Bol. Soc. Paran. Mat. (3s.) v. 39 2 (2021): 87-104.
©SPM -ISSN-2175-1188 ON LINE ISSN-00378712 IN PRESS
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.39164

Coefficient Estimates for a New Subclass of Analytic and Bi-Univalent
Functions by Hadamard Product

Ebrahim Analouei Adegani, Ahmad Zireh and Mostafa Jafari

ABSTRACT: In this work, we introduce a new subclass of bi-univalent functions
which is defined by Hadamard product and subordination in the open unit disk
and find upper bounds for the second and third coefficients for functions in this
new subclass. Further, we generalize and improve some of the previously published
results.
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1. Introduction

Let A be a class of functions of the form
f(2) :z—l—Zanz", (1.1)
n=2

which are analytic in the open unit disk U = {z € C: |z| < 1}. Further, let § to
denote the class of functions f € A which are univalent in U.

Since univalent functions are one-to-one, they are invertible and the inverse
functions need not be defined on the entire unit disk U. However, for each f € 8,
the Koebe one-quarter theorem [11] ensures that the image of U under f contains
a disk of radius i. Hence every function f € § has an inverse f !, which is defined
by

f7HfR) =2 (€D,

and

).

N

- (w)) = w (|w| <ro(Firo(f) >
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1

where g = f~* and

fHw) = w — agw?® + (2a3 — az)w® — (5a3 — bagaz + ag)w 4 -+ . (1.2)

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in
U. Let ¥ denote the class of bi-univalent functions in U given by (1.1).

In 2010, Deniz and Orhan [10] introduced linear multiplier differential operator
D™ (v, ) f defined by

Do(v,p)f(2) = f(2),

DY v, 9)f(z) = D(v,9)f(2) =vez*(f(2))" + (v — )2(f(2))
D*(v,9)f(z) = D(v,9)(D'(v,9)f(2)),

D™(v,9)f(z) = D(v,)(D" (v, \)f(2)),

where v > ¢ > 0 and m € Ng = NU {0}. If f is given by (1.1), then from the
definition of the operator D™ (v, ) f(z) it is easy to see that

D™ (v, ) f(z) = 2+ ) @ (v, p)anz", (1.3)

where O (v, @) = [1 + (von +v — )(n — 1)]™.

Determination of coefficient estimates |a,| (n € N) is an important problem in
geometric function theory as they give information about the geometric properties
of these functions. Recently, many researchers introduced and investigated several
interesting subclasses of the bi-univalent function class ¥ and they found non-
sharp estimates on the first two Taylor-Maclaurin coefficients |az| and |as], see, for
example, [3,5,6,7,13,14,15,16,17,23,24,27]. But The coefficient estimate problem
i.e. bound of |ay,| (n € N—{2,3}) for each f € ¥ is still an open problem.

In this work, we introduce a new subclass of bi-univalent functions which is
defined by Hadamard product and find upper bounds for the second and third
coefficients for functions in this new subclass. Besides, the estimates on the coef-
ficients |as| and |as| presented in this work would generalize and improve some of
results of Aouf et al. [4], Bulut [8], Caglar et al. [9], El-Ashwah [12], Frasin and
Aouf [14], Murugusundaramoorthy [18], Orhan et al. [19], Porwal and Darus [20],
Prema and Keerthi [21], Srivastava et al. [24], Srivastava et al. [25] and related
works in this literature.

2. Preliminaries

In this section, we recall some definitions and lemmas that used in this work.

Definition 2.1. For f(z) defined by (1.1) and O(z) defined by

O(z) = erchz", (2.1)
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the Hadamard product (f * ©)(z) of the functions f(z) and ©(z) defined by
(f*0)(2) =2+ Z apCprz™.
n=2

Definition 2.2 ([11]). An analytic function f is said to be subordinate to another
analytic function g, written as

f(z) <9(2) (z €1),
if there exists a Schwarz function w, which is analytic in U with
w(0) =0 and |w(z)| <1 (2 € V),
such that f(z) = g(w(z)).

