1.10), (3.1) and (3.2)

Z |Av(dnv)| == Z(anfl v anv) S Ann -
v=1 v=1
Hence,
m+1 Ok+k—1 m—+1 Sk+k—1
P, P,
> (5E) Imak-om Y (5
n=2 n o \DPn
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by virtue of the hypotheses of Lemma 3.4.

Now, by using (2.3), and Hélder’s inequality we have

m+1 P, Skdk—1 . m+1 P, Sktk—1 nildn,v-ﬁ-lA)\vP'u
S BT = S (B)T S e
neo Pn "2 Pn b1 Pv
mtl o\ Sktk—l (-1 k
- o> () {Z|an,u+1|mv|sv|}
n=2 Pn v=1
mtl o p o\ Sktkol (-1
- O(I)Z<_n) |&n1v+1|A>‘v|5v|k
n=2 Dn v=1

n—1 k—1
x {Z |an,v+1|mv}
v=1

m+1 P Sk4+k—1 n—1
= 0(1) ) (—") abn ' fan w1 AN,
v=1

Pn
n—1 k-1
X {Zl A)\v}

by using (3.3), we get

m+1 P Sk+k—1 m—+1 P ok (n—1
Z (p—") Lof = 0Q) Z ( n) {Zmn,wlm)\v}
v=1

n=2 n
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by using (3.6), (3.8) and hypotheses of Lemma 3.3. Now, since A (
by Lemma 3.2, we have

m+1 Pn ok+k—1 . m+1 P Ok+k—1
> (5 Lasl™ = 3 (57
n=2

PU
P

L) =04

3

n—1 k
R P,
Z an,erl)\erlA < > Sv
vp

n=2 n Pn v=1 v
k
m+1 Sktk—1 (n—1
P, 1
- O 1 _—_ - An'u )\U v
w3y (32 {;_:1 ol Ol |}
m+1 Sk+k—1
Py
o \DPn

n—1 n—1 k—1

1 ~ ~
%D o1 | ) sl {Z |Av(am>|}

v=1 v=1

m+1 Sk4+k—1 n—1
P,
= 0(1)2( )

n=2

n k—1 ~ k
_ Ay _lan,v+1|()\v+1)
Pn =

m 1 m—+1 P Sk
O ~(ws)® Y (—) Jnv1]
v=1 n=v-+1 Dn
m
o) -
v

2

P\ 1
(—) Moy )F=001) as m — oo,
v=1 p v

by using (3.3), (3.4), (3.5) and (3.8). Finally, we have

m Pn Ok+k—1 . m Pn Sk+k—1
20 [Inal 250
a1 \Pn o1 \Pn

k
annPn )\n

npn

by using (2.3), (3.3) and (3.5).
This completes the proof of Lemma 3.4.

5. Proof of Theorem 3.1

The convergence of the Fourier series at ¢ = « is a local property of f (i.e.,
it depends only on the behaviour of f in an arbitrarily small neighbourhood of
x), and hence the summability of the Fourier series at ¢ = 2 by any regular linear
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summability method is also a local property of f. Since the behaviour of the Fourier
series, as far as convergence is concerned, for a particular value of x depends on
the behaviour of the function in the immediate neighbourhood of this point only,
hence the truth of Theorem 3.1 is a consequence of Lemma 3.4.

If we take § = 0, then we obtain a theorem on |A, p,|; summability method. If

we take 6 = 0 and p,, = 1 for all n, then we obtain a result for |A|; summability
method.
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