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The Distance From the Holomorphically Decomposable Fredholm
Spectrum
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ABSTRACT: The class of holomorphically decomposable Fredholm operators was
introduced by A. Tajmouati and A. El Bakkali since subclass of Saphar operators.
Several authors have been interested in the distance of spectrum associated with
the different classes. Especially C. Schméeger has calculated the distance of Saphar
spectrum. For this reason, in this paper, we establish the distance of the holomor-
phically decomposable Fredholm spectrum.
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1. Introduction

Let X be a complex Banach space and let B(X) be the algebra of all bounded
linear operators on X. For T' € B(X), we use N(T), R(T), R°(T) = ~, R(T*)
and r(T) to denote the kernel, the range, the hyper-range and the spectral radius
of T'. We define the reduced minimum of T" by

Y(T) =inf{||Tz| : v € X,dist{x, N(T)} = 1} andv(0) = cc.

An operator T' € B(X) is called Kato operator if R(T") is closed and N(T') C R*>*(T)
[1].The Kato spectrum of T" is defined by

ox(T):={pe€C\ p—T is not Kato operator }.
We know that if T € B(X) is Kato operator, then we have

I(T) = dist{0,04(T)} = lim [y(T™)]" = sup[y(T")]".

We say that T € B(X) is relatively regular if there exists an operator S € B(X)
for which TST =T, S is called a pseudo-inverse of T. R(X) will denote the set of
all relatively regular operators.

An operator T' € B(X) is called Saphar operator if ' € R(X) and N(T") C R=(T).
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We write 8(X) for the set of Saphar operators. For T' € B(X) we denote the Saphar
resolvent set and Saphar spectrum respectively by p,..(T) = {A € C: T — A €
8(X)} and 0, (T) = C\ p,..(T). The class 8(X) has been studied by P. Saphar in
[7]. Tt is known that Ao € p,..(T') if and only if there exist a neighbourhoud U of Ay
and an analytic function F': U — B(X) such that (T —A)F(A\)(T—X) = (T —X\I)
for all A € U. C. Schmoeger in [8, Theorem 3] proved that if 0 € p,..(T'), then the
distance dist{0,c,(T)} is given by

3=
3=

dist{0,0,-(T)} = lim [6,(T)]™ = sup[d,(T)],

n—oo n>1

where 6, (T) = sup{r(S)~ : T"ST" =T, § € B(X)} and 6(T) = sup,,~, [0, (T)] 7.
An operator T € B(X) is called Fredholm operator, in symbol 7' € ®(X), if
dimN (T') and codimR(T') are finite. The holomorphically decomposable Fredholm
resolvent set of T' € B(X) is defined by:

pnr(T) = {\ € C : there exist a neighbourhood U of A and an analytic F' : U —
B(X) such that (T'— pu)F(u)(T —pl) =T — pland F(u) € ®(X) for allp € U}.
Also, opp(T) := C\pyp(T) is called the holomorphically decomposable Fredholm
spectrum of 7. T is called holomorphically decomposable Fredholm operator if
0 € p,p(T). The class of this operators is denoted by H®(X). In [2] and [3],
the authors introduced and studied this class. Particulary, if T € B(X), then
flonp(T)) = opp(f(T)) for all injective f € H(o(T')) where H(o(T')) is the alge-
bra of all complex-valued functions which are analytic in some neighbourhood of
o(T) and f(T) € B(X) defined by Riesz-Dunford functional calculus.

In this paper, we study the holomorphically decomposable Fredholm operators.
Moreover, for T' € H®P(X) we estimate the distance dist{0, or(T)}.

2. Main results
We start with the following two lemmas.

Lemma 2.1. [5, Theorem 8.9] let Q be a non-void connected open subset of C and
F:Q — B(X) be analytic, then the following statements are equivalent:

1. The function F has a local analytic pseudo-inverse on €);
2. The function F has a global analytic pseudo-inverse on Q.

Lemma 2.2. [4, Lemma 4] Let T € B(X) such that TST =T for some S € B(X),
then we have

1S < A(T).
Next proposition contains the useful properties.

Proposition 2.3. Let T € HP(X), then there exists S € ®(X) such that TST =
T. Moreover, we have:

1. T" € HO(X) and T"S™T™ =T" for allm € IN;
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2. (T—M)(I—=X\S)"YS(T— M) = (T —\I) for all A € C such that |\ < r(S)~1;
3. AN€ C: A <r(9) 71} € pp(T).
Proof:
1. By [3, Proposition 2.1].
2. From [10, Corollary 1.5].

3. It is immediately, because (T — M )(I — AS)"'S(T — M) = (T — AI) and
(I —XS)~1S is Fredholm for all X € C satisfying |\ < r(S)~1.

d

Now, inspired by the paper of C. Schméeger [8], we define the new distance.
Definition 2.4. Let T € B(X). We define for all n € N the following quantities:

don(T) = sup{r(S)~1 : T"ST" =T",S € ®(X)} and 65(T) = sup[6¢7n(T)]%.

n>1

We give in the subsequent proposition an surround of the distance of holomor-
phically decomposable Fredholm spectrum.

Proposition 2.5. Let T € H®(X), then we have for all k > 1

6o x(T)]* < 65(T) < T(T).