In particular, if the function ¢ is univalent in U then f < ¢ if and only if

f(0) = g(0) and f(U) < g(U).

Lemma 2.3 ( [11,22]). Let the function ¢(z) given by ¢(z) = z + >, Bpz", be

n=2
convex in U. Suppose that the function h(z) given by h(z) = z + Y hpz", is
=2
holomorphic in U. If h(z) < ¢(2), (z € U) then |hy,| < |B1|, (n € N).
Now, we generalize and extend the Deniz-Orhan operator as follow.
For f(z) =z+Y 0 sanz™, O(2) =2+ o 5 cp2" and Q(2) = 2+ >, b, 2", the

Hadamard product (Q * (f % ©))(z) of the functions f(z) and ©(z), (z) defined
by

Qx(fx0))(2) =2+ Z anbpcp2"”.
n=2
We define operator D™ (v, ¢)(Q * (f * ©))(z) as follows:
D™ (v, @) (f *©))(2) = 2+ Y _ O (v, 9)anbnca2", (2.2)
n=2

where @7 (v, ) is as (1.3).
By taking special cases for the parameters 2(z) and O(z), the operator

D™ (v, ) (2 (f % ©))(2)

reduce to the well known differential operators.
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3. Main results

In this section, by using the operator D™ (v, )(Q * (f * ©)) which defined by
(2.2), we introduce the following class of functions.

Definition 3.1. Let h: U — C be a convex univalent function such that

h(0) =1, h(2) = h(z) (2 € U; R(h(z)) > 0).

A function f € X defined by (1.1), is said to be in the class Nﬂ)g’”(m, B,v,¢;h,0,0)
with © € X if the following conditions are satisfied:

i {(1_” (DM(V, ) (S #

(f * @))(z))u + A (Dm(z/, (p)(Q * (f * 9))(z))l

x <Dm(”’¢)(QZ* (f @))(Z)yl} < h(z) cos B + isin B, (3.1)
and
eth [(1 -\ (W)# (3.2)

A (D™ (v, o) (w))’ (wyl} < h(w) cos B + isin 3,

where Il = (Q* (f*©)™ Y, z,w e U, A >1, u>0, 8 € (—n/2,7/2) and the
functions Qx (f x ©) and Q = ( ©)~ ! are given

(Qx(f+x0))(z) =2+ Z anbpcnz" (¢n, by, > 0),

and
H(w) = (Q* (f*0) ) (w) = w—abserw® +b3(2a3¢5 — aes)w’
—by(5a3cs — Basascacs + ageq)wt 4 - - -,
respectively.

By specializing the parameters of Nng’“ (m, B,v,p;h,0,Q) we get the following
subclasses.
Remark 3.2. If we set
1+ Az
hi(iz) = —, -1<B<A<1
(5)=1p, "1sB<A<L

in Definition 3.1, then the class N‘Pg’”(m,ﬁ,u, ©; h,©,Q) reduces to the class de-
noted by Nng’“(m,ﬂ,V, v, A, B;©,Q) which is defined as f € X,

|-y (ZH O ONEN 4\ (07 w2 ()

y (D’"(v,w)(ﬁ*(f*@))z(z>>“‘l] L 1+A4s

1+ Bz

cos B+ isin g,
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and

o[- (2Ll

w

w)] LAY o5+ dsin .

+X (D™ (v, )T (w))' ( w 1+ Buw

Remark 3.3. If we set

1+ (1-29)2

h 0<~y<1
(2) T 0s7<L

in Definition 3.1, then the class Nf]’g’“(m,ﬂ,y, ©;h, ©,9Q) reduces to the class de-
noted by N‘Pg’“(m,ﬁ,v, ©,7;0,Q) which is defined as f € %,

m{eiﬂ [u Y (D’"(”’@(Q * @”(Z))“ D™, )@ (f 5 0))(2)

z

o (sl (f*®))(2))“_1” - eosh

z

and

e o1 -y (L))"

w

A (D™ (v, )T (w)) (w) [}>eoss

w

Remark 3.4. If we set p =1 and ©(z) = Q(z) = 125 in Definition 3.1, then the

class N?g’“(m,ﬁ,u,go; h,©,Q) reduces to the class denoted by Nﬂ)g(m,ﬁ,v, w;h)
which is defined as f € X,

et {(1 - (M) +A(D™(v, go)f(z))l} < h(2)cos B + isin B,
and

if {(1 ~ ) (M) FAD™ (v, go)g(w))/] < h(w) cos B+ isin 3.

