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ABSTRACT: Let G be a group. In this paper, we prove that G is isomorphic to

PSL(3,q) if and only if |G| = |[PSL(3,q)| and m(G) = m(PSL(3,q)), where ¢ is a

prime power and m(G) is the maximal order of elements in G.
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1. Introduction

Let n be an integer. We denote by m(n) the set of all prime divisors of n. If G is
a finite group, then 7(|G]) is denoted by 7(G). We construct the prime graph of G
which is denoted by I'(G) as follows: the vertex set is 7(G) and two distinct primes
p and ¢ are joined by an edge if and only if G contains an element of order pq (we
write p ~ q). Let t(G) be the number of connected components of I'(G) and let
T1, T2, s Te(c) be the connected components of I'(G). If 2 € 7(G), then we always
suppose that 2 € 71(G). |G| can be expressed as a product of co-prime positive
integers OC;, i = 1,2,...,t(G), where m(OC;) = m;. These OC;’s are called the
order components of G and the set of order components of G will be denoted by
OC(G). Also we call OCy, ...,OCy¢) the odd order components of G. Let n be a
positive integer and p be a prime number. Then |n|, denotes the p-part of n.

The set of element orders of G is denoted by m.(G). Obviously, 7.(G) is par-
tially ordered by divisibility. Therefore, it is uniquely determined by u(G), the
subset of its maximal elements. We denoted by m(G) the maximal order of el-
ements in G. In [15], authors consider the characterization of simple K3-groups
and some Ly(p) by using the group order and maximal element order. In [11],
it is proved that PGL(2,q) is characterizable by the group order and maximum
element order. Also, in [10], it is shown that the simple K4-groups of type La(q)
can be characterized by their largest element orders together with their orders. In
this paper, we are going to study the characterization of projective special linear
group PSL(3,q) by using the group order and maximal element order. In fact, we
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prove the following theorem:

Main Theorem. Let G be a group. Then G = PSL(3,q) if and only if |G| =
|[PSL(3,q)| and m(G) = m(PSL(3,q)).

2. Preliminaries

Definition 2.1. [6]. Let a and n be integers greater than 1. Then a Zsigmondy
prime of a™ — 1 is a prime | such that 1| (a™ —1) but 1 { (a® —1) for 1 <i <n. Put

Zn(a) =A{l:1is a Zsigmondy prime of a™ — 1}.

Lemma 2.2. [4] Let G be a Frobenius group of even order with kernel K and
complement H. Then t(G) = 2, the prime graph components of G are w(H) and
m(K) and the following assertions hold:

(1) K is nilpotent;
(2) |K|=1 (mod |H|).

Lemma 2.3. [4] Let G be a 2-Frobenius group, i.e., G is a finite group and has
a normal series 1 < H QK 4G such that K and G/H are Frobenius groups with
kernels H and K/H, respectively. Then:

(a) t(G) =2, m =7n(G/K)Un(H) and mo = m(K/H);

(b) G/K and K/H are cyclic, |G/K| | (|[K/H|—1) and G/K < Aut(K/H).

Lemma 2.4. [13] If G is a finite group such that t(G) > 2, then G has one of the
following structures:

(a) G is a Frobenius group or 2-Frobenius group;

(b) G has a normal series 1 <H <K <G such that m(H)Un(G/K) C 71 and K/H
is a non-abelian simple group. In particular, H is nilpotent, G/K < Out(K/H)
and the odd order components of G are the odd order components of K/H.

Lemma 2.5. [9] If n > 6 is a natural number, then there are at least s(n) prime
numbers p; such that (n+1)/2 < p; <n. Here

s(n) =1, for 6 <n <13;

Lemma 2.6. [7.8] Let S = PSL(3,q) and OC3 = ‘fth‘H, where d = (3,q — 1).
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(i) Let q be an odd prime power. If x € w1(S),
z® [ 15]
and
% —1=0 (mod (0OC%)),
then 2% = ¢3 or ¢ = 5 and z® = 2°.

