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ABSTRACT: In the paper, we derive a general case for four weakly compatible self
maps satisfying a general contractive condition due to the same method introduced
by Altun et al. [2]. We make use of such a study to prove common fixed point
theorems for weakly compatible maps along with E.A. and (CLR) properties.
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1. Introduction

The study of common fixed point of mappings satisfying contractive conditions
has been a very active field of research during recent years. The most general of
the common fixed point theorems pertaining to four mappings A, B, S and T of a
metric space (X, d), uses either a Banach-type contractive condition [3] of the form

d(Az, By) < km(z,y) (0 <k <1),

where
1
m(z,y) = max{d(Az, By),d(Sz, Az),d(Ty, By) and Q(d(Sx, By) 4+ d(Ty, Az))},

or a Meir - Keeler - type (e, d) - contractive condition [6], that is, given £ > 0, there
exists a § > 0 such that or a ¢ - contractive condition [7] of the form

d(Az, By) < o(m(z,y)),

involving a contractive gauge function ¢ : [0,00) — [0, 00) such that ¢(t) < ¢ for
each t > 0. Note that Banach-type contractive condition is a special case of both
conditions Meir - Keeler - type (£,d) - contractive and ¢ - contractive. A ¢ -
contractive condition does not guarantee the existence of a fixed point unless some
additional condition is assumed. Moreover, a ¢ - contractive condition, in general,
does not imply the Meir - Keeler - type (g, d) - contractive condition. In the paper,

2010 Mathematics Subject Classification: 47TH10, 54H25.
Submitted September 10, 2017. Published February 24, 2018

Typeset by Bsﬁstyle.
181 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.39405

182 M. KUMAR, R.SHARMA AND S. ARACI

we aim to prove a common fixed point theorem for four weakly compatible self -
maps satisfying a general contractive condition and also prove common fixed point
theorems for weakly compatible maps along with E.A. and (CLR) properties.
We are now in a position to state the following three definitions which is an im-
portant to derive our main results.

Definition 1.1. [4] Two self maps f and g are said to be weakly compatible
if they commute at coincidence points.

Definition 1.2. [1] Two self-mappings f and g of a metric space (X,d) are
said to satisfy E.A. property if there exists a sequence {z,,} in X such that
limy, oo fx, = lim,_ o g, =t for some ¢ in X.

Definition 1.3. [8] Two self-mappings f and g of a metric space (X,d) are
said to satisfy (CLRF') property if there exists a sequence {x,} in X such that
limy, oo fxn, = limy,_ o gx, = fx for some z in X.

2. Main Results

Now, we give the following theorems.
Theorem 2.1. Let A, B, S and T be self maps of a metric space (X, d) satisfying
the followings:

SX C BX, TX C AX, (2.1)
for all z € X, there exists right continuous functions 1, ¢ : RT™ — RT, with

¥(0) = 0 = ¢(0) and 1(s) < s for s > 0 such that
P(d(Sz,Ty)) < Y(m(z,y))-o(m(z,y)),

where
m(x,y) = max{d(Az, By),d(Sz, Az),d(Ty, By), %(d(sfv, By) +d(Ty, Ax))}.

If one of AX, BX, SX or TX is complete subspace of X, then the pair (4, S5)
or (B, T) have a coincidence point. Moreover, if pairs (A4,.5) and (B,T') are weakly
compatible, then A, B, S and T have a unique common fixed point.

Proof: Let 29 € X be an arbitrary point of X. from (2.1), we can construct a
sequence {y,} in X as follows:

Yien+1) = Swop = Bz(2n+1)7y(2n+2) = T$(2n+1) = A$(2n+2)7 (2-3)

for all n = 0,1,2,.... Define d,, = d(yn,Yn+1)).- Suppose that ds, = 0 for some
n. Then yan = yeni1), that is, Tre,—1) = Aran = Sran = Bx(a,41), and A
and S have a coincidence point. Similarly, if d(2,41) = 0, then B and T" have a
coincidence point. Assume that d,, # 0 for each n.
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from (2.2), we have