w

Remark 3.5. If we set A =1 and ©(z) = Q(z) = 125 in Definition 3.1, then the

class N?g’“(m,ﬁ,u,go; h,©,Q) reduces to the class denoted by NPL(m, B, v, p;h)
which is defined as f € X,

m -1
M)H < h(z)cos B +isin 3,

z

ot [(D%,so)f(z))’ (
and

=< h(w) cos  + isin B.

D™(v, w)g(UJ)>“1

't [(D%, )g(w)) (
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Remark 3.6. If we set m =0, Q(z) = and

z
1—=z

h(z) = 14 (11:227)2

in Definition 3.1, then the class N‘Pg’”(m,ﬁ,v, ©; h,©,Q) reduces to the class de-
noted by Nf]’g’“(ﬂ,’y; ©) which is defined as f € X,

%erO—A)(gi§XQ)H+A«f*@X@Y<gﬁ§mg>ud}>7am@

; 0<y <1,

z

and

w

*©O) " Hw)\* ’ % O) L)\ * !
Re |:ei/6(1 —-A) ((]0611}#) + A ((f * 6)_1(11})) (M) :| > 7 cos 3.

Remark 3.7. Form =0 and Q(z) = O(z) = 2= the class

1—=z
NP (n, B,m, v, p; h, ©, Q)
reduce to a class Nf]’g’“(ﬂ; h) which defined by Orhan et al. [19, Definition 1.1].
Remark 3.8. Form = 38 =0, p =X =1, Q(z) = O(2) = & and h(z) =

11—z
@7 where 0 < v < 1, the class Nﬂ)g’“(n, Bym,v,p;h,0,Q) reduce to a class

Hx:(vy) which defined by Srivastava et al. [24, Definition 2].

Remark 3.9. Form=£=0, u=1, Qz) = 0(z) = % and h(z) = 14+(1-27)=

1—2z 11—z ’
where 0 < v < 1, the class N?g’“(m,ﬁ,u,go;h,@,Q) reduce to a class Bx(y,\)
which defined by Frasin and Aouf [1/, Definition 3.1].
Remark 3.10. Form = =0, Q(z) = 0(z) = 1= and h(z) = w, where
0 <~ <1, the class Nﬂ’g’“(m,ﬂ,y,gp;h,G,Q) reduce to a class N& (7, X) which
defined by Caglar et al. [9, Definition 3.1].
Remark 3.11. Form = =0, A= 1, Q(z) = O(z) = 12 and h(z) = =20z
where 0 < v < 1, the class NT%’”(m,ﬂ,V, ©;h,©,90) reduce to a class Ps(y,\)
which defined by Prema and Keerthi [21, Definition 3.1].
Remark 3.12. Form = 3 =0, A =1 = pu =0, Q) = O(2) = % and
h(z) = %}27)2, where 0 < v < 1, the class N?g’“(m,ﬁ, v,p;h,©,Q) reduce to a
well-known class 8%(7y) of bi-starlike functions of order v which defined by Brannan
and Taha [5].

Remark 3.13. Form==0, p=1, Q(z) = £

1—-z7

s)n

and h(z) = w, where 0 < v < 1, the class Nﬂ’g’“(m, B,v,p;h,0,Q) reduce
to a class ‘T;s(al,bl,’y,)\) which defined by Aouf et al. [4, Definition 6].

