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ABSTRACT: In this paper, we introduce the concepts of n-absorbing and strongly
n-absorbing second submodules as a dual notion of n-absorbing submodules of mod-
ules over a commutative ring and obtain some related results. In particular, we
investigate some results concerning strongly 2-absorbing second submodules.
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1. Introduction

Throughout this paper, R will denote a commutative ring with identity and Z will
denote the ring of integers. Let IV be a submodule of an R-module M. For r € R,
(N :p r) will denote (N :pr 7) = {m € M : rm € N}. Clearly, (N :ps ) is a
submodule of M containing N.

Let M be an R-module. A proper submodule P of M is said to be prime if for
any r € R and m € M with rm € P, we have m € Porr € (P:p M) [17]. A non-
zero submodule S of M is said to be second if for each a € R, the homomorphism
S % S is either surjective or zero [26]. In this case Anng(S) is a prime ideal of R.
A proper submodule N of M is said to be completely irreducible if N = (., N,
where {N;}ier is a family of submodules of M, implies that N = N; for some
i € I. Tt is easy to see that every submodule of M is an intersection of completely
irreducible submodules of M [19].

The concept of 2-absorbing ideals was introduced in [11] and then extended
to n-absorbing ideals in [1]. A proper ideal I of R is a 2-absorbing ideal of R if
whenever a,b,c € R and abc € I, then ab € I or ac € I or bc € I. Let I be a
proper ideal of R and n a positive integer. [ is called an n-absorbing ideal of R if
whenever x1 -+ 2,41 € I for x1,...,2,41 € R, then there are n of the x;’s whose
their product is in 1.

The authors in [15] and [24], extended 2-absorbing ideals to 2-absorbing sub-
modules. A proper submodule N of M is called a 2-absorbing submodule of M if
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whenever abm € N for some a,b € R and m € M, then am € N or bm € N or
ab € (N :g M). A proper submodule N of M is said to be a weakly 2-absorbing
submodule of M if whenever a,b € R and m € M with 0 # abm € N, then
ab € (N :g M) or am € N or bm € N [15]. A proper submodule N of M is called
n-absorbing submodule of M if whenever ai...a,m € N for ai,...,a, € R and
m € M, then either a;...a,, € (N :g M) or there are n — 1 of a;’s whose their prod-
uct with m is in N [16]. Several authors investigated properties of 2-absorbing, and
some generalization of 2-absorbing submodules, for example [15,16,22,23,24 25].

In [2], the authors introduced the dual notion of 2-absorbing submodules (that
is, 2-absorbing (resp. strongly 2-absorbing) second submodules) of M and investi-
gated some properties of these classes of modules. A non-zero submodule N of M
is said to be a 2-absorbing second submodule of M if whenever a,b € R, L is a
completely irreducible submodule of M, and abN C L, then aN C L or bN C L
or ab € Anngr(N). A non-zero submodule N of M is said to be a strongly 2-
absorbing second submodule of M if whenever a,b € R, K is a submodule of M,
and abN C K, then aN C K or bN C K or ab € Anng(N). Also, in [3,4], the
authors introduced and investigated some generalization of 2-absorbing second and
strongly 2-absorbing second submodules.

The purpose of this paper is to introduce the concepts of n-absorbing and
strongly n-absorbing second submodules as dual notion of n-absorbing submodules
of modules and provide some information concerning these new classes of modules.
Furthermore, we study some properties of strongly 2-absorbing second submodules
of an R-module M. Also, we introduce the concept of weakly strongly 2-absorbing
second submodules of M as a dual notion of weakly 2-absorbing submodules and
obtain some related results.

2. n-absorbing and strongly n-absorbing second submodules

Definition 2.1. Let N be a non-zero submodule of an R-module M and n be
a positive integer. We say that N is an n-absorbing second submodule of M if
whenever ay...a, N C L foray,...,a, € R and a completely irreducible submodule L
of M, then either ay...a,, € Anng(N) or there are n —1 of a;’s whose their product
with N is a subset of L.

Remark 2.2. Let N and K be two submodules of an R-module M. To prove
N C K, it is enough to show that if L is a completely irreducible submodule of M
such that K C L, then N C L [9, 2.1].