Y(d(Szon, TT2n+1)) < V(M(T2n, T(2n41))) — P(M(T2n, Tant1))), (2.4)
where
m($2na $2n+1)) = maX{d(A$2n, B$(2n+1)), d(5$2n, AZCQn)a
d(Sxon, Br(2ng1)) + d(To(2n41), AT2)
2
d(T$(2n+1), B»’C(2n+1))}
= max{dgn, d(2n+1)} (25)

Thus, from (2.4), we have

Y(d(Szon, T (2n41)) < Y(max{don, dapi1)}) — (max{dan, dizni1y}).  (2.6)

Now, if d(,,4+1) > day,, for some n, then from (2.6), we have

U(dianty) < Y(d@nt1)) — ¢(di@nt1))
< w(d(QnJrl))a (27)

which is a contradiction. Thus, d2, > d(2,,41) for all n, and so, from (2.6), we have

W(dzni1) < ¥(dan) — d(dan), for all n € N. (2.8)

Similarly,
Y(dan) < P(dian-1)) — ¥(d2n-1));

Y(dian-1y) < P(d2n—-2)) — ¢(dan—2))-

In general, we have for all n = 1,2, ...,

P(dn) < P(di-1)) — d(dm-1)) (2.9)
< w(d(n—l))

Hence the sequence {#(d,,)} is monotonically decreasing and bounded below. Thus,
there exists, » > 0, such that

lim (d,) =r. (2.10)

n—oo
From(9), we deduce that
Letting limit as n — oo and using (10), we get lim, o #(d(,—1)) = 0 implies that

Jim @(d(n—1y) = lm (d(y(m-1)yn)) = 0, (2.11)
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or

lim d, = nlirrgo d(Yn, Yn+1y) = 0. (2.12)

n—roo

Now, we show that {y,} is a Cauchy sequence. For this, it is sufficient to show
that {y2,} is a Cauchy sequence. Let, if possible, {y2,} is not a Cauchy sequence.
Then there exists an € > 0 such that for each even integer 2k there exists even
integers 2m(k) > 2n(k) > 2k such that

d(Ynk))s Ymk)) = € (2.13)
For every even integer 2k, suppose that 2m(k) be the least positive integer exceed-
ing 2n(k) satisfying (13) such that

d(Yan(k)> Yemk)—2)) < & (2.14)
from (2.13), we have

€ <d(Yan(k)s Y2m(k))
<d(Yan(k), Yeemk)—2)) T AY@mE)-2) Yemk)-1)) + AY@mk)—1), Y2mk))-

Using (12) and (14) in the above inequality, we get

li =ec. 2.1

Jim d(Yon(k)» Y2m(k)) = € (2.15)
Also, by the triangular inequality,

ld(Y2n (k) Yemk)—1)) + AYn)Yem)] < demik)-1);

|d(Y2n(k)+1)> Yemm-1) + AdYenmw) Yemw))| < demw-1) + demm - (2.16)
Using (12), we get
li =1 =e. 2.1
Jm d(Yan(k)> Y(2m(k)—1)) Jm d(Y2n(k)+1)s Y(@m(k)—1)) = € (2.17)
from (2.2), we have

PY(A(S2anky TT@mm-1)) < VM(T(2nk))s Tmk)—1))
—d(m(Z2n(k)> T2mk)-1)) (2.18)

where

M(Z2n (k) T(2m(k)—1)) = MaxX{d(ATon (k) BT 2mk)—1))s A(STonk)s ATan(k)),
(d(5$2n(k) ) Bx(zm(k)—l)) + d(T$2n(k), Aiﬁ(zm(k)—l))
2 b)
(T T (2m(k)—1), BTam)—1))}
= max{d(Yan(k)> Ymk)—1)) AY2n(k)> Ynk)+1))

(d(Ynk)+1)s Yemk)-1)) + AY2n k) Y@mk)-1))
2 )

A(Y2m(k)—1)s Y2m(k)) }-
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Letting limit as k — oo and using (17), we get