. kel (al)nfl"'(aq)nfli _ - . n
O(z) =z + T; Gm1 - (o) ml z+ ;anl[alabl]z
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Remark 3.14. Form =(3=0, p =1, Q(z2) = 1= and h(z) = w, where

0 <~ <1, the class Nﬂ)g’“(m,ﬂ, v,p;h,©,Q) reduce to a class Bx(0,~, ) which
defined by El-Ashwah [12, Definition 2].

Remark 3.15. Forv =1, ¢ =3 =0, p=1, Qz) = O(2) = 1= and h(z) =

w, where 0 < v < 1. Now if f € Nﬂ)g’”(m,ﬁ,v, ©;h,0,9Q), then

— mf(y m+1 =~
U-ND" ) ADIE

z

D™ f(z)

Re ((1 ~\) + /\(Dmf(z))’) = Me (

and

Fie <(1 — )\)Dmg(wq)u—i- )\D’”+1g(w)> -

where D™ s the Salagean differential operator and the function g is defined by
(1.2). Therefore in this case, the class N?g’“(m,ﬁ,u,go; h,©,Q) reduce to class
Hs:(m, 7y, \) which defined by Porwal and Darus [20, Definition 2.1].

Remark 3.16. Form =0, A =1, O(z) = £ and Q(z) = z+>_,7, C5(b,w, k) 2"
=2+ ,U,2". Nowif f e Nﬂ)g’“(m,ﬂ, v,p;h,0,Q), then
o (Tl
355 f () —w

) =< h(z)cosf +isinf,

and
y <w1“<35;,’zg(w>>/
e — NwbINT

95 g~ ) Sl cos PTG,

where HZ’]Z is Murugusundaramoorthy generalized integral operator and the function
g is defined by (1.2). Therefore in this case, the class N?g’“(m,ﬁ, v,p;h,0,Q) re-
duce to class B%Eﬁb(u, h) which defined by Murugusundaramoorthy [18, Definition
1.1].

Remark 3.17. Form =0, A=1, O(z) = % and Qz) =z + ", Ap2". Now
if f € NPY (m, B,v,;h,0,9Q). Then

eiﬁ <Zl'u(ja,b;cf(z))/
[ja,b;cf(z)]l_u

) < h(z)cos 8+ isinf,

and

i wliﬂ(ja,b;cg(w))/
- < g

g (w)[ > =< h(w) cos B+ isinf,

where Jg p.c i the Hohlov operator and the function g is defined by (1.2). Therefore

in this case, the class Nﬂ)g’”(m, B, v, p;h, ©,Q) reduce to class B%’b;c(ﬁ,u; h) which
defined by Srivastava et al. [25, Definition].
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Remark 3.18. Form =0, p=1, O(z) = 12 and Uz) =2+ Y -, @wiz". Now
if f € NPEH(m, B,v,0;h,0,Q), then

, Ui, Nz
e’ [(1 - )\)%ﬂ() + Al(a,), (ﬁj)f(z))ll =< h(z)cosB +isinf,
and
, Ui, Hhg(w
e [(1 - )\)%ﬂ() + Al(a,), (5j)g(w))'] =< h(w) cos B+ isin G,

where £(q,), (8,) s the Alamoush-Darus operator and the function g is defined by
(1.2). Therefore in this case, the class Nﬂ)g’“(m,ﬂ,y,gp; h,0©,Q) reduce to class
M(;j)’ (Bj)(k,ﬁ; h) which defined by Alamoush and Darus [2, Definition)].

Remark 3.19. For o =pu—1=0, Q(z2) =0(z) = Z if

[ € NPRH(m, B, v, 5 h,0,9Q),

then
eth [(1 - )\)%ﬂz) + )\(Dg”f(z))’_ < h(z)cos B +isin 3,
and
; Dmg(w) /_ -
et [(1 — /\)5T + XD g(w)) | < h(w) cos 5+ isinf,

where DY is the Al-Oboudi differential operator and the function g is defined by
(1.2). Therefore in this case, the class Nﬂ)g’“(m,ﬂ,y,gp; h,0,Q) reduce to class
NPL (m, B; h) which defined by Bulut [8, Definition].