We recall that an R-module M is said to be a cocyclic module if Socr(M) is
a large and simple submodule of M [27]. (Here Socr(M) denotes the sum of all
minimal submodules of M.). A submodule L of M is a completely irreducible
submodule of M if and only if M/L is a cocyclic R-module [19, 12.1.1].

Proposition 2.3. Let N be an n-absorbing second submodule of an R-module M .
Then we have the following.

(a) If L is a completely irreducible submodule of M such that N € L, then
(L :g N) is an n-absorbing ideal of R.
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(b) If M is a cocyclic module, then Anng(N) is an n-absorbing ideal of R.
(c) Ifa € R, then a"N = a"T!N.

Proof. (a) Since N ¢ L, we have (L :g N) # R. Let a1,az,...,an,an+1 € R and
a1a2...ap41 € (L :g N). Then ajas...anN C (L :pr apt1). Thus there are n — 1
of a;’s whose their product with N is a subset of (L :p; apy1), where 1 < i < n
or ajas...ap N = 0 because by [10, 2.1], (L :pr an41) is a completely irreducible
submodule of M. Therefore, there are n of a;’s whose their product lies in (L :g N)
for some 1 <i<n+1oraj..a, € (L:g N) as needed.

(b) Since M is cocyclic, the zero submodule of M is a completely irreducible
submodule of M. Thus the result follows from part (a).

(c) It is clear that a1 N C a™N. Let L be a completely irreducible submodule
of M such that a"™*N C L. Then a"N C (L :p a). Since N is n-absorbing
second submodule and (L :p; a) is a completely irreducible submodule of M by
[10, 2.1], a® "IN C (L :ps a) or a®N = 0. Therefore, a® N C L. This implies that
a™N C a"*'N by Remark 2.2. |

Definition 2.4. Let N be a non-zero submodule of an R-module M and n be a
positive integer. We say that N is a strongly n-absorbing second submodule of M
if whenever ai...a,N C K for ai,...,a, € R and a submodule K of M, then either
aj...an € Anng(N) or there are n—1 of a;’s whose their product with N is a subset
of K.

Clearly every strongly n-absorbing second submodule is an n-absorbing second
submodule. It is natural to ask the following question:

Question 2.5. Let M be an R-module. Is every n-absorbing second submodule of
M a strongly n-absorbing second submodule of M ?

Note 1. Let ay,as,...,a, € R. We denote by a; the element ay...a;_10;11...ap.
In this case, the definition of an n-absorbing (resp. a strongly n-absorbing) second
submodule can be reformulated as: a non-zero submodule N of an R-module M is
called n-absorbing (resp. strongly n-absorbing) second if whenever aq,...,a, € R
and L is a completely irreducible submodule (resp. K is a submodule) of M with
ai...an,N C L (resp. aj...an, N C K ), then either ay...a,, € Anng(N) or ;N C L
(resp. ;N C K) for some 1 <i <n.

Proposition 2.6. Let M be an R-module and let {Kx\}xea be a chain of n-
absorbing second submodules of M. Then Uxeca Ky is an n-absorbing second sub-
module of M.

Proof. Let ay,...,a, € R, L be a completely irreducible submodule of M, and
ay...an(UxeaKy) € L. Assume that a;(UyeaKy) € L. Then for each 1 < i < n
there is 3; € A, where a; Kg, Z L. Hence, for every Kz, C K,, we have a; K., £ L.
Therefore, for each submodule K, such that Kz, C K, (for each 1 < i < n), we
have a; K, ¢ L for each 1 < i < n. Thus a;...a,K, = 0 as K, is an n-absorbing
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second submodules of M. Let K, be a submodule of M such that K 5, C Ka for
each 1 <14 <n. As {K)}rea is a chain, we have

Ureax = Uk, cro IO ) U (Uk,cx K\) = Ko U (Uk, cry K0).

Therefore aj...an(UxeaK)) = 0, as needed. O

Definition 2.7. We say that an n-absorbing second submodule N of an R-module
M is a maximal n-absorbing second submodule of a submodule K of M, if N C K
and there does not exist an n-absorbing second submodule H of M such that N C
HCK.

Lemma 2.8. Let M be an R-module. Then every n-absorbing second submodule
of M is contained in a mazximal n-absorbing second submodule of M.