(ii) Let q be an odd prime power. If x € m(S), z* | |S|, then z* + 1 #
0 (mod (OC3)), for every positive integer .

(i) Letq = 2", wherem > 1. Ifx € m1(S), z* | |S] and 2*—1 = 0 (mod (OC4)),
then x = 2 and a = 3m, hence x® = ¢>.

. m 2 —

(iv) Let ¢ = 2™, where m > 1. If3 | q¢—1 and LE?Q | (¢ — 1)%*(qg+1), then
q = 16.

3. Proof of the main theorem

Let G be a group such that |G| = |PSL(3, ¢)| and m(G) = m(PSL(3,q)), where
q is a prime power. By [14], we can see that
(g1 pla—1) -1 ¢@+q+1
w(PSL(3,q)) = 3 7 3 7 3

{p(q - 1);(]2 - 17q2 +q+ 1}7 Zf d:1,

where ¢ = p® is odd and d = (3,¢ — 1). Also,

b, oif d=3;

(427 1 2(2™ —1) 22m —1 2™ 4 2m 41
u(PSL(3,2™) =4 R 3
{4,2(2™ —1),22™ —1,2*™ 4 2™ + 1}, if d=1,

boif d=3;

where d = (3,2™ —1).
Since |G| = |PSL(3,q)| and m(G) = m(PSL(3,q)) = L. we can conclude

that £ +dq+1 is an odd order component of G. Also, for convenience let r = ‘12%;”1
and ¢ = p'®, where p’ is prime and « is positive integer.

Proof of the main theorem. If G = PSL(3,q), then the conclusion is evident.
Now we assume that |G| = |PSL(3,q)| and m(G) = m(PSL(3,q)). We are going
to prove the main theorem in the following steps:

Step 1. G is neither a Frobenius group nor a 2-Frobenius group.

Proof. Suppose on the contrary, G is a Frobenius group with kernel K and comple-
ment H. Since r is an odd order component of G, by Lemma 2.2, r € {m(H), 7(K)}.
If 2 | |H|, then |H| = ¢*(¢ — 1)*(¢ + 1) and |K| = r. Now, by Lemma 2.2, |H|
divides |K| — 1, which is a contradiction. If 2 | |K|, then |K| = ¢*(¢ — 1)*(¢ + 1)
and |H| = r. Let t be a prime dividing |K|, t 1 ¢ and K; be a Sylow t-subgroup
of K. Then t divides either (¢ —1)? or ¢ + 1. Let t divides ¢ + 1 . Since K; x H
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is a Frobenius group with kernel K; and complement H, thus |H| | |K:| — 1 and
hence, r | |[Ky| — 1 = |¢ + 1|; — 1, which is a contradiction. If ¢ divides (q — 1)?,
then similar to the above, r | | K| — 1 = |(¢ — 1)?|; — 1, which is impossible.

If G is a 2-Frobenius group, Lemma 2.3 implies that there exists a normal series
1< H <K <G such that n(K/H) = r and |G/K]| | (|[K/H| —1). Now, applying
the previous argument for the Frobenius group K with kernel H and complement
K/H leads us to get a contradiction. O

Step 2. There exists a normal series 1 < H < K < G such that K/H is a simple
group and r is an odd order component of K/H.
Proof. Tt follows immediately from Lemma 2.4 and Step 1. O

Step 3. K/H is not a sporadic simple group.
Proof. Suppose that K/H is a sporadic simple group. Thus

@ 4+qg+1
P=—

o € {5,7,11,13,17,19,23,29,31,37,41,43,47,50,67,71}.

Let ‘12%‘?“ = b, since ¢ is a prime power, we get a contradiction. Assume
that CEEL — 7 and d = 1. Thus ¢ = 2, |[PSL(3,2)| = 23.3.7 and K/H €
{Mag, J1, J2, HS}, so 5 | |K/H]|, which is a contradiction. If d = 3, then ¢ = 4 and
|PSL(3,4)| = 20.32.5.7. Now, if K/H € {Mas,J1, HS}, then 11 | |K/H]|, and for
K/H = Jo, 27 | |K/H]|, which is a contradiction. By the same method, we can
consider the other possibilities for r. O

Step 4. K/H can not be an alternating group A,,, where m > 5.

