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Hausdorff Measure of Noncompactness of Matrix Mappings on Cesaro
Spaces *
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ABSTRACT: In this study we establish some identities or estimates for operator
norms and the Hausdorff measure of noncompactness of certain operators on the
spaces |Cq |, , which have more recently been introduced in [22]. Further, by applying
the Hausdorff measure of noncompactness, we determine the necessary and sufficient
conditions for such operators to be compact and so the some well known results are
generalized.
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1. Background, notation and preliminaries

Any vector subspace of w is called a sequence space, where w is the set of all
sequences of complex numbers. For ¢ (k> 1, {1 = /) C w, we write the sets of
all k-absolutely convergent series. Let X and Y be arbitrary subspaces of w and
A = (apy) be an arbitrary infinite matrix of complex numbers. If z = (x,) € w,
then we denote A-transform of the sequence z as the sequence A(x) = (4, (z)),
Le., Ay, (z) = D07 ) anvTy, provided that the series converges for v, n > 0. Then, it
is called that A defines a matrix transformation from X into Y, which is denoted
by Ae (X, Y)or A: X =Y if Az = (A, (x)) € Y for every x € X, and also the
sets

Xa={recw: A(z) € X} (1.1)
is said to be the domain of the matrix A in X. Also, X is said to be an BK-
space if it is a complete normed space with continuous coordinates p, : X — C
defined by p,, (x) = x,, for n > 0. Further, if X and Y are Banach spaces, then we
write B (X,Y") for the set of all bounded linear operators L : X — Y, which is a
Banach space with the operator norm given by || L|| = sup,cg, ||L ()] for all L €
B (X,Y), where Sx denotes the unit sphere in X, that is Sx = {z € X : ||z| < 1}.
A linear operator L : X — Y is called compact if its domain is all of X and every
bounded sequence (z,,) in X, the sequence (L(x,)) has a convergent subsequence
in Y. We denote the class of such operators by € (X,Y).
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Absolute Cesaro spaces

Let Yz, be an infinite series with partial sum s,. Let (o%) and (t%) be the
nth Cesaro mean (C,«) of order a with o« > —1 of the sequence (s,) and (na,)

respectively, e.i.,

m v=0
and
n
1
o § a—1
tn = F Anfuvav
LES
where

Af =1, A% = (“t™), A%, =0, n>1,

|AY| < M(a)n® for all a, and A% > m(a)n® for o > —1. The series 3, is said
to be summable |C, o, with index k& > 1 if (see [7])

oo
Z 1A < o, (1.2)
n=1

where Aol = 0% —08_, for n > 0, 02, = 0. By using well known identity

t& =n(Ac%) [10], condition (1.2) can be stated by

oo

1ok
Z Y < oo0. 1.3
> Lt <o (1.3

n=1

In the special case k = 1 and a = 0, summability |C,a|, reduces to summability
|C,a [6] and summability |C, 0|, , respectively.

In a more recent paper Sarigol [22] has introduced the space |Cy|, for the case
a > —1, k> 1 as the set of all series summable by the method |C, a|, , and shown
that it is also the domain of the matrix T = (¢t2:¥) in the space I, the space of
all k-absolutely convergent series, where tg‘dk =1 and

VA e
tok = pifkgar =0T (1.4)
0, v > n.

And also some topological structures of the space |Cy|, have been investigated
and some related matrix mappings have been characterized. We refer the reader
to [22] for relevant terminology, which also extend some well known results of
Flett [7], Orhan & Sarigol [17], Bosanquet [3], Mehdi [16], Mazhar [15]. Besides,
the problems of absolute summability factors and comparison of these methods is
studied by many authors in [3-7, 15-17, 25-30] and the important sequence spaces
on the matrix domains have been examined by several authors in [1-2, 89, 12,
18-20].
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Further, Das [5] defined a matrix A to be absolutely kth power conservative, k
>1,if A€ B(Ag, Ai), where

A = {s = (8y): ka71 |Asv|k < oo} ,

v=1

and proved every conservative Hausdorff matrix H € B (A, Ax) . Note that there
exists a relation between Ay and |Cp|, obtained in the special case o = 0 if A lower
triangular matrix. In fact, x € |Cy|, if and only if s € Ay, and so A € (A, Ay) iff
A€ (|C’Q|]€ s |Co|k), where