Proof. This is proved easily by using Zorn’s Lemma and Proposition 2.6. O

Theorem 2.9. Every Artinian R-module M has only a finite number of maximal
n-absorbing second submodules.

Proof. Suppose that the result is false. Let ¥ denote the collection of non-zero
submodules N of M such that N has an infinite number of maximal n-absorbing
second submodules. The collection ¥ is non-empty because M € ¥ and hence has
a minimal member, S say. Then S is not n-absorbing second submodule. Thus
there exist aq,...,a, € R, and a completely irreducible submodule L of M such
that aq...a,S € L but ;S ¢ L (for each 1 < i < n) and ay...a,S # 0. Let V
be a maximal n-absorbing second submodule of M contained in S. Then a;V C L
for some 1 < i < noray...a,V=0. Thus V C (L :p ;) or V C (0 :ps ay...ap).
Therefore, V C (L :g @;) or V C (0 :5 aj...a,). Hence every maximal n-absorbing
second submodule of S is a maximal n-absorbing second submodule of (L :g a;) or
(0 :5 aj...an). By the choice of S, the modules (L :g @;) and (0 :5 aj...a,) have
only finitely many maximal n-absorbing second submodules. Therefore, there is
only a finite number of possibilities for the module S which is a contradiction. O

Definition 2.10. We say that a strongly n-absorbing second submodule N of an R-
module M s a maximal strongly n-absorbing second submodule of a submodule K

of M, if N C K and there does not exist a strongly n-absorbing second submodule
H of M such that N C H C K.

Remark 2.11. One can check that, by using the same technique, that the results in
Proposition 2.6, Lemma 2.8, and Theorem 2.9 about n-absorbing second submodules
is also true for strongly n-absorbing second submodules.

An R-module M is said to be a comultiplication module if for every submodule
N of M there exists an ideal I of R such that N = (0 :ps I), equivalently, for each
submodule N of M, we have N = (0 :py Anng(N)) [5].
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A proper ideal I is a strongly n-absorbing ideal of R if whenever Iy...I, 11 C I
for ideals Ii,...,[,,41 of R then there are n of the I;’s whose their product is in
I [1]. Clearly a strongly n-absorbing ideal of R is also an n-absorbing ideal of
R. Anderson and Badawi conjectured that these two concepts are equivalent, e.g.,
they proved that an ideal I of a Priifer domain R is strongly n-absorbing if and
only if T is an n-absorbing ideal of R [1, Corollary 6.9].

Theorem 2.12. Let N be a submodule of an R-module M. Then we have the
following.

(a) If N is a strongly n-absorbing second submodule of M, then Anng(N) is an
n-absorbing ideal of R.

(b) If M is a comultiplication R-module and Anngr(N) is a strongly n-absorbing
ideal of R, then N is a strongly n-absorbing second submodule of M.

Proof. (a) Let N be a strongly n-absorbing second submodule of M. Assume that
ai,...,an41 € R with aq...ap+1 € Anng(N). For each 1 < i < n, let a; be the
element of R which is obtained by eliminating a; from a;...a,,. Then a;...a, N C
ay...ap N implies that a;N C aj...a, N for some 1 < i < n because N is strongly
n-absorbing second. Thus @;a,+1 N = 0 that is, Anng(N) is n-absorbing,.

(b) Assume that Anng(N) is a strongly n-absorbing ideal of R. Let a1, ..., a, €
R and K be a submodule of M such that ay...a,N € K and a;...a,N # 0.
Then ay...anAnnp(K)N = 0. Now as Anngr(N) is a strongly n-absorbing ideal
of R, a;Annr(K) C Anng(N) since aj...a, ¢ Anng(N). Thus Anng(K) C
Anng(a;N). Tt follows that @; N C K since M is a comultiplication R-module that
is, IV is strongly n-absorbing second submodule of M. O

Theorem 2.13. Let N be a strongly n-absorbing second submodule of an R-module
M. Then rN is a strongly n-absorbing second submodule of M for all r € R\
Anng(N).