Proof. It K/H = A,,, then since r € w(K/H), m > r. Also, since ¢ > 2 is a prime
power, r > 7. Thus by Lemma 2.5, there exists a prime number t € 7(A,,) such
that (r +1)/2 <t < r and hence, t | M. Since t{r,t{qgand t{q—1,
so t € Zy(q). It follows that ¢t = r — 2, where r = 7 and ¢ = 4. In this case,
|PSL(3,4)] = 20.32.5.7. On the other hand, m > 7.

Now if K/H = Az, then |K| = 23.32.5.7, 24.32.5.7, 25.32.5.7 or 26.3%2.5.7. Let
|K| = 23.32.5.7. Since m(G) = 7, we can conclude that Cg(K) = 1. Note that
G/Cq(K) < Aut(K) and |Aut(K)| = 23.3%2.5.7.2, then |G| divides 23.3%.5.7.2,
which is a contradiction. If |K| = 2%.32.5.7, then |H| = 2. Suppose that P; be
a Sylow 7-subgroup of G. Since P; acts fixed-point-freely on H, we can see that
H % P; is a Frobenius group with kernel H and complement P;. Thus, |P;| divides
|H| — 1, namely 7 | 1, which is impossible. If |K| = 25.32.5.7 or 26.32.5.7, similarly
we get a contradiction.

Let K/H = Ag. We know that As = PSL(4,2), and by [12],

w(PSL(4,q)) ={(¢" + 1)(q+1),¢* = 1,2(¢* — 1),4(q — 1)},

where ¢ = 2™ and m is positive integer. Now, m(K/H) = 15. But K/H < G
and m(G) = 7, which is a impossible. If m > 9, then 3* | |K/H|, which is a
contradiction. O
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Step 5. K/H = PSL(3,q).

Proof. By Steps 3 and 4, and the classification theorem of finite simple groups,
K/H is a simple group of Lie type such that ¢(K/H) > 2 and r € OC(K/H).
Thus K/H is isomorphic to one of the finite simple groups:

P tq+1
N d

1.1. Suppose that K/H = As(q'), where (¢ —1) | (s +1) and s is an odd prime,
s—1

Case 1. Let t(K/H) =2. Then OCy(K/H) =r . Thus we have:

then r = %;_—11 and q’w(q’SJrl -1 H(q” —1) | ¢*(g — 1)*(g + 1). On the
i=1
s—1
other hand, r® = {202 < 5% and (D=5 < ¢S (o - ) [T - 1) <
i=1

(g — D*(g +1) < r° < ¢, which implies that s < 5. Hence s = 3, so
2

?+q +1= %j“. Since (¢ — 1) | (s+ 1), ¢ € {2,3,5}, which implies that
K/H = PSL(4,2), K/H =2 PSL(4,3), K/H = PSL(4,5). Let K/H = PSL(4,3),
then ‘f‘tT‘”'l =13. If d = 1, then ¢ = 3 and |PSL(3,3)| = 21.3%.13. On the other
hand, 5 | |K/H|, which is a contradiction. If d = 3, then ¢(q + 1) = 38, which
is impossible. The same reasoning rules out the case when K/H = PSL(4,5) or
K/H = PSL(4,2).

1.2. Suppose that K/H = A;_1(q'), where (s,¢') # (3,2), (3,4) and s is an odd

s—1
prime, then r = % and q's(sgl) H(q’i —1) ] ¢*(g — 1)*(g +1). On the
i=1
S ' ) s—1
/s s(s—1 .
other hand, > = =l < g% and ¢#CV7 < ¢ [J07 - 1) <
i=1

¢*(q — 1)*(g + 1) < r°, which implies that s(s —1) —s < 5s. Hence s = 3,5.