¥(e) < (e) — ole),
which is a contradiction, since e > 0. Thus, {y2,} is a Cauchy sequence and so
{yn} is a Cauchy sequence. Now, suppose that A(X) is complete. Note that {ya,}
is contained in A(X) and has a limit in A(X), say u, that is, lim,,—,~ y2, = u. Let
v € A-Dy. Then Av = u. Now, we shall prove that Sv = u. Let, if possible,
Sv # u, that is, d(Sv,u) =p > 0.
Putting x = v and y = 2(2,,_1) in (1.2), we have
Y(d(Sv, Tx(2n—-1)) < (Mm(v, 22n-1)) — ¢(M(V, 2(21—1))-

Letting limit as n — oo, we have

nh_?;ol/’(d(SU,Tﬂﬁ(znfl)) < HILH;O¢(m(U,$(2n—1))
—nILH;O d(m(v, 2(2n-1)), (2.19)

where,

lim m(’Ua :C(anl)) = nh_{I;O [maX{d(u, y(2n71))a d(SUa U), d(ana y(2n71))a

(d(S’U, y(2n—1)) + d(an; u)) }]
2

=max{d(u,u), d(Sv,u), d(u,u), %(d(Sv, u) + d(u,u))}
=d(Sv,u) = p.

Thus, from (2.19), we have

Y(d(Sv,u) < P(p) — d(p),

that is
Y(p) <¥(p) — o(p),

which is a contradiction, since p > 0. Thus, Sv = v = Av. Hence u is the
coincidence point of the pair (A,S). Since SX C BX, Sv = u, implies that,
u € BX. Let w € B Yu. Then Bw = u. By using the same arguments as above,
one can easily verify that, Tw = u = Bw, that is, u is the coincidence point of
the pair (B, T). The same result holds, if we assume that BX is complete instead
of AX. Now, if TX is complete, then by (1), v € TX C AX. Similarly, if SX is
complete, then u € SX € BX. Now, since the pairs (4,5) and (B,T) are weakly
compatible, so
u=Sv=Av=Tw = Bw,

then

Au = ASv = SAv = Su,
Bu = BTw =TBw = Tu. (2.20)
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Now, we claim that T'uw = u. Let, if possible, Tu # w.
from (2.2), we have

W(d(u, Tu) =1 (d(Sv, Tu)
ST/J(m(Ua u)) - ¢(m(vv u))a

where
m(v,u) =max{d(Av, Bu),d(Sv, Av), d(Tu, Bu), %(d(Sv, Bu) + d(Tu, Av))}

1
=max{d(u, Tu),d(u,u),0, a(d(u, Tu) 4+ d(Tu,u))}
=d(u, Tu).
Thus, we have

<¥(d(u, Tu)),
which is a contradiction. So, Tu = w. Similarly, Su = u. Thus, we get Au = Su =
Bu = Tu = u. Hence u is the common fixed point of A, B, S and T. For the
uniqueness, let z be another common fixed point of A, B, S and T'.

Now, we claim that u = z. Let, if possible, u # z.
from (2.2), we have

Y(d(u, z) =(d(Su,Tz)
<¢(m(u, 2)) — ¢(m(u, 2))
=¢p(d(u, 2)) — ¢(d(u, 2)),

since

m(u, z) =d(u, z)
<(d(u, z)),
a contradiction. Thus, u = z, and the uniqueness follows.

Theorem 2.2. Let A, B, S and T be self mappings of a metric space (X, d)
satisfying (1), (2) and the followings:

pairs (A, S) and (B, T) are weakly compatible, (2.21)

pair (A, S) or (B, T) satisfy the E.A. property. (2.22)

If any one of AX, BX, SX and TX is a complete subspace of X, then A, B, S
and T have a unique common fixed point.

