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A New Differential Operator of Analytic Functions Involving Binomial
Series

B. A. Frasin

ABSTRACT: In this paper, we introduce a new differential operator of analytic
functions involving binomial series. Furthermore, we derive some subordination and
superordination results for this operator. Some applications and examples are also
obtained.
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1. Introduction and Definitions

Let H be the class of functions analytic in U := {z : |z| < 1} and H(a,n) be the
subclass of JH consisting of functions of the form f(z) = a+a,2" +a,412" 1 +. ...
Let A be the subclass of H consisting of functions of the form

f(2) :z—l—Zanz". (1.1)

Let p,h € Handlet ¢(r,s,t;2) : C3xU — C. If pand ¢(p(2), zp/(2), 22p" (2); 2)
are univalent and if p satisfies the second order superordination

h(z) < ¢(p(2), 29 (2), 2°p" (2); 2), (1.2)

then p is a solution of the differential superordination (1.2). (If f is subordinate to
F, then F is superordinate to f.) An analytic function ¢ is called a subordinant
if ¢ < p for all p satisfying (1.2). A univalent subordinant ¢ that satisfies ¢ < ¢ for
all subordinants ¢ of (1.2) is said to be the best subordinant. Miller and Mocanu
[7] obtained conditions on h, g and ¢ for which the following implication holds:

h(z) < ¢(p(z),2p'(2), 2°D" (2); 2) = q(2) < p(2).
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Using the results of Miller and Mocanu [7], Bulboacid [4] considered certain
classes of first order differential superordinations as well as superordination-preser-
ving integral operators [3] (see also, [1,5,10]). Shanmugam et al. [9] obtained
sufficient conditions for a normalized analytic functions f(z) to satisfy

7(:) 2p(2)
Py Sl and e <

where ¢; and ¢y are given univalent functions in U with ¢;(0) = 1 and ¢2(0) = 1.
For a function f in A, and making use of the binomial series

q1(2) < < g2(2).

L-N"=> (”7)(—1)&]‘ (meN={1,2,...}, j € No = NU{0}),

=0 N/
we now define the differential operator Dfm \Jf(2) as follows:
Df(z) = f(a),

Dpaf(z) = (1=X"f(2)+ (1= (1=N)™)zf"(2)
= Dpaf(z), A>0; meN,

DS, \f(2) Dma(DSTf(2))  (CEN).

If f is given by (1.1), then from (1.5) and (1.6) we see that

N /N /S
e e
S Ot e W

= I —

¢

DS, \f(z) =2+ Z (n—1)Y (’;?)<_1>a‘+w anz", €Ny, (1.7)
Jj=1

Using the relation (1.7), it is easily verified that
CFM(N)2(Dy, 1 f(2) = DRl f(2) = (1= O (A) Dy, 1 f(2) (1.8)

where CI'(A) = - (7)(=1)7 1\,

j=1

We observe that for m = 1, we obtain the differential operator Di 5 defined by
Al-Oboudi [2] and for m = A = 1,we get Silagean differential operator D¢ [8].

The main object of the present paper is to apply a method based on the dif-
ferential subordmamon in order to derive several subordination results involving
the operator D . Furthermore, we obtain the previous results of Srivastava and
Lashin [11] as spemal cases of some of the results presented here.

2. Preliminaries

In order to prove our results, we shall require the following known definition
and lemmas.
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Definition 2.1. [7, Definition 2, p. 817] Denote by Q, the set of all functions
f(2) that are analytic and injective on W — E(f), where

B(f) = {n € U Jim f(2) = o},

and are such that f'(n) #0 forn € OU— E(f).

Lemma 2.2. [6, Theorem 3.4h, p. 132] Let q(z) be univalent in the unit disk
WU and 0 and ¢ be analytic in a domain D containing q(U) with ¢p(w) # 0 when

w € q(U). Set Q(z) = 2¢'(2)9(q(2)), h(z) = 6(q(2)) + Q(2). Suppose that
1. Q(z) is starlike univalent in U, and

2. R zg(iz)) >0 for z € U.

If
0(p(2)) + 2p'(2)b(p(2)) < 0(q(2)) + 2¢'(2)(q(2)),

then p(z) < q(z) and q(z) is the best dominant.