If s = 5, then ‘12+C;1+1 = ql4+q(§;r,qf$q,+1 and hence, (¢',q) = 1. Also, ¢'*°(¢' —

D(@? = 1)(@® = 1)@ = 1) | ¢*(a = D*(q + 1). But ¢ ¢*(g — 1)*(g + 1), which
is a contradiction. If s = 3, then € ,‘ﬁ_l,_ = LHotl apd hence, by Lemma

@' =1)(q'—1) d
2.6(i,iii), ¢' € {q,5}. Thus either ¢ = ¢ and K/H = PSL(3,q) or ¢ = 5 and
K/H = PSL(3,5).

1.3, If K/H = Co(q), where n = 2" > 2, then fhs = el Now, if

(2,¢ —1) =1, then ¢ :27‘12""1;1_‘1 and hence, (q’,g) =1and ¢! > 7’12*"1;1_‘1.
On the other hand, (p/*)"" = |K/Hlp < |Gly = |5yl = 1)2|rlg + 1y <
(‘124"1%:{"1_‘1)‘1 < (p)* D) thus n € {2,4} and hence, r € {¢> + 1,¢'* + 1}.
Since (2,¢/ —1) = 1, ¢ = 2% and r € {22 + 1,2 + 1}. Let d = 1. It
follows that q(q + 1) € {22%,2%*}, which is a contradiction. If d = 3, then
'JZJF—??H € {22* + 1,2% 4 1}, which implies that % € {22«,2%}. Since
31q¢—1,3|q+ 2 and hence, 3 | 22, which is a contradiction. If (2,¢' — 1) = 2,
then similar to the above, we get a contradiction. The same reasoning completes the
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proof in the case when either K/H = B,,(¢') or K/H = 2D,,(¢'), where n = 2% > 4.
1.4. If K/H = By(3), where s is an odd prime, then 251 = '72%3“. So
3 =2+ q+ 912) and hence, (3,q) = 1 and 3°T! > ¢% + ¢ + ©2. Since
= |K/H|s < |Gls = |5 5] (g — 1)%[slg + 13 < (¢* +q + )< gy,
thus s2 < 4(s + 1) and hence, s = 3, which implies that L;l =1 +dq+ which has
already been considered. By the same method, we can prove that K/H cannot be
a simple group Cs(3).
1.5. If K/H = C(2), where s is an odd prime then 2° — 1 = q2+q+1 and hence,
25 = w. Now, if ¢ € {2,4}, then L1112 J”Hl = 7 and hence, s = 3. In these
cases, |PSL(3 2)| = 23 3.7 and |PSL(3,4)| = 26 32.5.7. On the other hand, 2° |
|C5(2)|, which is a contradiction. If ¢ & {2,4}, then (2,¢) = 1 and 25%1 > W.
We know that 2°° = [K/H|y < |Gla = |(q — 1)2|a|q + 1]; < (£FLFEd)2 o 92(s+1)
and hence, s? < 2(s + 1), which implies that s < 3, which is impossible.
1.6. IfK/HED (¢"), where s > 5 is prime and ¢’ = 2,3, 5, then ,__1 =r. Thus

) H 2 1) | ¢*(qg — 1)*(¢ +1). On the other hand, r® = ((2;:11))5 < ¢’
( ) s—1
and ¢SG—D ¢/ 7T < ¢/sG—D) H(qm —1) < ¢*(g—1)*(g+1) < r°, which implies
i=1
that ¢/*(s= 1+ L ¢'®® and hence, s < 5, which is a contradiction.

1.7. If K/H = Dys11(¢'), where s is an odd prime and ¢’ = 2,3, then A

. (2,4'=1)
Thus (27(;71) q/s(erl)(q/s + 1)(q/s+1 —1) H(q/2i —1) | q3(q _ 1)2((] +1). Also, o=
=1

s—1

’s _1\5 s(s+1) s(s s s %
Gt < 0% and ¢* DT < oo D (g 1) (¢ =) T [ (6% -1) <
i=1

3s(s+1)

¢*(q —1)%(¢ + 1) < 7°, which implies that ¢'~ 2 ~ < ¢’>* and hence, s < 3, which
is a contradiction.