Remark 3.20. Forv=1, o =03=0, p=1, O(2) = 175, Uz) =¢(6+1,1;2) =

24+ Y00, C(8,n)anz", where C(6,n) = % and h(z) = w, where

0 <~ < 1. Now if f € NPy (m, B,v,;h,0,9Q). Then

Re <(1 _ o PeefG) A(D%f(z)),) . ((1 — \)Dpsf(2) + AD;;;lf(z)> -

z

z

and

1= AN)D™ g(w) + AD™ g(w
mg(( ) n,zig( ) n,d g( )) >’Y,

w

where Dy s is is differential operator Alamoush-Darus and the function g is defined

by (1.2). Therefore in this case, the class N‘Pg’”(m,ﬁ,u, ©;h,©,Q) reduce to class
Hs:(n,0,v,A) which defined by Alamoush and Darus [1, Definition 2].
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Remark 3.21. By specializing the parameters of NU”\’”(m B,v,;h,0,9Q) and
setting h(z) = iigz, —1<B< A<, (orh(z ):M 0<~v<1), we get
subclasses defined by Murugusundaramoorthy [18, Examples 1.1 to 1.7] and [18,

Remark 1.8].

Remark 3.22. By specializing the parameters of NfPA Him, B, v, 0;h,0,Q) and
setting h(z) = iigz, —1<B< A<, (orh(z) = w 0<~v<1), we get
subclasses defined by Srivastava et al. [25, Ezamples 1 to 6] and [25, Remark 1].
Remark 3.23. By specializing the parameters of N?g’”(m,ﬁ,u,go;h,G,Q) and
setting h(z) = iigz, —1<B< A<, (orh(z) = w, 0<~v<1), we get
subclasses defined by Bulut [8, Remark 2 to 6].

Remark 3.24. By specializing the parameters of NfPA (m,B,v,0;h,0,0) and
setting h(z) = 342 1 < B < A <1, (or h(z) :M 0<~vy<1), we get

1+Bz’
subclasses defined by Alamoush and Darus [2, Remark 1 1 to 1 4].

Remark 3.25. The coefficients estimate obtained by Alamoush and Darus [2,
Theorem 2.1] did not true and we correct them as following:

|B1| cos 3
2 + 1w

Remark 3.26. The coefficients estimate obtained by Alamoush and Darus [I,
Theorem 4] did not true and we correct them as following:

32| < \/r(5+1) 4(1-B)

| B1|? cos? 3 | B1| cos 8
(1+2))2@3 (14 2N\)ws

|a/2| S ) |a3| >~

L(§+3) [(1 — N3k + A3k+1)’

and

F(O+1)  4(1-p) rg+1)7° 41 - B)?
= T(0+3) (1 — A\)3F 4+ A3k+1 [r(a + 2)] [(1— N\)2k + \2k+1]2

Remark 3.27. The coefficients estimate obtained by Orhan et al. [19, Theorem
2.1] did not true for |az| and we correct them as following:

las| <

2|Bi|cos B

o Brparey  0sp<l
az| <

|B1] cos B

@ n) pzl.

Now, we obtain the following estimates for class NﬁPg’“(m, B,v,¢;h,©,Q).

Theorem 3.28. Let the function f(z) given given by the Taylor-Maclaurin series
expansion (1.1) be in the function class Nng’“(m,ﬂ,V, ©;h,0,Q), A>1, >0
and p € (—m/2,7/2) with © € ¥ and

Q(2) —z+2bz and ©(z *erch (b, cn > 0). (3.3)

n=2
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and
h(z) =1+ Biz 4 Baz? + - - . (3-4)
Then
laz| <
1 . |B1|cos B 2|B1|cos B
— min pow ) oy 2,2 ™ (3-5)
c2 A+ w3 (v, 0)b2 | (1 — 1)(PF (v, ))"b3 + 2035 (v, )] (2A + )
and
min 4 [Bilcos 8 [4bs B (v,0)+ (=13 (25 (v,0)) |+ (1= )b (25 (v,))
ez (2A+1) 2b3 DL (1,90) [(1—1)b3(PF (v,9)) 2 +2b3 DT (v,0)| ’
< |B1|2cos? + |B1|cos B } 0<pu<l 36
las| < ¢ CFa?e5 (p)%Bes T A FWRT (vp)bacs | = (3.6)
|B1] cos B