Proof: Suppose that (A, S) satisfies the E.A. property. Then there exists a
sequence {z,} in X such that lim, . Az, = lim, . Sz, = z, for some z in
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X. Since SX C BX, there exists a sequence {y,} in X such that Sz, = By,.
Hence lim,_,~, By, = z. We shall show that lim,,_, ., Ty, = z. Let, if possible,
limy oo TYyn =t = 2.

from (2.2), we have

Letting limit as n — oo, we have
li_}rn Y(d(Szn, Tyn) < li_}rn Y(m(@n, yn)) — H_}m o(m(zn, yn)), (2.23)
where,

lim m(z,,yn) = lim [max{d(Ax,, Byn),d(Sx,, Azxy,), d(Tyn, Byn),

n—roo n—oo

%(d(s%, Byy) + d(Tyn, Azy,))}]

=max{d(z, z),d(z, z),d(t, z), %(d(z, z)+d(t, z))}
=d(t, z).
Thus, from (2.23), we get
(2, t) SH(d(z, 1) — G(d(2,1)
<(d(z1)),

which is a contradiction. Therefore, t = z, that is, lim,, ., Ty, = z. Suppose that
BX is a complete subspace of X. Then z = Bu for some u in X. Subsequently,
we have

lim Ty, = lim Sx, = lim Ax, = lim By, = z = Bu.
n— o0 n— o0 n— o0 n— 00

Now, we shall show that Tu = Bu. Let, if possible, Tu # Bu.
from (2.2), we have

Y(d(Swp, Tu) < Y(m(zn, u))-¢(m(n, u)).

Letting limit as n — oo, we have

nh—>Ir<>lo W(d(Szy, Tu) < n11—>1r<>lo Y(m(z,,u)) — nh_}n;@ o(m(xn,uw)), (2.24)
where
li_>m m(zy,u) = li_>m [max{d(Axy,, Bu),d(Szy, Azy), d(Tu, Bu),

%(d(Smn, Bu) + d(Tu, Az,))}

=max{d(z, 2),d(z, ), d(Tu, z),

]
%(d(z, 2)+d(Tu, 2))}

=d(Tu, z).
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Thus, from (2.24), we have

<¥(d(z,Tu)),
which is a contradiction. Therefore, Tu = z = Bu. Since B and T are weakly
compatible, therefore, BTu = T Bu, implies that, TTu = TBu = BTu = BBu.
Since T'X C AX, there exists v € X, such that, Tu = Av.

Now, we claim that Av = Sv. Let, if possible, Av # Swv.
from (2.2), we have

P(d(Sv, Tu) < ¢(m(v,u)) — d(m(v, u)), (2.25)
where
m(v,u) =max{d(Av, Bu),d(Sv, Av), d(Tu, Bu), %(d(Sv, Bu) + d(Tu, Av))}
=d(Sv, Av) = d(Sv, Tu).
Thus, from (2.25), we have
P(d(Sv, Tu) <¢(d(Sv,Tu)) — ¢(d(Sv, Tu)
<Y(d(Sv,Tw)),

which is a contradiction. Therefore, Sv = T'u = Av. Thus, we have, Tu = Bu =
Sv = Av. The weak compatibility of A and S implies that ASv = SAv = SSv =
AAv. Now, we claim that Tu is the common fixed point of A, B, S and T'. Suppose
that, TTu # Tu.

from (2.2), we have

Y(d(Tu, TTu) P(d(Sv, TTu)

(m(v, Tu)) —p(m(v, Tu)), (2.26)

IN

where
m(v, Tu) = max{d(Av, BTu),d(Sv, Av), d(BTu, TTu),
%(d(Sv, BTw) + d(TTu, Av))}
=max{d(Tu,TTu),0,0,d(Tu, TTu)}
=d(Tu,TTu).
Thus, from (2.26), we have
Y(d(Tu, TTu) <Y(d(Tu, TTu)) — o(d(Tu, TTu))
<p(d(Tw, TTu)),

which is a contradiction. Therefore, Tu = TTu = BTu. Hence Tu is the common
fixed point of B and T'. Similarly, we prove that Sv is the common fixed point of
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A and S. Since Tu = Sv, Tu is the common fixed point of A, B, S and T. The
proof is similar when AX is assumed to be a complete subspace of X. The cases
in which or SX is a complete subspace of X are similar to the cases in which AX
or BX, respectively is complete subspace of X, since TX C AX and SX C BX.
Now, we shall prove that the common fixed point is unique. If possible, let p
and ¢ be two common fixed points of A, B, S and T', such that, p # q.
from (2.2), we have

Y(d(p,q)

Y(d(Sp, T'q)
Y(m(p,q)) — d(m(p,q)), (2.27)

IN

where

m(p, q) =max{d(Ap, Bq),d(Sp, Aq),d(Bq,Tq), %(d(Sp, Bq) +d(Tq, Ap))}

=max{d(p,q),0,0,d(p,q)}
=d(p, q).

