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1. Introduction

Let X be a complex Banach space and B(X) the algebra of all bounded linear
operators on X . We denote by D(T ), R(T ), R∞(T ) := ∩n≥1R(T n), N(T ), ρ(T ),
σ(T ), and σp(T ) respectively the domain, the range, the hyper range, the kernel,
the resolvent and the spectrum of T , where σ(T ) = {λ ∈ C \λ−T is not bijective}
and σp(T ) = {λ ∈ C \λ−T is not one to one}. The function resolvent of T ∈ B(X)
is defined for all λ ∈ ρ(T ) by R(λ, T ) = (λ − T )−1. The ascent and descent of an
operator T are defined by a(T ) = inf{k ∈ N \N(T k) = N(T k+1)} and d(T ) =
inf{k ∈ N \R(T k) = R(T k+1)}, respectively with the convention inf(∅) = +∞.
An T ∈ B(X) is called Drazin invertible if a(T ) and d(T ) are finite; in this case
a(T ) = d(T ) = p and by [11, Theorem 7.9], we have X = N(T p)⊕R(T p).
For a closed linear operator A, we say that A is Drazin invertible if there exists an
operator AD ∈ B(X) such that R(AD) ⊂ D(A), R(I − AB) ⊂ D(A), ADAAD =
AD, ADA = AAD and A(I − AAD) is nilpotent. Moreover, from [6], A is Drazin
invertible if and only if A = A1 ⊕A2 such that A1 is closed and invertible and A2

is bounded and nilpotent. The ascent, descent and Drazin spectra are defined by

σasc(T ) = {λ ∈ C : a(λ− T ) = +∞},

σdsc(T ) = {λ ∈ C : d(λ− T ) = +∞},

σD(T ) = {λ ∈ C : λ− T is not Drazin invertible}.

An operator T ∈ B(X) is called Fredholm operator, in symbol T ∈ Φ(X), if
δ(T ) = dimN(T ) and β(T ) = codimT (X) are finite. We say that an operator
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T ∈ B(X) is Browder, in symbol T ∈ Br(X), if T is Fredholm operator and has
finite both ascent and descent. The essential and Browder spectra are defined by

σe(T ) = {λ ∈ C : λ− T /∈ Φ(X)}.

σB(T ) = {λ ∈ C : λ− T /∈ Br(X)}.

Let β ≥ −1 and f be a continuous function. The convolution jβ ∗ f is defined
for all t ≥ 0 by

jβ ∗ f(t) =

{

∫ t

0
(t−s)β

Γ(β+1)f(s)ds if β > −1,
∫ t

0 f(t− s)dδ0(s) if β = −1,

where Γ is the Euler integral giving by Γ(β + 1) =
∫ +∞

0 xβe−xdx, j−1 = δ0 the
Dirac measure and for all β > −1

jβ : ]0,+∞[ → R

t 7→ tβ

Γ(β+1) .

Let α ≥ 0. A strongly continuous S(t)t≥0 ⊆ B(X) is called an α-times integrated
semigroup, if S(0) = 0 and for all t, s ≥ 0

Sn(t)Sn(s) =

∫ t+s

t

(s+ t− r)n−1

Γ(n)
Sn(r)dr −

∫ s

0

(s+ t− r)n−1

Γ(n)
Sn(r)dr, (∗)

where n− 1 < α ≤ n and Sn(t)(x) = (jn−α−1 ∗ S)(x) for all x ∈ X.
By (*) we deduce for all t, s ≥ 0

S(t)S(s) = S(s)S(t).