1.8. If K/H = Eg(q'), then r = LEE and ¢%(¢"2 — 1)(¢" — 1)(¢° — 1)(¢° -

(¢ —1)(¢? = 1) | ¢*(g — 1)*(g +1). On the other hand, r® = %

(¢7 =1 < ¢ and ¢™(¢"* — 1)(¢" — D(g® — D(g® —1)(¢” ~1)(¢” ~ 1)
@(qg—1)%(g+1) < r® < ¢'*®, which is impossible. If K/H = 2FE4(q'), where ¢’ > 2,
then similar to the above, we get a contradiction.

1.9. If K/H = G5(q'), where 2 < ¢’ = ¢ (mod 3) and € = &1, then ¢/ —e¢/ +1 =
'f%‘f“. We know that |K/H| | |G|. Since |[K/H| = ¢'°(¢> — 1)(¢’° — 1) and
q? —eq' + 1 = r, it follows that |[K/H| > |G|, which is a contradiction. By the
same method, we can prove that K/H cannot be a simple group Gz2(q’), where
¢ =0 (mod 3).

1.10. If K/H ~2A(q'), where (s,q') # (3,3), (5,2), (¢'+1) | (s+1) and s is an odd

ININ
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s—1
prime, then r = ‘2,5:11 and q’@(q's"'1 -1) H(q'i—(—l)i) | ¢*(q—1)%*(g+1). Also,
i=1
s—1
ro = DD < g% and ¢ ST ST < S F (@ - ) [0 - (<)) <

i=1

¢*(q — 1)*(¢ + 1) < r°, which implies that s + 1 < 5 and hence, s = 3. In this
state, 7 = ¢ — ¢ + 1 and ¢°(¢" = 1)(¢* = 1)(¢' + 1) | ¢*(¢ — 1)*(¢ + 1). But
(¢ —1)(¢* - 1)(¢ +1) > ¢*(g — 1)?(q¢ + 1), which is a contradiction. By the
same method, we can prove that K/H cannot be a simple group 2A,_1(¢’).
1.1, If K/H = 2A4(2), then £E9+L — 5 which is impossible.

~ 2 1 q2 +q+ 1
1.12. f K/H = *D,,(2), where n = 2™ +1 > 5, then 2" 1+ 1 = —

2n—l = qqqul*d and hence, (2,¢) = 1. We know that 2"("~1) = |K/H|y < |G|z =

(g —1)2)alg+1]2 < (M#)g < 23" son —1 < 3, which is impossible.

1.13. If K/H = 2D4(3), where 5 < s # 2™ + 1 and s is an odd prime, then
s—1

. Thus

352_1 — r and 356-D H(32i _ 1) | qS(q _ 1)2(q+ 1). Also, P - (3150-;1)5 < 3os
i=1
s—1

and 3%~ < 3s(s—1) l_[(32Z —1) < ¢*(g — 1)* (¢ + 1) < 75, which implies that
i=1

s(s — 1) < 5s and hence, s — 1 < 5, which is a contradiction.

1.14. If K/H = 2D, (3), where 9 < n = 2™+ 1 and n is not prime, then 371'721“ =

92—+d'1+—1. Thus (3,q) =1 and 3"~ ! = %(qQ—i—q—l— Q;Qd) and hence, 3" > ¢®> +q+ 2;—d.
Since 3"~V = |K/H|3 < |G|3 = |q2iTq+1|3|(q—1)2|3|q+1|3 < (@P+g+354)t < 3%,
we obtain n — 1 < 4, which is impossible.