Lemma 2.3. [/] Let q(z) be convex univalent in the unit disk U and ¥ and ¢ be
analytic in a domain D containing q(U). Suppose that

1 R (a(2)/ela(2)] >0 for z €1,

2. 2q'(2)p(q(2)) is starlike univalent in U.

If p(z) € H[q(0),1]NQ, with p(U) C D, and I(p(2))+zp'(2)e(p(z)) is univalent
i U, and
9(q(2)) + 24 (2)¢(a(2)) < I(p(2)) + 2p'(2)p(p(2)), (2.1)

then q(z) < p(z) and q is the best subordinant.

3. Subordination for Analytic Functions

We begin by proving the following result.

Lemma 3.1. Let the functions p(z) and q(z) be analytic in U and suppose that
q(z) #0 (z € W) is also univalent in U and that

is starlike univalent in U. (3.1)

If q(z) satisfies

R (1 G+ 222+ B - A 2L s 3
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(Zeu;COaclaCQa-'-7cn’ﬁ€C;67&0)

and
2 . c P n Zp/(Z)
co +c1p(z) +e2(p(2))” + -+ enlp(2))" + B o)
<t el @)+t ea(a)” + 5

(Z € u;C()vCvaQv"'anvﬂ € C,,B #0)
then p(z) < q(z) (z € U) and q is the best dominant.
Proof: Let

f(w) :=co + crw + cow? 4 -+ + cpw™ and d(w) := é
w
Then, we observe that 6(w) is analytic in C, ¢(w) is analytic in C*= C\{0} and

that ¢(w) # 0 (w € C¥).
Also, by letting

q(z)

and

h(z) = 0(q(2)) +Q(2)

= o teras) + eaa(2)? 4+ eala(z) 4 4L
q(2)
we find from (3.1) and (3.2), Q(z) is starlike univalent in U and that
zh'(z)>
%<Q@

= (1 ) B M - ) DY

(1+ %+ 2202 + 4 e - 2L )

(Z € u7 607017627"'767175 € (C7 /3 #0)

Our result now follows by an application of Lemma 2.2. O

We first prove the following subordination theorem involving the operator Dfn N

Theorem 3.2. Let the function q(z) be analytic and univalent in U such that

q(z) #0 (z € U). Suppose that Zgég) is starlike univalent in W and the inequality
(3.2) holds true. Let

2
DS z D¢ z)
Q}n(cOvCvaQv"'acnaﬂvgaA7f> =cotc < mA ( )> +C2< A (

z z
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DS\ s (D) -
+---+cn( 2 )*cm)(pgmf(z)‘“‘cj“)))' (3.3)

J

If ¢(z) satisfies

2q' (2
Q}n(c()v C1,€2,...,Cn, /37 ga Av f) = ¢o +01Q(z) + 02((1(2))2 +eee Cn(q(z))n +/8 ;](i))
(3.4)
(Z e u? COaclaCQa---;cn;B E (C7 6 # O)
then
D5\ f (2)
A L gz) (2 €UV}
and q is the best dominant.
Proof: Define the function p(z) by
Dy f(2)
pe) = AT w0k f e )
Then a computation shows that
() _ HDaaSE)
p(z) DS, \f(2)
By using the identity (1.8), we obtain
zp'(z) 1 Df,:if(@ m
= (M a-opy)
p(2) j (N) Dm,/\f(z)
which, in light the hypothesis (3.4), yields the following subordination
2 Y A
co +c1p(2) + ca(p(2))” + -+ en(p(2))" + B o)
2q' (2
<t )+l el + 5
and Theorem 3.2 follows by an application of Lemma 3.1. O

I
For the choices q(z) = %igz,fl <B<A<1andq(z)= (if;) ,0<pu<l

in Theorem 3.2, we get Corollaries 3.3 and 3.4 below.
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Corollary 3.3. Assume that (3.2) holds true. If f € A and
Q;'n(005015025 s 7Cnaﬁa<—a)‘a f)

1+ Az 14+ A2\? 14+ Az\"
= CO+01(1+B2)+C2(1+B,2) +"'+C”(1+Bz)

B(A— B)z
(14+ Az)(1+ Bz)

(z € U; co,c1,C2,...,¢n,8 €C; B#£0),
where Q' (co, c1,¢2,. .., ¢n, B,C A, f) is as defined in equation (3.3), then