Conversely, let α ≥ 0 and let A be a linear operator on a Banach space X .
We recall that A is the generator of an α-times integrated semigroup [4] if for some
ω ∈ R we have ]ω,+∞[⊆ ρ(A) and there exists a strongly continuous mapping
S : [0,+∞[→ B(X) satisfying

‖S(t)‖ ≤ Meωt for all t ≥ 0 and some M > 0

R(λ,A) = λα

∫ +∞

0

e−λtS(t)ds for all λ > max{ω, 0},

in this case, (S(t))t≥0 is called the α-times integrated semigroup and the domain
of its generator A is defined by

D(A) = {x ∈ X :

∫ t

0

S(s)Axds = S(t)x−
tαx

Γ(α+ 1)
}

and (S(t))t≥0, from the uniqueness Theorem of Laplace transforms, is uniquely
determined. In particulary, a C0-semigroup and an integrated semigroup are also
a 0-times integrated semigroup and an 1-times integrated semigroup, respectively.
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An important example of generators of an α−times integrated semigroups is
the adjoint A∗ on X∗ for all α > 0 where A is the generator of a C0-semigroup on
a Banach space X . In [10], the authors have studied the different spectra of the 1-
times integrated semigroups. In this paper, we study α-times integrated semigroups
for all α > 0. We investigate the relationships between the different spectra of α-
times integrated semigroups and their generators, precisely the ordinary, point,
Fredholm, ascent, descent, Browder and Drazin spectra.

2. Main results

Lemma 2.1. [4, Proposition 2.4] Let A be the generator of an α-times integrated
semigroup (S(t))t≥0 ⊆ B(X) where α ≥ 0. Then for all x ∈ D(A) and all t ≥ 0 we
have

1. S(t)x ∈ D(A) and AS(t)x = S(t)Ax.

2. S(t)x = tα

Γ(α+1)x+
∫ t

0 S(s)Axds.

Moreover, for all x ∈ X we get
∫ t

0
S(s)xds ∈ D(A) and

A

∫ t

0

S(s)xds = S(t)x−
tα

Γ(α+ 1)
x.

Now, we give the following lemma.

Lemma 2.2. Let A be the generator of an α-times integrated semigroup (S(t))t≥0

where α > 0. Then for all λ ∈ C and all t ≥ 0, we have

1. For all x ∈ D(A)

Dλ(t)(λ −A)x =
[

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)

]

x.

where

Dλ(t)x =

∫ t

0

eλ(t−s)S(s)xds.

2. For all x ∈ X, Dλ(t)x ∈ D(A) and

(λ−A)Dλ(t)x =
[

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)

]

x.

Proof. 1. By Lemma 2.1, we know that for all x ∈ D(A)

S(s)x =
sα

Γ(α+ 1)
x+

∫ s

0

S(r)Axdr.

Then, since Γ(α+ 1) = αΓ(α), we obtain

S′(s)x =
sα−1

Γ(α)
x+ S(s)Ax.
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Therefore, we conclude that

Dλ(t)Ax =

∫ t

0

eλ(t−s)S(s)Axds

=

∫ t

0

eλ(t−s)[S′(s)x−
sα−1

Γ(α)
x]ds

=

∫ t

0

eλ(t−s)S′(s)xds −

∫ t

0

eλ(t−s) s
α−1

Γ(α)
xds

= S(t)x+ λDλ(t)x−

∫ t

0

eλ(t−s) s
α−1

Γ(α)
xds

Finally, we obtain for all x ∈ D(A)

Dλ(t)(λ −A)x =
[

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)

]

x.

2. Let µ ∈ ρ(A). From proof of Lemma 2.1, we have for all x ∈ X

R(µ,A)S(s)x = S(s)R(µ,A)x.

Hence, for all x ∈ X we conclude

R(µ,A)Dλ(t)x = R(µ,A)

∫ t

0

eλ(t−s)S(s)xds

=

∫ t

0

eλ(t−s)R(µ,A)S(s)xds

=

∫ t

0

eλ(t−s)S(s)R(µ,A)xds

= Dλ(t)R(µ,A)x.