1.15. If K/H = 3Dy(q'), then » = ¢* — ¢* + 1 and ¢**(¢"* + ¢* + 1)(¢® —
D(@” = 1) | ¢*(¢ = 1)*(g + 1). Also, ° = (¢" —¢? +1)> < (¢")° = ¢"*” and
(@ +q% + 1)@ - 1%~ 1) < ¢*(g—1)*(¢+1) <r° < ¢*, which is a
contradiction. )

1.16. 1f K/H = 2F,(2)/, then |K/H| = 21 - 3%.5%.13. Thus £t — 13, 1f
d =1, then ¢ = 3 and |PSL(3,3)| = 2%.3%.13. On the other hand, 5 | |K/H|, which
is a contradiction. If d = 3, then ¢(q + 1) = 38, which is impossible.

Case 2. Let t(K/H) = 3. Then r € {OCy(K/H), OC5(K/H)}:

2.1. If K/H = Ay(q’), where 4 | ¢/, then the odd order components of K/H are
d+landq¢ —1. If ¢ +1=r,then¢g =r—1= ‘12%;”1—1 and hence, either
qd =qlg+1)orq = m, which are impossible. If ¢’ — 1 = r, then by Lemma
2.6(i,iii), ¢’ = ¢®. Since ¢'(¢' —1)(¢’ +1) = |K/H| | |G| = r.¢®(q — 1)%(q + 1), we
can conclude that (¢ — ¢+ 1) | (¢> — 2¢ + 1), which is a contradiction.

2.2. If K/H = Ay(q'), where 4 | ¢ — 1, then ¢’ =r or ‘1/2—+1 = r. Now, we consider
the following cases:

(i) Let ¢ =2" and ¢’ = r. If d = 3, then (1'_;1 = ’12+Tq+4, thus 2 | q/Qi. Since 11’_;1
is an odd order component of K/H, we get a contradiction. If d = 1, then since
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|K/H| | |G|, we can conclude that 'JZJFTQH | ¢*(¢—1)%, which implies that ¢ = 2 and

hence, ¢/ = 7. But 4 | ¢’ — 1, which is a contradiction. If (1'_;1 =7 and d = 3, then
2 14/2¢°+2g—11/2¢*>+29—4 : 2¢°+2g—1

Ay (o) = (L) (A 2 20) i i/ ]| |G, 21| (g - 1)

A12so, (g — 1)22 =2 -2 +1=24 +32q_1 + 4 _2‘”'4, thus 24 +32q_1 | _§q+4. But

29 +32q_1 >4 _§q+4, which is a contradiction. If d = 1, then since |K/H]| | |G|, we

can conclude that 2(2¢% +2¢ + 1) | ¢*(q — 1)?, which is a contradiction.

(ii) Let ¢ be an odd prime power, ¢ = 7 and d = 1, then ¢ = ¢> + ¢+ 1

2

and |K/H| = (¢® + g + 1)(¢* + q)(£HE2). Since |K/H| | |G|, we can con-

clude that % | ¢*(¢ — 1)?, which implies that ¢ = 5 and hence, ¢’ = 31.

But 4 | ¢/ — 1, which is a contradiction. If d = 3, then ¢’ = ‘IQJFT']H and since

|K/H| | |G|, ££4=2 | ¢3(q — 1)%(¢ + 1). On the other hand, (¢ +2,¢ — 1) = 3 and
q2+6q—2 _ (qfl)ﬁ(q+2)

, which implies that (q%) | ¢ — 1, which is a contradiction. If

‘1/2—“ = r, then by 2.6(ii), we get a contradiction. The same reasoning rules out the
case when K/H = A;(q'), where 4 | ¢’ + 1.
2