BFeT (090505 p>1

Proof: It follows from (3.1) and (3.2) that
i _(1 _ )\) (Dm(l/a @)(Q * (f * 6))(Z)>#

e
z

A" (v, )@ % (f + 0)(2)) <Dm(”’“”)(9* U *@”(2)) . ] (3.7)

z
= p(z)cosB+isinf (z € U),

and
eth [(1 -\ (W)ﬂ (3.8)
A (D™ (v, )T (w)) (W)} — g(w)cos §+ isinf (w € T),

where the function
p(z) < h(z) (z € U) and q(w) < h(w) (w € V),

have the following Taylor-Maclaurin series expansions:

p(z) =14+piz+p2®+---, (3.9)
and
q(w) =1+ qw+ g’ + - - -, (3.10)
Using (3.9) and (3.10) in (3.7) and (3.8), respectively, we obtain
e (A + p)®5 (v, p)asbaca = p1 cos f, (3.11)

eP[(2A + )5 (v, )asbses
—1)(2A

L )(2 al )

—eP (A + )@ (v, p)azbaca = g1 cos B, (3.13)

[®5" (v, )] a3bsc3] = p2 cos B (3.12)
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and

eB[(20 + 1) (v, 9)ba(2a26E — agey) + L DCAT W gmy, 22

= gacosp. 2 (3.14)
From (3.11) and (3.13), we get that
P1 = —qi, (3.15)
and
2620 (A + )’ (@5 (v, )P azbic3 = (pT + 47) cos® 6. (3.16)

Adding (3.12) and (3.14), we obtain

5 e~ (py + q2) cos B
T = DY (v, )% + 26508 (v, 2)] A+ )G (8:17)

Since, by definition, p(z), g(w) € h(U), according Lemma 2.3 we get that

(n)
ol =[P <131l (e ) (3.9

and

() (0
g = ’q q'( )‘ < |Bi| (n € N). (3.19)

Using (3.18), (3.19) and Lemma 2.3 for the coefficients p;, ps,q1 and go from the
equalities (3.16) and (3.17), we immediately have

| B1|? cos? 3
O+ 12O (v, ) 7033

las|* <

and

2|By|cos B
(1 = 1)b3(25 (v, 0))? + 203PF (v, )| (22 + )3’

las|? <

respectively. So we get the desired estimate on the coefficient |as| as asserted in
(3.5).

Finally, in order to find the bound on the coefficient |as|, we subtract (3.14)
from (3.12). We get

220+ W) (v, )asbyes — 203c3bs (2N + T (v, ) (3.20)
= e*w(pg — g2) cos 3.
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Upon substituting the value of a3 from (3.16) into (3.20), it follows that

e = P01+ g}) cos? B ¢~ (p2 — g2) cos 8
P70 pR[0F (v, 9)PbRes | 220+ )@ (v, pbscs”

By (3.18), (3.19) and Lemma 2.3, we have

| B1|? cos? 8 | B1] cos 8
A+ u)?[@F (v, )Pb5es  (2A + p)PE (v, p)bscs”

las| < ( (3.21)

On the other hand, upon substituting the value of a3 from (3.17) into (3.20), it
follows that

az = e_iﬂ (p2 + q2) COS 6 + e_iﬂ (p2 B q2) COS 6
(1= D)b3(PF (v, 9))? + 263 (v, )] (2A + p)es 2020+ p) @ (v, p)bses

Consequently,

05 = e cos B [4bs Y (v, o) + (1 — H3(DF (v, 9))?Ip2 — (1 — 1)B3 (P (v, 9)) a2
c3(2\ + ) 20305 (v, ) (1 — DO (PF (v, 9))? + 20305 (v, )]