Proof. Let ay...a,rN C K for some aq, ...,a, € R and a submodule K of M. Then
araz...a, N C (K :p 7). So either ajy...a, € Anng(N) or there are n — 1 of a;’s
whose their product with N is a subset of (K :ps 7). If a...a, € Anngr(N), since
Annp(N) C Anng(rN) we are done. In other case, there are n — 1 of a;’s whose
their product with N is a subset of (K :jp; r) implies that there is a product of
n — 1 of the a;’s with rIV is a subset of K. Thus rN is a strongly n-absorbing
second submodule of M. O

An R-module M is said to be a multiplication module if for every submodule
N of M there exists an ideal I of R such that N = IM [12].

Corollary 2.14. Let R be a principal ideal domain and M be a multiplication
strongly n-absorbing second R-module. Then every submodule of M is a strongly
n-absorbing second submodule of M.
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Proof. This follows from Theorem 2.13. O

Proposition 2.15. Let f: M — M be a monomorphism of R-modules. Then we
have the following.

(a) If N is a strongly n-absorbing second submodule of M, then f(N) is a strongly
n-absorbing second submodule of M.

(b) If N is a strongly n-absorbing second submodule of f(M), then f~Y(N ) s a
strongly n-absorbing second submodule of M .

Proof. (a) Since N # 0 and f is a monomorphism, we have f(N) # 0. Let
ai,as,...,an € R, K be a submodule of M and ajag...anf(N) C K. Then
ai1as...anN C f~ (K) As N is strongly n-absorbing second submodule, @; N C
LK) for some 1 < i < n or ajaz...anN = 0. Therefore,

aGif(N)C f(f 1K) =f(M)NK C K

or ajas...an f(N) = 0, as needed.

(b) If f~Y(N) =0, then f(M)NN = f(f~Y(N)) = f(0) = 0. By assumption,
N C f(M). Therefore N = 0, a contradiction. Therefore, f~1(N) # 0. Now let
ai,as,...,an € R, K be a submodule of M, and alag...anffl(]\?) C K. Then

a1ay...an N = arag...an(f(M)NN) = aras...an f(f7HN)) C f(K).

Thus as N is strongly n-absorbing second submodule, @GN Q f(K) for some
1 < ¢ < nor aas.. anN = 0. Therefore, a;f~*(N ) C fFYf(K)) = K or
aias...an f~H(N) = 0, as desired. O

Theorem 2.16. Let M be an R-module. If N; is a strongly n;-absorbing second
submodule of M for each 1 < i <k, then N1 + ...+ Ny is a strongly n-absorbing
second submodule of M forn = ni+...+ng. In particular, if N1, ..., Ny, are second
submodules of M, then N1 + ...+ N, is a strongly n-absorbing second submodule
of M.

Proof. Let ay,...,a, € R and K be a submodule of M with aj...a,(N1+...+Nj) C
K such that @;(N1+4...+Nj) € K foreach 1 <i <n. Asaj...an(N1+...4+N;) C K,
we have aj...a,N; C K for every 1 < j < k. Therefore, ay....a, € Anng(N;) for
every 1 < j < k since Nj is a strongly nj-absorbing second submodule of M and
n; < n. Therefore a1+...4+a, € Anng(N1)N...NAnng(Ny) = Anng(N1+...+Ng),
that is, N1+ ...+ Ny, is strongly n-absorbing second. The “In particular” statement
follows from the fact that every second submodule is a strongly n-absorbing second
submodule. a

Let N be a non-zero submodule of an R-module M. It is clear that if IV is
an n-absorbing (resp. a strongly n-absorbing) second submodule, then it is an m-
absorbing (resp. a strongly m-absorbing) second submodule of M for every integer
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m > n. If N is a strongly n-absorbing second submodule of M for some positive
integer n, then w§,(N) = min{n : N is an n—absorbing second submoduleof M };
otherwise, set w§,;(N) = oco. Moreover, we define w§,(0) = 0. Therefore, for any
submodule N of M, we have w$,;(N) € NU{0, oo}, with w§,;(N) =1 if and only if
N is a second submodule of M and w§,;(N) = 0 if and only if N = 0. Then w§,(N)
measures, in some sense, how far IV is from being a second submodule of M. One
can ask how w,;(N) and w$(Anng(N)) compare.

Corollary 2.17. Let M be an R-module. Then we have the following.