Thus, from (2.27), we have

Y(d(p, q) <(d(p,q)) — o(d(p,q))
<y(d(p,q)),

which is a contradiction. Therefore, p = ¢, and the uniqueness follows.
Theorem 2.3. Let A, B, S and T be self maps of a metric space (X,d)
satisfying (2), (21) and the following:

SX C BX and the pair (A, S) satisfies (CLR4) property or (2.28)
TX C AX and the pair (B, T) satisfies (CLRpg) property.

Then A, B, S and T have a unique common fixed point.

Proof:  Without loss of generality, assume that SX C BX and the pair
(A, S) satisfies (CLR4) property, then there exists a sequence {z, } in X such that
limy, oo Az, = limy, oo Sz, = Az, for some x in X. Since SX C BX, there exists
a sequence {y,} in X such that Sx,, = By,. Hence lim,_, - By, = Az. We shall
show that lim, .o Ty, = Ax. Let, if possible, lim,_,_, Ty, = z # Ax.

from (2.2), we have

Letting limit as n — oo, we have

lim 4 (d(Szp, Tyn) < lm P(m(zn, yn)) — Tm o(m(zn, yn)), (2.29)

n—r00
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where

lm m(zn,yn) = [max{d(Axn, Byn), d(Sxn, Axy), d(TYn, Byn),

lim
Sd(Sn, Byn) + ATy, )}
=max{d(Azx, Azx),d(Ax, Ax),d(z, Azx), %(d(z, z) +d(z, Ax))}
=d(z, Az).
Thus, from (2.29), we get
P(d(Az, z) <y(d(Az, 2)) — ¢(d(Az, 2))
<P(d(Az, 2)),

which is a contradiction. Therefore, Ax = z, that is, lim,_.,Tyn = Ax. Subse-
quently, we have

lim Ax, = lim Sz, = lim By, = lim Ty, = Az = z.
n— o0 n— 00 n— o0 n— o0

Now, we shall show that Sz = z. Let, if possible, Sz # z. from (2.2), we have

Letting limit as n — oo, we have

lim 4 (d(Sz, Tyn) < lim (m(z,yn)) — lim ¢(m(z,yn)), (2.30)

n—oo

where

lim m(z,y,) = lim [max{d(Az, By,),d(Sz, Ax),d(Tyn, Byn),
n—oo

L (d(S. By.) + d(Ty,. Ax))]
=max{d(z, z),d(Sz, z),d(z, z), %(d(Sm, z)+d(z,2))}
=d(Sz, z).
Thus, from (2.30), we get

Y(d(Sx,z) <ip(d(Sz, 2)) — ¢(d(Sx, 2))
<Y(d(Sz, 2)),

which is a contradiction. Therefore, Sa = z = Az. Since, the pair (A, S) is weakly
compatible, it follows that Az = Sz. Also, since SX C BX, there exists some y
in X such that Sz = By, that is, By = z. Now, we show that Ty = z. Let, if
possible, Ty # z.
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from (2.2), we have

P(d(Szn, Ty) < h(m(zn,y)) — d(m(zn, y)).