By (3.18), (3.19) and Lemma 2.3, we have

[Bi| cos B [4bs3 (v, ) + (1 = DB (v, )% + 1 — LB3(@F (v, p))?
A 20505 (0, 9) [ (1 — VBT (v, 2))? + 2607 (v, 2)]

las| <

Now, we obtain the bound on |as| according to p from the above inequality
Case 1. We suppose that let 0 < p < 1 thus we have

|Bi|cos B [4b3®F (v, ) + (1 — 1)b3(5 (v, 9))?| + (1 — w)b3 (5 (v, 9))?
c3(2\ + ) 20301 (v, ) | (1 — D3 (PF (v, ) + 20325 (v, )|
Case 2. We let > 1 thus we have
| Bi| cos B 4b3 P (v, ) + (1 — D3(P5 (v, 9))* + (0 — 1)b5(P5 (v, ¢))?
c3(2A+ ) 20305 (v, ) (1 — 1BE(P (v, 9))? + 2655 (v, )]

|By] cos
(2A + 1) ®E (v, p)bscs’

las| <

laz| <

which is the second part of assertion (3.21).
So, from (3.21) and two above case, we obtain the desired estimate on |ag| given
in (3.6). This completes the proof. O

4. Corollaries and Consequences
By setting m = 0 and Q(z) = ©(z) = %5 in Theorem 3.28, we obtain the
following result which is an improvement of the estimates obtained for |az| by
Orhan et al. [19, Theorem 2.1].
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Corollary 4.1. Let the function f be given by (1.1) in the class N?g’”(ﬁ; h). Then

las| < min | By|cos B 2|By|cos 3
B At @+ [

By settingm =0, A=1, O(z) = 1% and Q(z) = z+ Y~ , ¥,z" in Theorem
3.28, we obtain the following result which is an improvement of the estimates
obtained by Murugusundaramoorthy [18, Theorem 2.1].

Corollary 4.2. Let the function [ be given by (1.1) in the class B;ifb(u, h). Then

las] < min |B1| cos 2|By|cos B
- (L)W [(p = D)2+ )3 +2(2 + 1) ¥s| [

and

|B1] cos B [4Ws+(p—1) W3 |+(1—p) W3

T @) 20| (u—1)W34+2W5]
| By |?cos?3 |B1] cos 8
las| <9 Pz T @ S Osp<d
| B1]|cos B
A+ s w=1.

By setting m =0, A=1, O(z) = 1% and ©(z) = z+ >~ , A,z" in Theorem
3.28, we obtain the following result which is an improvement of the estimates
obtained by Srivastava et al. [25, Theorem 1].

Corollary 4.3. Let the function f be given by (1.1) in the class B%’b;c(ﬁ,u; h).

Then
las] < min |B1| cos 3 2| By cos 8
- T+ A2’ (= 1)(2+ p)AS +2(2 + p)As|

and

|B1|cos B [4As+(n=1)AZ|+(1—p)A3

TS ToXTw) 2As|(n—1)AZ+2A5] 7
| B1]?cos ﬁ | B1| cos B
las| < (M)A + (2A+p)As } ’ O<p<l1
|Bi|cos B
(2)\1+#)A3’ p=1

By setting ¢ = 0, p =1 and Q(z) = ©(z) = 7% in Theorem 3.28, we obtain

the following result which is the estimates obtained by Bulut [8, Theorem 8].
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Corollary 4.4. Let the function f be given by (1.1) in the class N?g’é(m,ﬁ;h).
Then
ol < min { |Bilcos? [Balcos 8
a min , ,
2= T+0)A+v) \ @AY+ 1) (1 +20)m

| By | cos 3
(2A+ 1)(1 + 20)™

and

las| <

By letting Q(z) = 1= and

1+ (1—29)z

M=) = 1—2z

0<y<1, z€0),
in Theorem 3.28, we have the following corollary.