(a) If Ny, ..., Ny are strongly n-absorbing second submodules of M, then w$,;(N1+
o+ Ni) S WG (N1) + o+ WGy (Ni)-

(b) If N1, ..., N,, are second submodules of M, then w§;(N1+ ...+ N,) < n.

Proof. This follows from Theorem 2.16. O

Theorem 2.18. Let M be an R-module and N be a P-secondary submodule of M
such that P™ C Anng(N). Then N is a strongly n-absorbing second submodule of
M. Moreover, wS;(N) < mn. In particular, if (0 :pr P™) is a P-secondary submodule
of M, then (0 :pr P™) is a strongly n-absorbing second submodule of M. Moreover,
wi((0:a P)) < .

Proof. Assume that aq,...,a, € R and K be a submodule of M with ay...a, N C K
such that a;N € K for each 1 < i < n. For every 1 <i < n, as a;a;N C K with
a;N € K and N is a P-secondary submodule of M, we have a; € P. Consequently,
ai...a, € P* C Anngr(N), that is, N is a strongly n-absorbing second submodule
of M. The ”In particular“ statement follows from the fact that P™ C Anng((0 :p
P™)). O

Theorem 2.19. Let R be a Noetherian ring and let M be a finitely cogenerated
R-module. Then every non-zero proper submodule of M is a strongly n-absorbing
second submodule of M for some positive integer n.

Proof. Let N be a P-secondary submodule of M. So Anng(N) is a P-primary
ideal of R. Since R is a Noetherian ring, there exists a positive integer m for
which P™ C Anng(N). Thus N is a strongly m-absorbing second submodule of
M by Theorem 2.18. Now assume that K is a non-zero submodule of M. Since
M is an Artinian R-module, K has a secondary representation by [20, 6.11]. Let
K = Ni + ...+ Ni be a secondary representation of K, where each N, is a P;-
secondary submodule of M for any 1 < i < n. By the first part, each N; (1 <i <n)
is a strongly m;-absorbing second submodule of M for some positive integer m;.
Now K is a strongly n-absorbing second submodule in which n = mj + ... + my, by
Theorem 2.16. Therefore the result follows. o
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Theorem 2.20. Let N be a strongly n-absorbing second submodule of an R-module
M with n > 2 and Anng(N) C \/Anng(N). Suppose that r € \/Anng(N) \
Annp(N) and let t(> 2) be the least posztwe integer such that ' € AnnR( ).
Then r'=1N is a strongly (n —t + 1)-absorbing second submodule of M.

Proof. Choose 2 <t<n. Thenn—t+1>1. Let ay...an_s 417 ' N C K for some
a1, ...,0n_t+1 € R and a submodule K of M. Since r*~'a;...an_s11 N € K and N
is a strongly n-absorbing second submodule of M, therefore either r!'a; N C K
or ' 2ay..an_411N C K or aj...an—t+1 € Anng(r"~'N). If r'='q;N C K or
a1...an—t+1 € Anng(r"~!N), then we are done. Hence assume that r'~'a;N ¢
K and ay...an_t11 € Anng(r""!N). Since N is a strongly n-absorbing sec-
ond submodule of M, therefore r‘=2ay...a, 1N C K. Now rt € Anng(N)
and 7" taj...an_1 N C K imply rr'=2a;...an_t(an_t41 + )N C K. Again,
since N is a strongly n-absorbing second and r*~'@;N ¢ K for any 1 < i <
(n —t) and 7' 2aq...an—¢(an—_t+1 + 1) € Anng(N) (as r* € Anngr(N)), we must
have r'=2ay...an_t(an_t11 +7)N = r*2ay...an_¢ 1N +r*"taj...an,_+N C K. As
r*=2ay...an_y11N C K, we have r'~la;...a,_;N C K, a contradiction, since we
assumed that the product of rf=! with any n —t of the a;’s with N is not a subset
of K. Thus r*"'a;N C K or aj...an_+1 € Anng(r*=1N), and hence 7'~'N is a
strongly (n — ¢+ 1)-absorbing second submodule of M. O

Remark 2.21. One can see, by using the same technique, that the results in Theo-
rems 2.16, 2.13, and Corollary 2.14 about strongly n-absorbing second submodules
in this section is also true for n-absorbing second submodules.