Gy = { ZT:& (Gnr — Gn—1r), UO>§TZ) <n (1.5)

For real number o and nonnegative integers n we use the notation

0o
@ _ —a—1
A%z, =D ATy,

v=n

whenever the series convergent and throughout the paper £* denotes the conjugate
of k>1,ie,1/k+1/k*=1,and 1/k* =0 for k = 1.
The following known results play important roles in our investigation.
Lemma 1.1. [31] Let 1 < k < oo. Then, A € (¢, ¢) if and only if

N 1/k*
9] k /

14Nl e 0) = b Z

v=0

< 00,

E anv

neN

where N is any finite set of positive numbers.

However following lemma is more useful in many cases, which gives equivalent
norm.

Lemma 1.2. [23] Let 1 < k < co. Then, A € (¢, {) if and only if

1/k*

o0 o0 k*
HAH&,C,Z) = Z <Z |anv|> < o0,

v=0 \n=0

and there exists 1 < ¢ < 4 such that [|Al|,, , = % 1Al 0 -
The second part of this lemma is easily seen by following the lines in [23] that

1Al ey ey < ANl Gy ) < 41ANL ey 0 -

Lemma 1.3. [11] Let 1 < k < co. Then, A € (¢, {;) if and only if

- 1/k
k
”AH(Z,Z;C) = sup {Z |anol } < Q.
v n=0
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Lemma 1.4. Let @ > —1 and 1 < k < o0, then, |Cy|, is norm isomorphic to
the space I, i.e., [Col) = I

Proof. To prove the theorem, we need a linear bijection preserving the norm
between |Cy |, and l. Now, consider transformation 7% : |C,|, — i defined by

1 n
Jk Jk _ -1
Toa (.’L') = Xy, T?’? (.’L') = W Z Agiv’U,ﬁC’U. (16)
n oy=1
The linearity of T®F is obvious. Furthermore, it is trivial that if 7%*(x) = 0, then
x = 0. So, T*" is injective. Let T®"(z) =y € I}, be given, and take the sequence
T as

n

1 1/k p—a—1
Zo = Yo, :Cn:ﬁzv / Anfv Aay'u, TLZl

v
v=1

Then we have |\x|\lca|k = [lyll;, < o0,1 <k < oo, which gives z € |Cql, . Thus,

Tk is surjective and norm preserving, which completes the proof.

Hausdorff measure of noncompactness

If S and H are subsets of a metric space (X,d) and € > 0 then S is called an
e-net of H , if, for every h € H, there exists an s € S such that d(h,s) < ¢; if
S is finite, then the e-net S of H is called a finite e-net of H. If @) is a bounded
subset of the metric space X, then the Hausdorff measure of noncompactness of @
is defined by

x(Q) = {e > 0:Q has a finite e-net in X},

and x is called the Hausdorff measure of noncompactness.

The following result is an important tool to compute the Hausdorff measure of
noncompactness of a bounded subset of the BK space £, k > 1.

Lemma 1.5. [21] Let @ be a bounded subset of the normed space X where
X =Vl for 1 <k <ooor X =colf P, : X — X is the operator defined by
P, (z) = (xo,x1, ..., @, 0,...) for all z € X, then

€@ = fim (sup (7= P @] )

r—00

where [ is the identity operator on X.

If X and Y be Banach spaces and x; and x, be Hausdorff measures on X
and Y, then, the linear operator L : X — Y is said to be (xi,Xx2)-bounded
if L(Q) is bounded subset of Y for every bounded subset of X and there ex-
ists a positive constant M such that x, (L(Q)) < M x, (Q) for every bounded
@ of X. If an operator L is (x;,Xp)-bounded then the number [|Lf|, ., =
inf {M >0: x5 (L(Q)) < Mx; (Q) for all bounded @ C X} is called the (x1, x2)-
measure of noncompactness of L. In particular, we write |L[|, ., = [[L], for

X1 = X2 = X-
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Lemma 1.6. [14] Let X and Y be Banach spaces, L € B(X,Y) and Sx =
{z € X : ||z|| £ 1} denote the unit sphere in X. Then,

LI, = x (L (Sx)),
and
LeC(X,Y) ifand only if |[L[|, =0.
Lemma 1.7. [13] Let X be normed sequence space and y, and x denote
the Hausdorff measures of noncompactness on M and My, the collections of all

T
bounded sets in X7 and X, respectively. Then, x, (Q) = x (T(Q) for all Q € M,
T
where T' = (t,,,) is a triangular infinite matrix.