DS, f(2) L 144
z 1+ Bz

(= € U\{0})

1+ Az

Ty is the best dominant.

and

Corollary 3.4. Assume that (3.2) holds true. If f € A and

Q}H(CO,C:[,CQ,...,Cn,ﬂ,C,A7f)
14+ 2\" 142\ 142\ 28z
< ¢yt + c2 + -ty +

1—2 1—2 1—2 1—22

(Z Eu, 607617027"'7071756 (C7 /37&0)7
where Q7 (co, c1,¢2,. ., ¢n, B,C, A, f) is as defined in equation (3.3), then

¢ s A
Pl () ey

z
1 H . .
and (f_f) 18 the best dominant.
For ¢(z) = e“4#, (|eA| < 7), in Theorem 3.2, we get the following result.

Corollary 3.5. Assume that (3.2) holds true. If f € A and

QT(Co,Cl,CQ,...,Cn,ﬂ,C,A7f>

< o+ e 4?40 e™ M 4 BeAs

(z € U; co,c1,C2,...,¢n, 8 €C; f#£0),
where Q7 (co,c1,¢2,. .. ¢n, B,C A, f) is as defined in equation (3.3), then
DS f(z
Pl 2 eas (z e U\{0})

z
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and e% is the best dominant.

Forq(z):ﬁ,(bé@*),c():@:)\:m:1,c1:02:...:cn:O
and g = bi in Theorem 3.2, we get the following result obtained by Srivastava and
Lashin [11].

Corollary 3.6. Let b be a non zero complexr number. If f € A, and

1[zf(2) 1+2
v [ <

then

and W is the best dominant.

4. Superordination for Analytic Functions

Next, applying Lemma 2.3, we obtain the following two theorems.

Theorem 4.1. Let g be analytic and convex univalent in U such that q(z) # 0 and

% is starlike univalent in U. Suppose also that

R (—q<z> T Y —(q(z))”) >0 (4.1)

(z €U; c1,62,...,0n,8 €C; B#£0).

If feA, .
P @) 50001100

z

and Q7 (co,c1,¢2,. .., ¢n, B, (A, f) defined in (3.3) is univalent in U, then the fol-
lowing superordination:

2q'(2)

q(z)
(z €W c1,¢2,...,¢n,8€C; B#0).

co+c1q(z)+ca(q(2)? ++ - +enlq(2)" + 8 =< Q' (co,c152,- -5 Cns B, A f)

implies that

DyaS ()
2) < 222 oy
and q(z) is the best subordinant.

Proof: Let

/

P(w) 1= co + crw + cow? + -+ + cpw™ and p(w) := ﬁi,
w
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Then, we observe that ¥(w) is analytic in C, ¢(w) is analytic in C*= C\{0} and
that p(w) # 0 (w € C*).

Since ¢ is a convex univalent in U, it follows that
19’(q(z))) (01 2¢o 5 ney, n)
r =R( = —— R}
(2 L)+ 22 ) 4+ )" ) > 0
(Z € ua cl;CQa"'aCna/B € Ca ﬂ 7& 0)

Theorem 4.1 follows as an application of Lemma 2.3. O

Combining the results of differential subordination and superordination, we
state the following “sandwich results”:

Theorem 4.2. Let q1 be convex univalent and qo be univalent in U such that

@1(z) # 0 and q2(2) # 0 (2 € W). Suppose also that qz satisfies (4.1) and q1
satisfies (3.2). If f € A,

Dfm)\f(z)

z

€ Hq(0),1]nQ

and

co+ c1 <Danf(z)> +e (Dfn,)\f(z)>2
DS\ g (DShF(2) .
e (PO (PO

(z€U; cr,c0,...,0n,8€C; B#0).

1s univalent in W, then the subordination given by

cote1qi(z)+ea(qu(z))’+- .+Cn(fJ1(z))n+ﬁqul’1((ZZ)) < QP (Cos 1, €25y Cny By G, f)
< co+c1ga(z) + CQ((]Q(Z))2 4o en(g(2)" + ﬂzqq;((;))

(Zeua cl;CQa"'aCnaﬂGC;ﬂ#())'

implies that

Q1(Z) =< < QQ(Z).

Dfn,,\f(z)
z
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