3. Strongly and weakly strongly 2-absorbing second submodules

Recall that an R-module M is said to be sum-irreducible precisely when it is nonzero
and cannot be expressed as the sum of two proper submodules of itself [13, Defi-
nition and Exercise 7.2.8].

Theorem 3.1. Let N be a strongly 2-absorbing second submodule of an R-module
M. Then aN = a?N for all a € R\ \/Anng(N). The converse holds, if N is a
sum-~irreducible submodule of M.

Proof. Let a € R\ \/Anng(N). Then a® € R\ Anngr(N). Thus aN = a*N by [2,
3.3]. Conversely, let N be a sum-irreducible submodule of M and abN C K for some
a,b € R and a submodule K of M. Assume that, ab € R\ \/Anng(N). We show
that aN C K or bN C K. As ab € R\ \/Anngr(N), we have a,b € R\ \/Anngr(N).
Thus aN = a?N by assumption. Let x € N. Then ax € aN = a?N. Hence
axr = a’y for some y € N. This implies that  —ay € (0 :y a) C (K :y a). Thus
x=x—ay+ay € (K :y a)+ (K :y b). Therefore, N C (K :n a)+ (K :n b).
Clearly, (K :y a) 4 (K :y b) € N. Thus as N is sum-irreducible, (K :n; a) = N or
(K :y b) = N as needed. O
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Proposition 3.2. Let N be a submodule of an R-module M. Then we have the
following.

(a) If (0 :pr Anngr(N)3) is a strongly 2-absorbing second submodule of M, then
(0:ar Anng(N)?) = (0 :ar Anng(N)?).

18 a strongly 2-absorbing second submodule o such that , then
b) If K ly 2-absorb d submodule of M h that K < N, th
(K 4+ N)/N is a strongly 2-absorbing second of M/N and /(N :g K + N)\

(N :r K)=/Anng(K)\ (N :r K).

Proof. (a) Clearly, (0 :py Anng(N)?) C (0 :ar Anng(N)3). As (0 1y AnnR( )3)
a strongly 2-absorbing second submodule of M and Anng(N)?(0 :ps Anng(N

(0 :pr Anng(N)), we have Anng(N)(0 :pr Anng(N)3) C (0 1 Anng(N
Anng(N)?(0 :pr Anng(N)3) = 0. So in any case, Anng(N)?(0 :ps Anng(N)?)
0. This implies that (0 :ps Anng(N)3) C (0 :ps Anng(N)?).

(b) As K ¢ N, we have (K + N)/N # 0. Let ab((K + N)/N) C H/N
for some a,b € R and a submodule H/N of M/N. Then ab(K + N) + N C
H. This implies that abK C H. Now as K is a strongly 2-absorbing second
submodule of M, we have either a K C H or bK C H or abK = 0. Therefore,
either a((K + N)/N) € H/N or b((K + N)/N) C H/N or ab((K + N)/N) =0
as needed. To see the second assertion, let a € /(N :g K+ N)\ (N g K).
Then a"K C N for some positive integer n. Now as K is a strongly 2-absorbing
second submodule of M and a ¢ (N :p K), we have a € \/Anngr(K). Hence

VIN:g K4+ N)\ (N :g K) C /Anng(K) \ (N :g K). The reverse inclusion is

clear. O

For a submodule N of an R-module M the second radical (or second socle) of
N is defined as the sum of all second submodules of M contained in N and it is
denoted by sec(N) (or soc(N)). In case N does not contain any second submodule,
the second radical of N is defined to be (0) (see [14], [8]).

Theorem 3.3. Let N be a strongly 2-absorbing second submodule of an R-module
M. Then we have the following.

(a) /Annp(N)" C Annp(N

(b) If M is a finitely generated comultiplication R-module, then N C (0 :pr
Ann% (sec(N))).

(c) If \/JAnnr(N) # Anng(N), then for each a € \/JAnng(N)\ Anngr(N),

1s a second R-module with \/AnnR ) C Anng(aN). Furthermore, we have
{AnnR(aN)}ae\/m\AnnR(N) is a chain of prime ideals of R.

Proof. (a) By [2, 3.5], Anng(N) is a 2-absorbing ideal of R. Thus the result follows
from [11, 2.4].