2.3. If K/H %22G2(q’), where ¢ = 3%+1 > 3, then ¢/ - V3§ +1 = % or
¢ +V3q+1=LEE Tet (3,q) = 12. If ¢ — /3¢ +1=CEE then ¢/ > LHtL
Also, (3%F1)3 = |K/H|3 < |G|5 < (£HE)2 < (3%+1)3 which is a contradiction.
Let ¢ +/3¢ +1 = —q2+;+1, and d = 1, thus 371(3! + 1) = ¢(¢ + 1). Now, since
(3,9) = 1, 31 g and hence, |g+ 1|3 = 3!*L. Thus |G|3 = |q2+;+1 l3(Jg + 1]3) < 33t+3.
On the other hand, 331 = |K/H|3 < |G|3 < 3%+3 which is a contradiction. If
d =3, then ¢’ + /3¢ + 1 = L and hence, 3++2(3t + 1) = (¢ — 1)(q + 2). Thus
either 371 | (¢ — 1) and (¢ +2) | 3(3" + 1) or 371 | (¢ +2) and (¢ — 1) | 3(3" + 1).
This forces ¢ — 1 = 371 and ¢ + 2 = 3(3! + 1). This guarantees that |G|3 < 333,
Also, 33D — |K/H|3 < |G|3 < 3%%3, which is a contradiction. Assume that
(3,9) #1. Sod =1 and ¢ /3¢ +1 = ¢*> + q + 1, this forces ¢ = 3" and
g+ 1=3"+£1, which is a contradiction.

2.4. If K/H = 2D,(3), where s = 2 + 1 > 5, then 355 — €atl op 3741
5s—2

L T 3 = ) then 357D B T 1) 4+ 1) [[ 3% - 1) | *(g—1)*(g+1).
1=1
On the other hand, r® = G < 355 and g2s(s=1=s < gs(s=1)(3s-1 _ 1)(35~1 4

s—2
1) H(32i —1) < ¢*(g — 1)*(¢ + 1) < 7°, which implies that 2s(s — 1) < 6s and
i=1
hence, s < 4, which is a contradiction. If 35721
above, we get a contradiction.

2
1l — g +dq+1, then similar to the

2
1
2.5. Tt K/H = 2D,,(2), where s — 2" — 1 and n > 2, then 2° 41 = L9171
2 1 —1 2
or2stl g1 =L 14T tat .If28—|—1:r,thenQSZQ(Q-l-l)orQS:i(q );q+ ),

which is impossible. The same reasoning rules out the case when 25! 41 = r.
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2.6. If K/H = Fy(q'), where ¢ is even, then ¢"* + 1 = q2+g+1 or ¢t —q¢?+1=
THEL 1 g 1 =7, then ¢} (¢ —1)%(¢" ~ 1)%(¢" — ¢ +1) | ¢* (4~ 1)*(g+ ).
(g —1)%(g+1) < r° < ¢'*, which is a contradiction. If ¢* — ¢?> +1 = ‘12%‘3“,
then similar to the above, we get a contradiction. By the same method, we can
prove that K/H cannot be a simple group Fy(q’), where ¢’ is odd.

2.7. If K/H = E7(2), then r € {73,127}. Therefore, either r = 73 and ¢ = 8
or r = 127 and ¢ = 19. So either |PSL(3,8)] = 2°.32.72.73 or |PSL(3,19)| =
24.3%.5.193-127. On the other hand, 13 | |E7(2)|, which is a contradiction.
2.8. It K/H 2 F7(3), then r € {757,1093}. Let L — 757 and d = 1. Thus
q(g+1) = 756 and hence, ¢ = 27. We know that |PSL(3,27)| = 24.3°.7.132.757. On
the other hand, 5 | | E7(3)|, which is a contradiction. If d = 3, then ¢(¢+1) = 2270,
which is impossible. If QZ%‘?H = 1093, then ¢(q + 1) € {1092,3278}, which is
impossible.

2.9. If K/H = A5(2), then ‘f'iT‘H'l € {3,7}. Since ¢ is a prime power, q2+j+1 =1,
which implies that K/H = PSL(3,2).

2.10. If K/H = Ay(4), then ‘fiT‘H'l € {5,7,9}. Since ¢q is a prime power,
4+l — 7 which implies that K/H 2 PSL(3,4).

2.11. If K/H = 245(2), then quTqH € {5,7,11}. Since ¢ is a prime power,
C4atl — 7 In this state, [PSL(3,2)| = 23.3.7, but 5 | |K/H|, which is a contra-
diction.