Proof: By the first assertion of Proposition 2.3, then 7% € H®(X) for all £ € IN.
Let £ > 1 and S € ®(X) such that

TFST* = T*,
then from (1)Proposition 2.3 for all n € IN we have
(T4 ST = (T
Applying Lemma 2.2, it follows immediately that
1S™ (17 < A ((T*)™),

thus ) )
S 1=17 < [Iy(T*™))7r )"

Hence, by extending n to infinity, we conclude
r(S)~t < [D(T))*.
Therefore, since 6o 1 (T) = sup{r(S)~! : T*ST* = T* S € ®(X)}, then

do.1(T) < (D)),
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o (T)]* < I(T).

Finally, we obtain for all £ > 1
o r(T)]F < supldax(T)]* = do(T) < T(T).
>1

d

For an holomorphically decomposable Fredholm operator, we study in the next
proposition its global analytic pseudo-inverse.

Proposition 2.6. LetT € HP(X) and Q2 ={\ € C: |\ < d(T) := dist{0,0n,r(T)}},
then there exists an analytic function F : Q — ®(X) such that for all X € Q

(T = NDF(A)(T = M) =T — AL

Moreover, we have

FO\) =Y X'F(0)™ and d(T) = [limsup||F(0)" ][]~
n=0

Proof: By definition of d(T'), we obtain that
QC pypr(T),

hence for all A € €, there exist a neighborhood U), of A and a local analytic function
F: Uy — ®(X) C B(X) satistying for all u € Uy

(T = p)F(u)(T — pI) =T — pl.

Thus, From Lemma 2.1, there exists an analytic function F': Q@ — B(X) such that
for all A € Q
(T~ MN)FO\)(T — ) =T — AL

Since TF(0)T = T and by (2)Proposition 2.3, then we can write
F(X\) = (I = AF(0))7'F(0) =Y A"F(0)"*.
n=0

It is clear that F'()) is Fredholm for all A € Q, then F': Q — ®(X) is analytic.
On other hand the radius of convergence of the series Y A" F(0)" ! is

R= [limsup”F(O)"HH %]*1.

It is clearly that
R > d(T).
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Now, assume that

R > d(T),
hence by definition of d(T"), we obtain

O’hF(T>ﬁ{>\€C:|>\| <R}7é@

(2.1)
We consider for all A such that |A\| < R the function G defined by
G(\) = (T — X[)F(\)(T — X)) — (T — ).
It follows that for all A € Q
G(\) =0.
Consequently, since G is analytic, then for all A such that |A| < R
G(\) =0.
Therefore, by definition of pj, »(T'), we conclude that
{AeC: Al <R} Cppp(T).
Thus opr(T)N{A € C: |\ < R} = & and this is a contradiction with 2.1.
Finally, we conclude that
d(T) = R = [limsup| F(0)" %] ~".
|

The following theorem establishes the distance dist{0,onr(T)}.
Theorem 2.7. Let T € HP(X), then we have
1. 6a(T) < d(T) < T(T);

2. d(T) = limy_s00[05.n(T)]7 = 65 (T).
Proof:

1. Let |A| < 65(T), since 8¢ (T) = limy_y00[0.n(T)] 7, then there exists k € IN
such that for all n > k

Al < [0 (T)] 7
Hence

(A" < dgn(T).
By definition of dg (T), then for all S € ®(X) satisfy T"ST™ = T™ we have
A" < r(S)L

By Proposition 2.3 we obtain

A" € ppp(TT).
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Since the analytic function f : z — 2™ is injective and by [2, Theorem 3.2],
then

A€ ppp(T).
Therefore, we obtain

{(AeC: A <0a(T)} € ppp(T),

and consequently
50(T) < d(T).

Now let |A| < d(T"), then there exists an analytic function F' such that
(T — MN)FO\)(T — ) =T — AL

By Proposition 2.6, we have
F()\) = Z )\nF(O)n+1 cmd Tn+1F(0)n+1Tn+1 _ Tn+1_
n=0

Consequently by Lemma 2.2, we obtain
[FO)™ 7 < (T ).

Therefore
+1

n 1. n 1 _,ntl

()" =]~ < [y (T =]

Going to the limit and again applying Proposition 2.6, then
d(T) <T(T).

2. Let € €]0,d(T)[ and put n = d(T) — e with d(T') = dist{0,0nr(T)}.
By Proposition 2.6 for all |\ < d(T), we have

(T — AN)F(\)(T — M) = (T — M) with F()\) = i N'F(0)™
n=0

Since limsup | F(0)*+!||% = ﬁ, then there is an integer k1 such that
1

, 1
FOPHE < + =S =2 foralln > ki.
O™ < 3 + amm ~ 5 '

On the other hand TF(0)T =T, it follows that
T"+1F(O)n+1Tn+1 _ T"+1.

Therefore for all n > ki, we conclude that

nto< [IFO) I,
< [r(FO)™HTY
< b1 (T);
< [da(T)]" "
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Another, by previous assertion of this Theorem 2.7, we know that
0a(T) < d(T).

Hence for all n > k1, we obtain

dT)—e=n < [0a(D))"*]7;
< Pe(T)
< dT)"

Since lim,, oo d(T) = = d(T), then there is ko € IN such that for all n > ks

14+n

d(T) " < d(T) +e.

Thus, we obtain for all n > max{ky, ko }

14+n

d(T) — € < [6(T)] " < d(T) +e.

Finally, we conclude that

d
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