(b)By [7, 2.12], Anng(sec(N)) = \/Anngr(N). Thus

Anng(sec(N))? C Anng(N),
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by part (a). Hence N C (0 :ps Ann%(sec(N)).

(¢) Let a € \/Annr(N) \ Anngr(N). Then aN # 0 and there exists a positive
integer ¢ such that a!N = 0 but a*~'N # 0. Now let b € R such that abN # 0.
We show that abN = alN. As N is a strongly 2-absorbing second submodule of M,
abN C abN implies that aN C abN or bN C abN. If aN C abN, then we are done.
If bN C abN, then a'~'0N C a'dbN = 0. By [2, 3.5], Anng(N) is a 2-absorbing
ideal of R. Hence a'~2bN = 0. Continuing in this way we obtain, abN = 0 which
is a contradiction. )

By part (a), ay/Anng(N) C \/Anng(N)" C Anng(N). Thus \/Anng(N) C
(Anng(N) :g a) = Anng(aN).

As Annp(N) is a 2-absorbing ideal of R, {AnnR(aN)}ae\/m\AnnR(N) is
a chain of prime ideals of R by [11, 2.5], which completes the proof. O

Proposition 3.4. Let N be a P-secondary submodule of an R-module M. Then
N is a strongly 2-absorbing second submodule of M if and only if P2 C Anng(N).

Proof. This follows from Theorem 3.3 (a) and Theorem 2.18. O

Definition 3.5. Let N be a non-zero submodule of an R-module M. We say that
N is a weakly strongly 2-absorbing second submodule of M if whenever a,b € R,
K is a submodule of M, abM ¢ K, and abN C K, then aN C K or bN C K or
ab € Anng(N).

Example 3.6. Let M be an R-module. Clearly every strongly 2-absorbing second
submodule of M is a weakly strongly 2-absorbing second submodule of M. Also,
evidently M is a weakly strongly 2-absorbing second submodule of itself. In partic-
ular, M = Z¢ ® Z1o is not strongly 2-absorbing second Z-module but M is a weakly
strongly 2-absorbing second Z-submodule of M.

Theorem 3.7. Let N be a weakly strongly 2-absorbing second submodule of an R-
module M which is not a strongly 2-absorbing second submodule. Then Ann%(N) C
(N ‘R M)

Proof. Assume on the contrary that Ann%(N) € (N :g M). We show that N is a
strongly 2-absorbing second submodule of M. Let a,b € R and K be a submodule
of M such that abN C K. If abM ¢ K, then we are done because N is a weakly
strongly 2-absorbing second submodule of M. Thus suppose that abM C K. If
abM < N, then abM ¢ NNK. Hence abN C NNK implies that aN C NNK C K
or bN C NNK C K or abN = 0 as needed. Solet abM C N. If aAnng(N)M € K,
then a(b+ Annp(N))M € K. Thus a(b+ Annr(N))N C K implies that aN C K
or bDN = (b+ Annr(N))N C K or abN = a(b+ Anng(N))N = 0, as required. So
let aAnnr(N)M C K. Similarly, we can assume that bAnng(N)M C K. Since
Anngr(N)? & (N :g M), there exist a,b; € Anng(N) such that a;byM ¢ N.
Thus there exists a completely irreducible submodule L of M such that N C L
and a1b; M ¢ L by Remark 2.2. If abyM € L, then a(b+ b1)M € L N K. Thus
a(b+ b1)N C LN K implies that aN € LNK C K or bN = (b+ b)N C
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LNK C K or abN = a(b+ b1)N = 0 as needed. So let abyM C L. Similarly,
we can assume that a;bM C L. Therefore, (a + a1)(b+ b1)M € LN K. Hence,
(a+a1)(b+b1)N C LNK implies that aN = (a+a;)N C K or bN = (b+b;)N C K
or abN = (a+a1)(b+b;)N = 0, as desired. O

Let M be an R-module. A submodule N of M is said to be idempotent (resp.
coidempotent) if N = (N :g M)2M (resp. N = (0 :py Anng(N)?)). Also, M is
said to be fully idempotent (resp. fully coidempotent) if every submodule of M is
idempotent (resp. coidempotent) [6].

Corollary 3.8. Let M be a faithful R-module. Then we have the following.