Corollary 4.5. Let the function f(z) given by the Taylor-Maclaurin series expan-
sion (1.1) be in the function class NTP/\“( B,v05h,©,Q), A > 1, u >0 and
B € (—m/2,7/2) with (3.3) and (3.4). Then

|a2|<imin 201 - COSB \/ 401 —7) cos §
= oMM o (= (@ (v, 9))? + 205 (0, 9| CA+ 1) | °

and

min { 23-)cosp [495" (v,0)+(p=1) (P5" (1,0))* [+ (1=p) (P4 (v,0))*
s (2A ) 205 (v,0) [(u—1)(PF (v,9))2 +207 (v,0)|
4(1—~)%cos*B

2(1—~)cos B
a3l < Crwr e re T (2/\+u)<1>§"(l/790)63}’ O<sp<l
2(1—y)cos B
A2y (v,9)es” p=1.

By setting m = 3 = 0 and ©(z) = 1= in Corollary 4.5, we obtain the following
result which is the estimates obtained for |as| by Caglar et al. [9, Theorem 3.2].

Corollary 4.6. Let the function f be given by (1.1) in the class N§ (v, X). Then

|a|<min{2(1_7) 4(1_7) }
o= Atp T\ (p+ DA+ [T

and

i A1—y)  40-)? | 2(1—)
las| i { DD aw? T @ } ) 0<pu<l1
ag| <

2(1—7)
et pzl
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By setting m = 8 =0, p =1 in Corollary 4.5, we obtain the following result
which is an improvement of the estimates obtained by El-Ashwah [12, Theorem 2].

Corollary 4.7. Let the function f be given by (1.1) in the class T (a1,b1,7, A).
Then

1 J21—9) [2(1—9)
<
|a2|—czmm{ 1o\ (0

and

2(1—9)
< =
|a3| - (2)\ + 1)63

By settingm = 8 =0, p=1and O(z) = 2+ >, Tn_1]as; b1]z" in Corol-
lary 4.5, we obtain the following result which is an improvement of the estimates

obtained by Aouf et al. [4, Theorem 8].

Corollary 4.8. Let the function f be given by (1.1) in the class Bx(0,v,\). Then

|a|< 1 min{Q(l_,Y) 2(1_7)}
210 [ag; by A+ e+ (0

and

2(1-7)
2\ + 1)|F2[a1; b1]| '

las| <
(

By setting v =1, ¢ = 8=0, p =1, O(2) = 1%5. in Corollary 4.5, we obtain

the following result which is an improvement of the estimates obtained by Porwal
and Darus [20, Theorem 3.1].

Corollary 4.9. Let the function f be given by (1.1) in the class Hs(m,y, ). Then

|a|<mm{ 21-7) [ 2(1-7) }
2= 2m(A+1)"\[ 3m@2x+1) [

and

2(1-19)
< .
las] < (2X +1)3™

By setting m = =0, p =1 and ©(z) = 1% in Corollary 4.5, we obtain the

following result which is an improvement of the estimates obtained by Frasin and
Aouf [14, Theorem 3.2].
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Corollary 4.10. Let the function f be given by (1.1) in the class Bx(v,\). Then

|a2|§mm{2<1—v> 2(1—7)}

A+ 1 2\ +1)
and
2(1 —7)
< -7,
sl < 31

By setting m = =0, p =X =1 0(z) = = in Corollary 4.5, we obtain the
following result which is an improvement of the estimates obtained by Srivastava

et al. [24, Theorem 2].
Corollary 4.11. Let the function f be given by (1.1) in the class Hx(vy). Then

2(1 —
|as| Smin{l'y, %},

2(1=7)

T

By setting m = 8 =0, A = 1 and Q(z) = ©(z) = % in Corollary 4.5, we
obtain the following result which is an improvement of the estimates obtained by
Prema and Keerthi [21, Theorem 3.2].

and

las| <

Corollary 4.12. Let the function f be given by (1.1) in the class Ps(v,\). Then

|a2|<min 2(1_7) 4(1_7)
- (IT4p) V(e +1)2+p) |’

and
: 4(1—)  4(1—9)> | 2(1—9)
mln{(2+#)(#+l)7 (1+#)2 + (2+#)}, 0§,U<1
|as| <
2(1—7)
(24#7) ) ,U/ Z 1
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