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A Variation on Absolute Weighted Mean Summability Factors of
Fourier Series and its Conjugate Series

Sebnem Yildiz

ABSTRACT: In this paper, theorems concerning {N, Pn,On { % factors of Fourier series
and its conjugate series are studied. The presented results are generalizations two
theorems of Mazhar on conjugate series and Fourier series.
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1. Introduction

Let > a, be a given series with the sequence of partial sums (s,). Let (p,,) be
a sequence of positive real numbers such that

Pn:ZpU%ooasn%oo, (P_i=p_;=0,i>1).
v=0

Let (0,) be any sequence of positive constants. The series ) a, is said to be
summable ‘N,pn,On‘k, k> 1,if (see [12])

o0

> 08T, = T |F < oo, (1.1)

n=1

where

1 n
Tn = P_n Ugopvsv-

Let f be a periodic function with period 27, and integrable (L) over [—m, 7). Let
the Fourier series of f be

% + Z(an cosnt + by, sinnt) = Z Cr(t).
1 0
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Then the conjugate series of the Fourier series is

o0

Z(b” cosnt — an sinnt) = Z B (t).
1

1

We denote
Blt) = 3 fle + )+ Fla— 1)
U(t) = 57+ 1)~ fla—1)

At) = %/o udg(u).

We can write |R, A\, 1| for |N,p,|, where P, = \,,, and 0 < \; < ... < A, — 00,
n — 0o. Many studies have been done for absolute summability factors of infinite
series and Fourier series by using different summability methods (see [1]-[2],[6],
[8]-[11],[13]-[17]). Furthermore, in this paper, we obtained new generalizations of
absolute summability factors of Fourier series and its conjugate series.

2. Absolute summability of conjugate series

By using the result in [7], Mazhar [5] has proved the following theorems con-
cerning absolute summability of conjugate series Y {° B, ().

Theorem 2.1. If ¢(4+0) =0 and

/ log%|dz/1(t)|k <oo, k>1, (2.1)
0

then >°1° By, (z) is summable | N, py|x, where

{Z} (2.

n'"%, =0(P,), 0<a<l. (2.3)

For k=1, P, =e™ ,0 < a < 1, Theorem 2.1 reduces to Mohanty’s theorem
concerning |R, e™”, 1| summability (see [7]). Firstly, we have generalized Theorem
2.1 to |N, pp, 0p|r summability as in the following theorem.

P’Vl
(2.1) of Theorem 2.1 are satisfied. If

Theorem 2.2. Let (%) be a non-increasing sequence and the conditions (2.1)-

Onpn\x_1Pn 1
(P—n)k 1P_n :O(nl—a)’ I<a< 1, (24)

then the series Y oo Bn(z) is summable |N,py, 0|k
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If we take Gn:% in above theorem, we can obtain Theorem 2.1.

Proof of Theorem 2.2 Let T} (z) denote the (N,p,) mean of the series

31" By(x) and let Cy denote a positive constant not necessarily the same at each
occurance. Then,

Tn(x) - Tn—l(x) :ﬁnl Z PU—lBU(‘T)
ndtn—1 7

__ PNy 2 [T "
5P ;PU_IW/O dz/J(t)/t sin vudu

since 1(40) = 0, so that

> 0 Tw(z) = T (@) =D 057"
1

k
n
DPn 2 /Tr /7r .
E P, 1— dy(t sin vudu
PP, 1 = v 0 V() t

k

k n T i

<y ngfl ( I;D” ) ZPU_l/ dw(t)/ sin vudu

1 nin—1 o1 0 t

[e9] k n P T K
=C ;91271 (Pnll)%_1> ; UTfl /0 di)(t)(cos vt — cosvm)

el k - n P k
< 21:951_1 (Pf;;_1> </0 |da)(t)| Uz::l 7:1 (cos vt — cosv) >

— k—1 Pn i T k - Py_q
< 21: 0 (PnPn—1> /0 |da)(¢)| ; T(COS vt — cosvT)

. " p k—1
X ( |dyp(¢)] Z *~L (cos vt — cos vmr) )

0 v=1 v

oo

<ay” (9;i")k_l (52—) [ awior
e /0 () L (),

v

n
P,—
Z =L (cos vt — cos )
v=1

where

n

P,_
Z "L (cos vt — cosvm)
v

v=1

k—1
Pn
) (7

Lo(t) = i (G;in
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Ly < i Onon o Pn i Po- cos vt
2 P, PoPy_1 v
n=T+1 v=1

o] ep k—1 »

n=T+1

by using condition (2.3) of Theorem 2.1 and Abel’s partial sums for |y "'_, P”U“ cosvt|,

0 <t <m, we have

= 0npn bt Pn P, 1
< —t
_Cl Z < Pn ) PnPn—l n

n=T+1
= enpn bt Pn Pnfl
+Cl Z (Pn) PnPn—l n
n=T+1
o] 0 D k—1 D
nPn n 1
=G Z <Pn) (npn>t
n=T+1
00 0 D k—1 p
G Z (Pn) (npn)
n=T+1
[eS) t,1
SCl Z 2—« S Cl'
n=T+1 n
Therefore
C
Thus

ZHffllTn(x) — Ty (2)|F < Cl/ 1Og%|dw(t)|k =0
- 0
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This completes the proof of Theorem 2.2.