Therefore, we obtain for all x ∈ X

Dλ(t)x =

∫ t

0

eλ(t−s)S(s)xds

=

∫ t

0

eλ(t−s)S(s)(µ−A)R(µ,A)xds

=µ

∫ t

0

eλ(t−s)S(s)R(µ,A)xds−

∫ t

0

eλ(t−s)S(s)AR(µ,A)xds

=µ

∫ t

0

eλ(t−s)R(µ,A)S(s)xds−

∫ t

0

eλ(t−s)S(s)AR(µ,A)xds

=µR(µ,A)

∫ t

0

eλ(t−s)S(s)xds−

∫ t

0

eλ(t−s)S(s)AR(µ,A)xds

=µR(µ,A)Dλ(t)x −Dλ(t)AR(µ,A)x
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=µR(µ,A)Dλ(t)x − [S(t)R(µ,A)x+ λDλ(t)R(µ,A)x

−

∫ t

0

eλ(t−s) s
α−1

Γ(α)
R(µ,A)xds]

=µR(µ,A)Dλ(t)x − [R(µ,A)S(t)x+ λR(µ,A)Dλ(t)x

−R(µ,A)

∫ t

0

eλ(t−s) s
α−1

Γ(α)
xds]

=R(µ,A)
[

(µ− λ)Dλ(t)x − S(t)x+

∫ t

0

eλ(t−s) s
α−1

Γ(α)
xds

]

Therefore, for all x ∈ X we have Dλ(t)x ∈ D(A) and

(µ−A)Dλ(t)x = (µ− λ)Dλ(t)x+

∫ t

0

eλ(t−s) s
α−1

Γ(α)
xds− S(t)x.

Finally, for all x ∈ X and all λ ∈ C we obtain

(λ−A)Dλ(t)x =
[

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)

]

x.

✷

Thanks to Lemma 2.2, we obtain automatically the next corollaries.

Corollary 2.3. [10, Lemma 2.1] Let A be the generator of an integrated semigroup
(S(t))t≥0. Then for all λ ∈ C, t ≥ 0 and x ∈ D(A)

Dλ(t)(λ−A)x =
[

∫ t

0

eλ(t−s)ds− S(t)
]

x.

Moreover, for all x ∈ X we have

(λ −A)Dλ(t)x =
[

∫ t

0

eλ(t−s)ds− S(t)
]

x.

Corollary 2.4. Let A be the generator of an α-times integrated semigroup (S(t))t≥0

and α > 0. Then for all λ ∈ C, n ∈ N and t ≥ 0 we have

1. For all x ∈ X

(λ−A)n[Dλ(t)]
nx = [

∫ t

0

eλ(t−s) s
α−1x

Γ(α)
ds− S(t)]nx.

2. For all x ∈ D(An)

[Dλ(t)]
n(λ−A)nx = [

∫ t

0

eλ(t−s) s
α−1x

Γ(α)
ds− S(t)]nx.
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3. N [λ−A] ⊆ N [
∫ t

0
eλ(t−s) sα−1

Γ(α) ds− S(t)].

4. R[
∫ t

0
eλ(t−s) sα−1

Γ(α) ds− S(t)] ⊆ R[λ−A].

5. N [λ−A]n ⊆ N [
∫ t

0
eλ(t−s) sα−1

Γ(α) ds− S(t)]n.

6. R[
∫ t

0 e
λ(t−s) sα−1

Γ(α) ds− S(t)]n ⊆ R[λ−A]n.

7. R∞[
∫ t

0 e
λ(t−s) sα−1

Γ(α) ds− S(t)] ⊆ R∞[λ−A].

In the upcoming theorem, we characterize the different spectra of the α-times
integrated semigroups.

Theorem 2.5. Let A be the generator of an α-times integrated semigroup (S(t))t≥0

and α > 0. Then for all t ≥ 0

1.
∫ t

0
e(t−s)σ(A) sα−1

Γ(α) ds ⊆ σ(S(t)).

2.
∫ t

0 e
(t−s)σp(A) sα−1

Γ(α) ds ⊆ σp(S(t)).

3.
∫ t

0 e
(t−s)σe(A) sα−1

Γ(α) ds ⊆ σe(S(t)).