(a) If M is a fully coidempotent R-module and N is a proper submodule of M,
then N is a weakly strongly 2-absorbing second submodule of M if and only
if N is a strongly 2-absorbing second submodule.

(b) If M is a fully idempotent R-module and N is a non-zero submodule of M,
then N is a weakly 2-absorbing submodule if and only if N is a 2-absorbing
submodule.

Proof. (a) The sufficiency is clear. Conversely, assume on the contrary that N # M
is a weakly strongly 2-absorbing second submodule of M which is not a strongly
2-absorbing second submodule. Then by Theorem 3.7, Ann%(N) C Anng(M).
Hence as M is faithful, Ann%(N) = 0. Since N is a coidempotent submodule
of M, this implies that N = (0 :py Anng(N)?) = (0 :py Anng(N)3) = M, a
contradiction.

(b)The proof is similar to the part (a) by using [15, 2.5]. O

Theorem 3.9. Lett € R and M be an R-module. Then we have the following.

(a) If (0 :pr t) CtM, then (0 :pr t) is a strongly 2-absorbing second submodule if
and only if it is a weakly strongly 2-absorbing second submodule.

(b) If tM :g M) C Anng(tM), then the submodule tM is strongly 2-absorbing
second if and only if it is weakly strongly 2-absorbing second.

Proof. (a) Suppose that (0 :ps t) is a weakly strongly 2-absorbing second submodule
of M, a,b € R, and K is a submodule of M such that ab(0 :py t) C K. If
abM ¢ K, then since (0 :p; t) is weakly strongly 2-absorbing second, we have
a(0:prt) C K or b(0:p t) C K or ba € Anng((0 :p7 t)) which implies (0 :ps t) is
strongly 2-absorbing second. Therefore we may assume that abM C K. Clearly,
alb+1t)(0:a t) C K. If a(b+ t)M ¢ K, then we have (b+ ¢)(0 :ps t) € K or
a(0:pt) C K ora(b+t) € Anng((0 :as t)). Since at € Annpg((0 :ps t)) therefore
b(0 :pr t) € K or a(0 :pr t) € K or ab € Anng((0 :a t)). Now suppose that
a(b+t)M C K. Then since abM C K, we have taM C K and so tM C (K :ps a).
Now (0 :p7 t) € tM implies that (0 :ps t) C (K :ar a). Thus a(0 :p t) € K as
needed. The converse is clear.
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(b) Let tM be a weakly strongly 2-absorbing second submodule of M and
assume that a,b € R and K be a submodule of M with abtM C K. Since tM is
a weakly strongly 2-absorbing second submodule, we can suppose that abM C K,
otherwise tM is strongly 2-absorbing second. Now abtM C tM N K. If abM <
tM N K, then as tM is a weakly strongly 2-absorbing second submodule, we are
done. Now let abM C tM N K. Then abM C tM. Thus (tM :g M) C Anng(tM)
implies that ab € Annpg(tM) as requested. The converse is clear. O

Theorem 3.10. Consider the following statements for an R-module M.

(a) Every non-zero submodule of M is a weakly strongly 2-absorbing second sub-
module of M.

(b) Every proper submodule of M is a weakly 2-absorbing submodule of M.
Then (a) = (b). Moreover, (b) = (a) if M is faithful.

Proof. (a) = (b). Let N be a proper submodule of M, a,b € R, and m € M
with 0 # abm € N. If abM C N, then we are done. So suppose that abM ¢ N.
Since 0 # abm € Rm, we have Rm # 0. By assumption, Rm is weakly strongly
2-absorbing second. Thus aRm C N or bRm C N or abRm = 0. Since, abm # 0,
am € N or bm € N as desired.

(b) = (a). Let 0 # N be a submodule of M, a,b € R, and K be a submodule
of M with abN C K, where abM ¢ K. If abN = 0, then we are done. So suppose
that abN # 0. Clearly, K is a proper submodule of M. By assumption, K is
weakly 2-absorbing. Thus by [18, 3.4], aN C K or bN C K as needed. |

Corollary 3.11. Let M be a non-zero R-module such that every non-zero submod-
ule of M is weakly strongly 2-absorbing second. Then R has at most three mazximal
ideals containing Ann(M).

Proof. This follows from [21, 6.1] and Theorem 3.10 (a) = (b). O
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