3. Absolute summability of Fourier series

Concerning about Y / Cp(z), Prem Chandra has proved main theorems in
[3] and [4]. Later on, Mazhar [5] obtained the following result for summability
IN, pnl for k> 1.

Theorem 3.1. Let

{%} n (3.1)

and
n 1
%O(nl_a), 0<a<l. (3.2)
Then, ¢(t) € BV[0,7] and A(t)g($) € BV[0, 7], under the following conditions
1og§ = 0(g(C/t)), t—0 (3.3)
x
— 3.4
ok (3.4)
d 1
T g(C/x) T with = (3.5)
d ) l with = (3.6)
g

[ ( )L Un (ﬁ) (3.7)

21: e (3.8)

the series > o Cn(z) is summable |N, py|i, where C is a positive constant such
that g(C'/t) > 0 for t > 0.

Now we generalize Theorem 3.1 to |N s Py O | summability as in the following
manner.

Theorem 3.2. Let ( "p") be a non-increasing sequence. If ¢(t) € BV [0, 7] and
A(t)g($) € BVI0,7], under the conditions (3.1)-(3.7) of Theorem 3.1, and

NC SN TR o9

1

then, the series Y oo Cy(x) is summable [N, pp, 0, k.
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Proof of Theorem 3.2 Let T, () denote the (N, p,) mean of Y7/ C,,(z). Then

where,

so that

00 e8] k
9k—1 tn 7tn7 k < 9k—1 Pn
S0 @)~ < 30 (s

X

Since A(t)g($) € BV[0,7] it is enough to prove that

00 k
Zok—l DPn
1 " PnPn—l

uniformly in 0 < ¢t < 7. Now

/t w d (sinvu) sin vt /t sin vu
. du = _ A g,
0 9(3)du u 9(C/t) o ug(C/u)

- /Ot sinvu - (m) du

=M, (t) + Ma(t) + M5(t).

Using the estimates [4] uniformly in 0 < ¢ < 7.
t .
sin v 1
———du=0 :
/0 ug(C/u) (g(v))

/ot s (@) =0 (g<1v>) '

We have to show that

oo k| n k
2.0 (Pn];;_l) ZPZ;lMl(t) <o,
olo k U:I k
2.0 (Pnﬁl) ZPTMM <o,
olo k U? k
2.0 (Pnﬁl) S| < oo
1 v=1

k
n 9 [T C t d (sinvt
Uz_:lpv_1;/0 A(t)g(T)-g(C/t).E ( vt ) dt

k
in,l /7r u d (sinvu i
— u
— v Jo 9(C/u) du v

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Writing (3.12) as

T oo =
DY =N+, T=(%) !
1 n=T+1

I P ISP sin vt ’
Ny <Oy gt <7” > vl
b= 1; P,P,_, ; v g(C/t)
Ch k-1 Dn Ml Py
< - - I
—(g<c/t>>k,;9" PPy 2 b ot

<aor e () (5) Z o
< GTOIF y ey (9}32”)“ (75=)

n k-1

Z P’U—l .
sin vt
v

v=1

X

Cl L 9vpu Pvfl & Pn
S<g<c/t>>k;<a> v 2(1313)

C a 0uDy S| Ch 01p1 AR |
= <g<c/t>>k;< Pv> v = /) ( P1> 2
o (logClt) L
= Wiy = Wiyt — oW

This proves (3.12). Since Ms(t) = O(1/g(v)),

ad FlEp 1)
< k—1 Pn v—1
= Cl Z Gn <PnPn—1) <Z ) g(U)

n=1

k

- Pv—l
> Pt
v=1

iak—l Pn :
1 " PnPnfl
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o'} p kE n P n P k—1
k—1 n v—1 v—1
€12 0 (&&4>§:ww<g}mw>

n=1 v=1

= ann ! Pn a Py_1
o> (%) (mr) S

> P’U*l > enpn kol Pn
agww§<&> PaPos

= avpv ot Py_1 = Pn = vav ot 1

< — .

Cl;( P, ) vg(v ; PyPr-1) — = —\ P vg(v) <

Similarly, M5 = O(1/g(v)) and as in the case of (3.13), (3.14) holds. This com-
pletes the proof of Theorem 3.2.
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