Proof.

1. Let λ ∈ C such that for all t ≥ 0
∫ t

0

e(t−s)λ s
α−1

Γ(α)
ds /∈ σ(S(t)),

then the operator
∫ t

0
e(t−s)λ sα−1

Γ(α) ds− S(t) is invertible with Fλ(t) its inverse.

Using Lemma 2.2, we obtain for every x ∈ D(A)

x = Fλ(t)[

∫ t

0

e(t−s)λ s
α−1

Γ(α)
ds− S(t)]x

= Fλ(t)[Dλ(t)(λ−A)]x

= [Fλ(t)Dλ(t)](λ−A)x.

On the other hand, also from Lemma 2.2, we obtain for every x ∈ X

x = [

∫ t

0

e(t−s)λ s
α−1

Γ(α)
ds− S(t)]Fλ(t)x;

= [(λ −A)Dλ(t)]Fλ(t)x;

= (λ −A)[Dλ(t)Fλ(t)]x.

Since we know that S(t)Fλ(t) = Fλ(t)S(t), then

Fλ(t)Dλ(t) = Dλ(t)Fλ(t).

Finally, we conclude that λ−A is invertible and hence λ /∈ σ(A).
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2. Let λ ∈ σp(A), then there exists x 6= 0 such that

x ∈ N(λ−A).

From Corollary 2.4, we get

x ∈ N [

∫ t

0

e(t−s)λ s
α−1

Γ(α)
ds− S(t)].

Therefore we conclude that
∫ t

0

e(t−s)λ s
α−1

Γ(α)
ds ∈ σp(S(t)).

3. Let λ ∈ C such that

∫ t

0

e(t−s)λ s
α−1

Γ(α)
ds /∈ σe(S(t)).

Then we have

δ[

∫ t

0

e(t−s)λ s
α−1

Γ(α)
ds− S(t)] < +∞ andβ[

∫ t

0

e(t−s)λ s
α−1

Γ(α)
ds− S(t)] < +∞.

Therefore, by Corollary 2.4, we conclude that

δ[λ− A] < +∞ andβ[λ−A] < +∞,

and hence
λ /∈ σe(A).

✷

The important following lemma concerning the α-times integrated semigroups.

Lemma 2.6. Let A be the generator of an α-times integrated semigroup (S(t))t≥0

where α > 0. Then for all λ ∈ C, all t ≥ 0 and all x ∈ X

1. We have the identity

(λ−A)Lλ(t) + ϕλ(t)Dλ(t) = φλ(t)I,

where Lλ(t) =
∫ t

0 e
−λsDλ(s)ds, ϕλ(t) = eλt andφλ(t) =

∫ t

0

∫ τ

0 e−λr rα−1

Γ(α) drdτ .

Moreover, the operator Lλ(t) is commute with each one of Dλ(t)and (λ−A).

2. For all n ∈ N∗, there exists an Lλ,n(t) ∈ B(X) such that

(λ−A)Lλ,n(t) + [ϕλ(t)]
n[Dλ(t)]

n = [φλ(t)]
nI.

Moreover, the operator Lλ,n(t) is commute with each one of Dλ(t) and λ−A.
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3. For all n ∈ N∗, there exists an operator Dλ,n(t) ∈ B(X) such that

(λ −A)n[Lλ(t)]
n +Dλ,n(t)Dλ(t) = [φλ(t)]

nI.

Moreover, the operator Dλ,n(t) is commute with each one of Dλ(t), Lλ(t) and
λ− A.

4. For all n ∈ N∗, there exists an operator Kλ,n(t) ∈ B(X) such that

(λ−A)nKλ,n(t) + [Dλ,n(t)]
n[Dλ(t)]

n = [φλ(t)]
n2

I,

Moreover, the operator Kλ,n(t) is commute with each one of Dλ(t), Dλ,n(t)
and λ−A.