Letting limit as n — oo, we have

lim g(d(Swn, Ty) < lm @(m(ea,y) — lim om(eay),  (231)

n—r oo n—oo

where

lim m(z,,y) = li_>m [max{d(Ax,,, By),d(Sxn, Az, ),d(Ty, By),

S (d(S 0, By) + d(Ty, Az,))}]
=max{d(z, 2),d(z, 2),d(z, Ty), %(d(z, 2)+d(Ty,2))}
=d(z,Ty).
Thus, from (2.31), we get
P(d(z, Ty) <¢(d(z,Ty)) — ¢(d(z, Ty))
<¢(d(z,Ty)),

which is a contradicition. Thus, z = Ty = By. Since the pair (B,T) is weakly
compatible, it follows that Tz = Bz. Now, we claim that Sz = T'z. Let, if possible,
Sz#£Txz.

from (2.2), we have

P(d(Sz,Tz) < p(m(z,2)) — ¢(m(z, 2)), (2.32)
where
m(z, z) =max{d(Az, Bz),d(Sz, Az),d(Bz,T=), %(d(Sz, Bz) + d(Tz, Az)
=d(Sz,T=).
Thus, from (2.32), we have

Y(d(Sz,Tz) <yp(d(Sz,Tz)) — ¢(d(Sz,Tz))
<Y(d(S5z,T%2)),
which is a contradiction. Therefore, Sz = T'z, that is, Az = Sz =Tz = Bz. Now,

we shall show that z = T'z. Let, if possible, z # T'z.
from (2.2), we have
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where
m(z, z) =max{d(Az, Bz),d(Sz, Az),d(Bz,Tz), 2( (Sz,Bz) +d(Tz, Az))}
=d(Sz,Tz) =d(z,Tz).
Thus, from (2.33), we have

P(d(z,Tz) <p(d(z,Tz)) — ¢(d(z,T'z))
<(d(z,T'z)),
which is a contradicition. Therefore, 2 = Tz = Bz = Az = Sz. Hence z is the
common fixed point of A, B, S and T'. Now, we shall prove that the common fixed
point is unique. Let u be another common fixed point of A, B, S and T'. Let, if
possible, z # u.
from (2.2), we have

P(d(u, z) w(d(Sua Tz)

<p(m(u, 2)) — d(m(u, 2))

=(d(u, z)) — ¢(d(u, 2)), since m(u,z) = d(u, z)
<(d(u, 2)),

which is a contradiction. Thus, u = z, and hence the uniqueness follows.
Example 2.4. Let X = [0, 1] be endowed with the Euclidean metric d(z,y) =
|z — y|. Let the self maps A, B, S and T be defined by

St = %,Bac: Z,Tx: g,Agg:x.
Clearly,
1 1
SX =10,- 0,-]=BX
[’8]—[’4] ?
1
TX =0, 5] C0,1] = AX.

Also AX is complete subspace of X and pairs (A, .S), (B,T) are weakly compatible.
Now,

r Yy, =
d(Sz,Ty) =% — Y1 = Ljx — 4y,
(5. 79) =1~ L) = Lo~y

Y 1
Az, By) =z — | = =|dx — y|.
d(Az, By) =|z — 7| = 7|4z —y|
d(Sz, Ax) :|§ —zl==

y Yy, _y
d(By. Ty) =|7 - 5l=7-

(d(Sz, By) + d(Ty, Ax)) _1“5
2 218"

Y Y
Y12 —a

1
— 2| + 4y — 2z]].
16[|w y| + 4]y — 2z|]
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Let ¢(t) = £ and ¢(t) = £. Thus, we have

Y(d(Sz, Ty)) = 2—14|:v —4y|.

m(x,y) =max{d(Ax, By),d(Sz, Ax),d(Ty, By), %(d(Sx, By) + d(Ty, Ax))}
=d(Sz, Az).

Therefore,

Thus, we have

7 7 7

b(mlz, y))-¢(m(z,y)) = Syo — 2o = 2.

Therefore,

Hence condition (2) is satisfied. If, we consider the sequence {z,,} = {1}, then

1

lim Az, = lim z, = lim — = 0.
n—oo n—o00 n—oo N

1
lim Sz, = lim z» = lim — = 0.
n—00 n—oo 8 n—oo 8N

Therefore,
lim Az, = lim Sz, =0, where 0 € X.

n—r oo n—oo

So the pair (A4, S) satisfies the E.A. property. Also,

lim Az, = lim Az, =0= A(0).
n—o0 n—o0
So the pair (A, S) satisfies the (CLR 4) property. Hence all the conditions of above

Theorems are satisfied. Here 0 is the unique common fixed point of A, S, B and
T.
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