2.12. If K/H = 2F,(q), where ¢ = 2%+ > 2 thenr = ¢2 £/2¢3+q¢ £/2¢ +1.
In both cases, we can see at once that |K/H| > |G|, which is a contradiction.
Case 3. Let t(K/H) € {4,5}. Then

r e {OCy(K/H), OC5(K/H), OC4(K/H), OC5(K/H)},

as follows:

3.1. If K/H = 2By(q), where ¢/ = 2%+ andt > 1, thenr € {¢'—1,¢'+/2¢ +1}.
Let ¢ —1 =rand d = 1. Thus 2(22* — 1) = ¢(¢ + 1). Now, if gl = 2, then
q+1=3. It follows that t = 1, ¢ = 8 and |K/H| = 2°.5.7.13. On the other hand,
|PSL(3,2)| = 22.3.7. But 5 | |K/H|, which is a contradiction. Thus |g + 1|2 = 2
and since |q — 1]z < 2, |G|a < 2%F1. Moreover, 2221 = |K/H|y < |G|y < 22+,
which is a contradiction.

If ¢ —1 =7 and d = 3, then we can see that 22(3.22=1 — 1) = ¢(¢+1). Now, if
lgla = 22, then ¢ + 1 = 5. It follows that t = 1, ¢’ = 8 and |K/H| = 2°.5.7.13. On
the other hand, |PSL(3,4)| = 26.32.5.7. But 13 | |K/H]|, which is a contradiction.
Thus |g + 1]z = 22 and hence, |g — 1|2 = 2. Moreover, 22240 = |K/H|, < |G|y =
I(g — 1)2|2]qg + 1]2 < 222+2 which is a contradiction.

Assume that ¢’ +/2¢/ +1 =r and d = 3. Thus ‘12"’7‘1_2 = 2+1(2! + 1) and hence,
(g —1)(g+2) =321(2" +1). Since 3 | ¢g—1, ¢ — 1 = 3k for some positive integer
k. Thus 3k(k+1) = 20+1(28 +1) and hence, k(k+1) = 20+1(Z4L). Now, if 20+1 | k,
then k+1 < 2% and if 21 | k+ 1, then k < 2L, which are impossible. If d = 1,
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then > + g+ 1=¢ ++2¢ + 1 and g(qg+ 1) = 2!71(2! + 1), which is impossible.
The same reasoning rules out the case when ¢ —+/2¢’ +1 = r.

3.2. If K/H = Ay(4) then 'JZ%‘?H € {5,7,9}. Since ¢ is a prime power, quTqH =7,
which implies that K/H = PSL(3,4).

3.3. If K/H 22F(2), then £X+L € {13,17,19}. Let £H+ — 19 and d = 1,
thus ¢(g+1) = 18, which is a contradiction. If d = 3, then ¢(¢+1) = 56, which im-
plies that ¢ = 7. Thus |[PSL(3,7)] = 2°-32-73-19. On the other hand 13 | |2 E4(2)],
which is a contradiction. For r € {13,17}, similar to the above we get a contradic-
tion.

3.4. IfK/H o E8(q/); then r € {qIS_qI7+qI5_ql4+ql3_ql+1’ql8+q/7_q/5_q/4_
q/3+q/+1,q/S_q/6+q/4_q/2+1’q/8_q/4+1}_ Ifq/8_q/7+q/5_q/4+q/3_q/+1 =r,
then r < ¢’. On the other hand, 7° < ¢"*° and |G| < r®. Since ¢'*?° | |K/H| and
|K/H| | |G|, we get a contradiction. For other cases, similarly we get a contradic-

tion.
Step 6. G = M.

Proof: By the above steps, we have K/H = PSL(3,q), i.e., |K/H| =|PSL(3,q)| =
|G|, thus by Step 2, H =1 and K = G. Therefore G = PSL(3, q). O
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