Proof. 1. Let µ ∈ ρ(A). By Lemma 2.2, for all x ∈ X we have Dλ(s)x ∈ D(A)
and hence

Lλ(t)x =

∫ t

0

e−λsDλ(s)xds

=

∫ t

0

e−λsR(µ,A)(µ −A)Dλ(s)xds

= R(µ,A)[µ

∫ t

0

e−λsDλ(s)xds −

∫ t

0

e−λsADλ(s)xds]

= R(µ,A)[µLλ(t)x −

∫ t

0

e−λsADλ(s)xds]

Therefore for all x ∈ X , we have Lλ(t)x ∈ D(A) and

(µ−A)Lλ(t)x = µLλ(t)x−

∫ t

0

e−λsADλ(s)xds.

Thus

ALλ(t)x =

∫ t

0

e−λsADλ(s)xds.
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Hence, we conclude that

(λ−A)Lλ(t)x =λLλ(t)x−

∫ t

0

e−λsADλ(s)xds

=λLλ(t)x−

∫ t

0

e−λs
[

λDλ(s)x

−

∫ s

0

eλ(s−r) r
α−1

Γ(α)
xdr + S(s)x

]

ds

=λLλ(t)x− λ

∫ t

0

e−λsDλ(s)xds

+

∫ t

0

e−λs

∫ s

0

eλ(s−r) r
α−1

Γ(α)
xdrds −

∫ t

0

e−λsS(s)xds

=λLλ(t)x− λLλ(t)x+

∫ t

0

∫ s

0

e−λr r
α−1

Γ(α)
xdrds

− e−λt

∫ t

0

eλ(t−s)S(s)xds

=

∫ t

0

∫ s

0

e−λr r
α−1

Γ(α)
xdrds − e−λtDλ(t)x

=
[

φλ(t)I − ϕλ(t)Dλ(t)
]

x,

where φλ(t) =
∫ t

0

∫ s

0 e−λr rα−1

Γ(α) drds and ϕλ(t) = e−λt.

Therefore, we obtain

(λ−A)Lλ(t) + ϕλ(t)Dλ(t) = φλ(t)I.

Since S(s)S(t) = S(t)S(s) for all s, t ≥ 0, then Dλ(s)S(t) = S(t)Dλ(s).
Hence

Dλ(t)Dλ(s) =

∫ t

0

eλ(t−r)S(r)Dλ(s)dr

=

∫ t

0

eλ(t−r)S(r)Dλ(s)dr

=

∫ t

0

eλ(t−r)Dλ(s)S(r)dr

= Dλ(s)

∫ t

0

eλ(t−r)S(r)dr

= Dλ(s)Dλ(t).
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Thus, we deduce that

Dλ(t)Lλ(t) = Dλ(t)

∫ t

0

e−λsDλ(s)ds

=

∫ t

0

e−λsDλ(t)Dλ(s)ds

=

∫ t

0

e−λsDλ(s)Dλ(t)ds

=

∫ t

0

e−λsDλ(s)dsDλ(t)

= Lλ(t)Dλ(t).

Since for all x ∈ X ALλ(t)x =
∫ t

0
e−λsADλ(s)xds and for all x ∈ D(A)

ADλ(s)x = Dλ(s)Ax, then we obtain for all x ∈ D(A)

(λ−A)Lλ(t)x = λLλ(t)x−ALλ(t)x

= λLλ(t)x−

∫ t

0

e−λsADλ(s)xds

= λLλ(t)x−

∫ t

0

e−λsADλ(s)xds

= λLλ(t)x−

∫ t

0

e−λsDλ(s)Axds

= λLλ(t)x− Lλ(t)Ax

= Lλ(t)(λ −A)x.

2. Since (λ −A)Lλ(t) + ϕλ(t)Dλ(t) = φλ(t)I, then for all n ∈ N∗ we obtain

[ϕλ(t)Dλ(t)]
n = [φλ(t)I − (λ−A)Lλ(t)]

n

=

n
∑

i=0

Ci
n[φλ(t)]

n−i[−(λ−A)Lλ(t)]
i

= [φλ(t)]
nI − (λ−A)

n
∑

i=1

Ci
n[φλ(t)]

n−i[−(λ−A)]i−1[Lλ(t)]
i

= [φλ(t)]
nI − (λ−A)Lλ,n(t),

where

Lλ,n(t) =
n
∑

i=1

Ci
n[φλ(t)]

n−i[−(λ−A)]i−1[Lλ(t)]
i.

Therefore, we have

(λ−A)Lλ,n(t) + [ϕλ(t)]
n[Dλ(t)]

n = [φλ(t)]
nI.

Finally, for commutativity, it is clear that Lλ,n(t) commute with each one of
Dλ(t) and λ−A.
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3. For all n ∈ N∗, we obtain

[(λ−A)Lλ(t)]
n = [φλ(t)I − ϕλ(t)Dλ(t)]

n

=

n
∑

i=0

Ci
n[φλ(t)]

n−i[−ϕλ(t)Dλ(t)]
i

= [φλ(t)]
nI −Dλ(t)

n
∑

i=1

Ci
n[φλ(t)]

n−i[ϕλ(t)]
i[−Dλ(t)]

i−1

= [φλ(t)]
nI −Dλ(t)Dλ,n(t),

where

Dλ,n(t) =

n
∑

i=1

Ci
n[φλ(t)]

n−i[ϕλ(t)]
i[−Dλ(t)]

i−1.

Therefore, we have

(λ −A)n[Lλ(t)]
n +Dλ(t)Dλ,n(t) = [φλ(t)]

nI.

Finally, for commutativity, it is clear that Dλ,n(t) commute with each one of
Dλ(t), Lλ(t) and λ−A.

4. Since we have Dλ(t)Dλ,n(t) = [φλ(t)]
nI−(λ−A)n[Lλ(t)]

n, then for all n ∈ N

[Dλ(t)Dλ,n(t)]
n =

[

[φλ(t)]
nI − (λ−A)n[Lλ(t)]

n
]n

= [φλ(t)]
n2

I −

n
∑

i=1

Ci
n

[

[φλ(t)]
n
]n−i[

(λ −A)n[Lλ(t)]
n
]i

= [φλ(t)]
n2

I

−(λ−A)n
n
∑

i=1

Ci
n

[

[φλ(t)]
n(n−i)(λ−A)n(i−1)[Lλ(t)]

ni

= [φλ(t)]
n2

I − (λ−A)nKλ,n(t),

whereKλ,n(t) =
∑n

i=1 C
i
n[φλ(t)]

n(n−i)(λ−A)n(i−1)[Lλ(t)]
ni. Hence we obtain

[Dλ(t)]
n[Dλ,n(t)]

n + (λ−A)nKλ,n(t) = [φλ(t)]
n2

I.

Finally, the commutativity is clear.
✷

Now, we interest to the relation between the ascent and the descent of the
α-times integrated semigroups and their generators.

Proposition 2.7. Let A be the generator of an α-times integrated semigroup
(S(t))t≥0 and α > 0. Then for all λ ∈ C and all t ≥ 0, we have

1. d[
∫ t

0
eλ(t−s) sα+1

Γ(α+)ds− S(t)] = n, then d[λ −A] ≤ n.
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2. a[
∫ t

0
eλ(t−s) sα+1

Γ(α) ds− S(t)] = n, then a[λ−A] ≤ n.

Proof.

1. Let y ∈ R[λ−A]n, then there exists x ∈ D(An) satisfying

(λ−A)nx = y.

Since d[
∫ t

0
eλ(t−s) sα+1

Γ(α) ds− S(t)] = n, therefore

R[

∫ t

0

eλ(t−s) s
α+1

Γ(α)
ds− S(t)]n = R[

∫ t

0

eλ(t−s) s
α+1

Γ(α)
ds− S(t)]n+1.

Hence there exists z ∈ X such that

[

∫ t

0

eλ(t−s) s
α+1

Γ(α)
ds− S(t)]nx =

∫ t

0

eλ(t−s) s
α+1

Γ(α)
ds− S(t)]n+1z.

On the other hand, by Lemma 2.6, we have

(λ−A)Lλ,n(t) + [ϕλ(t)]
n[Dλ(t)]

n = [φλ(t)]
nI,

with Lλ,n(t), Dλ(t) and (λ−A) are pairwise commute.
Thus, we have

[φλ(t)]
ny = (λ−A)n[φλ(t)]

nx

= (λ−A)n[(λ−A)Lλ,n(t) + [ϕλ(t)]
n[Dλ(t)]

n]x

= (λ−A)n(λ−A)Lλ,n(t)x+ [ϕλ(t)]
n(λ−A)n[Dλ(t)

n]x

= (λ−A)n+1Lλ,n(t)x+ [ϕλ(t)]
n[

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)]nx

= (λ−A)n+1Lλ,n(t)x+ [ϕλ(t)]
n[

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)]n+1z

= (λ−A)n+1Lλ,n(t)x+ [ϕλ(t)]
n[(λ−A)n+1[Dλ(t)]

n+1z]

= (λ−A)n+1[Lλ,n(t)x+ [ϕλ(t)]
n[Dλ(t)]

n+1z].

Since φλ(t) 6= 0 for t > 0, we conclude that y ∈ R[λ−A]n+1 and hence

R[λ−A]n = R[λ−A]n+1.

Finally, we conclude that
d(λ −A) ≤ n.

2. Let x ∈ N(λ − A)n+1 and we suppose that a[
∫ t

0 e
λ(t−s) sα−1

Γ(α) ds − S(t)] = n,

then we obtain

N [

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)]n = N [

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)]n+1.
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From Corollary 2.4, we have

N(λ−A)n+1 ⊆ N [

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)]n+1,

hence

x ∈ N [

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)]n.

Thus, we have

[φλ(t)]
n(λ−A)nx = (λ−A)n[(λ −A)Lλ,n(t) + [ϕλ(t)]

n[Dλ(t)]
n]x;

= (λ−A)n(λ −A)Lλ,n(t)x

+[ϕλ(t)]
n(λ−A)n[Dλ(t)]

nx

= (λ−A)n+1Lλ,n(t)x

+[ϕλ(t)]
n[

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)]nx

= (λ−A)n+1Lλ,n(t)x

= Lλ,n(t)(λ −A)n+1x

= 0.

Therefore, since φλ(t) 6= 0 for t > 0, we obtain x ∈ N(λ−A)n and hence

a(λ−A) ≤ n.

✷

Finally, we characterize the different spectra of the α-times integrated semi-
groups using the spectra of their generators.

Theorem 2.8. Let A be the generator of an α-times integrated semigroup (S(t))t≥0

where α > 0. Then for all t ≥ 0

1.
∫ t

0 e
(t−s)σasc(A) sα−1

Γ(α) ds ⊆ σasc(S(t)).

2.
∫ t

0 e
(t−s)σdsc(A) sα−1

Γ(α) ds ⊆ σdsc(S(t)).

3.
∫ t

0
e(t−s)σB(A) sα−1

Γ(α) ds ⊆ σB(S(t)).

4.
∫ t

0
e(t−s)σD(A) sα−1

Γ(α) ds ⊆ σD(S(t)).

Proof.
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1. Let λ ∈ C such that
∫ t

0

e(t−s)λ s
α−1

Γ(α)
ds /∈ σasc(S(t)).

Then there is n ∈ N satisfying

a[

∫ t

0

e(t−s)λ s
α−1

Γ(α)
ds− S(t)] = n.

Therefore, by Proposition 2.7, we obtain a[λ−A] ≤ n and hence

λ /∈ σasc(A).

2. Let λ ∈ C such that
∫ t

0

e(t−s)λ sα

Γ(α+ 1)
ds /∈ σdsc(S(t)),

then there is n ∈ N satisfying

d[

∫ t

0

e(t−s)λ s
α−1

Γ(α)
ds− S(t)] = n.

Therefore, by Proposition 2.7, we obtain d[λ−A] ≤ n and hence

λ /∈ σdsc(A).

3. It is automatically, by the previous assertions and Theorem 2.5.

4. Suppose that
∫ t

0 eλ(t−s) sα−1

Γ(α) ds− S(t) is Drazin invertible, then

a[

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)] = d[

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)] = n

and we have

X = N [

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)]n ⊕R[

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)]n.

Let x ∈ N [λ − A]n ∩ R[λ − A]n, then x ∈ N [
∫ t

0
eλ(t−s) sα−1

Γ(α) ds − S(t)]n and

there exists y ∈ X such that x = (λ−A)n(y). From Lemma 2.6, we obtain

[φλ(t)]
n2

x = (λ−A)n[φλ(t)]
n2

y

= (λ−A)n
[

[Dλ(t)]
n[Dλ,n(t)]

ny + (λ−A)nKλ,n(t)y
]

= [Dλ,n(t)]
n(λ−A)n[Dλ(t)]

ny +Kλ,n(t)(λ −A)n(λ−A)ny
]

= [Dλ,n(t)]
n(λ−A)n[Dλ(t)]

ny +Kλ,n(t)(λ −A)nx
]

= (λ−A)n[Dλ(t)]
n[Dλ,n(t)]

ny

= [

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)]n[Dλ,n(t)]

ny,



Spectral Inclusions Between α-times Integrated Semigroups 129

which implies that

x ∈ R[

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)]n.

Therefore, we have

x ∈ N [

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)]n ∩R[

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)]n = {0},

and hence
N(λ−A)n ∩R(λ−A)n = {0}.

Now let x ∈ X , then by supposition there exist x, y ∈ X such that x = y+ z,

y ∈ N [
∫ t

0 e
λ(t−s) sα−1

Γ(α) ds− S(t)]n and z ∈ R[
∫ t

0 e
λ(t−s) sα−1

Γ(α) ds− S(t)]n.

So z ∈ R(λ−A)n and by Lemma 2.6, we obtain

(λ−A)n
[

[φλ(t)]
n2

y
]

= (λ−A)n
[

[Dλ(t)]
n[Dλ,n(t)]

ny

+(λ−A)nKλ,n(t)y
]

= [Dλ,n(t)]
n(λ−A)n[Dλ(t)]

ny

+(λ−A)n(λ−A)nKλ,n(t)y

= [Dλ,n(t)]
n[

∫ t

0

eλ(t−s) s
α−1

Γ(α)
ds− S(t)]ny

+(λ−A)n(λ−A)nKλ,n(t)y

= (λ−A)n(λ−A)nKλ,n(t)y.

Therefore, we deduce

(λ−A)n
[

[φλ(t)]
n2

y − (λ−A)nKλ,n(t)y
]

= 0.

Then, we obtain

u = [φλ(t)]
n2

y − (λ−A)nKλ,n(t)y ∈ N(λ−A)n,

it follows that
[φλ(t)]

n2

y = v + u,

where v = (λ−A)nKλ,n(t)y ∈ R(λ−A)n and u ∈ N(λ−A)n.
Finally we get for t 6= 0,

x = y + z =
u+ v

[φλ(t)]
n2

+ z = u′ + v′,

where u′ = u

[φλ(t)]
n2 ∈ N(λ−A)n and v′ = v

[φλ(t)]
n2 + z ∈ R(λ−A)n.

Therefore, we deduce that

X = N(λ−A)n ⊕R(λ−A)n.

Finally, it is clear that (λ − A)|N(λ−A)n is nilpotent and since R(λ − A)n ∩
N(λ−A)n = {0}, then (λ−A)|R(λ−A)n is invertible and hence λ−A is Drazin
invertible.
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✷
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