2. Main results and their applications

In this study, we establish some identities or estimates for operator norms and
the Hausdorff measure of noncompactness of certain matrix operators on |Cy,|, and
also give the necessary and sufficient conditions for such operators to be compact
by applying the Hausdorff measure of noncompactness, and so the some well known
results are generalized.

Theorem 2.1. Let « > —1,6 > —1, 1 < k < oo and D = (d,,,) be given by

1 n Y
nl/k AS ijlen—E‘ajOa n>1v=0 o
dnv = " 2.1
nl/k A > JAL A (), n>1,0>1.

If A € (|Cal,|Cl,), then

o0 1/k
k
1Al Ge.aricst,) = sup {Z |l } (2.2)

n=0
and
oo 1/k
. k
IAllxrlggoSgp{ > dnol } : (2.3)
n=r+1

Proof. Consider the map 7! : |Cy| — | and T%F : |Cs|, — i defined by
(1.4) for k=1 and

1 n
0,k —
TO (.’L‘) = ZCo,Tg’k (;C) = W E Afl_%u’l).’liv (24)

n op=1
respectively. Then, by Lemma 1.4, x € |C,| iff y = T%!(z) € [, and so Hx||‘ca| =
lyll, - Hence, since A = (T5*’“)71 0DoT*! it is clear that for all z € |C,| and y € I,
a,l
[(DoT 1) ()],

z#0 ||$H|ca\

D),
= sup——— :HDH@,ek)
v#o |yl

140 1cut,ics1,)
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which completes the asserted by Lemma 1.3.
Finally, let S = {z € |Cy| : ||z|]| < 1}. Then, by Lemma 1.5-Lemma 1.7, it fol-
lows that

1Al = x(AS) = x (T""AS) = x (DT*'S)

- 1/k
= lim sup |(IP’”)D(y)|lkT1LH;OSUp{ Z |dm|k}

T—00
yeT1S n=r+1

where P, : l — li is defined by P.(y) = (yo,¥1, ., Yr,0,...). This proves the
theorem together with Lemma 1.3.

Now, by combining this theorem with Lemma 1.6, we can characterize the
compact operators in the class (|Cal, |Cs],,)-

Corollary 2.2. Under hypotheses of Theorem 2.1,

. . . k
A€ C(|C4l,|Cs|,) if and only if rli>nolo sgp Z |dno|” = 0.

n=r+1

If A is chosen as a diagonal matrix, i.e., a,, = &5, zero otherwise, then A €
(ICal,|Cs|,) states the form of summability factors that Xe,z, is summable |Cs|,
when Xz, is summable |C, |, and also I € (|Cy|,|Cs|,) means the comparisons of
these methods, i.e., |Cy| C |Cs,, , where I is identity matrix. For the case o, > —1
and A = I, Theorem 2.1 reduces to the following result, which includes the norm
of operators characterizing the class of Flett [7] and shows that this operators are
not compact.

Corollary 2.3. If « > —1, 0 > a + 1/k* and k > 1, then |C,| C |Cs],, ,i.e.,
Ie(Cal,IC),

- Aé—a—l By L/k
M1l (1cat.1cs1,) = supvAy ; <ﬁ>
and
I'¢ €(|Cal,[Csly) -
o/ giae1\F 1/k
Proof. Let r be given and o (v,r) = vAY n§+1 (%) for v > 1.

Then, by Theorem 2.1, |[L;|, = lim, o sup, o (v,7). Now, take into account
A2 < M(a)n®for all & and AS > m(a)n® for & > —1,n > 1, and § > o + 1/k*,
we get, forv=1r+1,

0 (6—a—1)k

J(v,vfl)zmlz;::w
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:ml/(1—x‘5k ”1ZA(5a1k"”d (2.5)
0

1
5k _wv—1 —0k+ak+k—1 my

which gives o (v,r) > my, where m; is a positive constant not always the same in

(2.5) different occasion. The term-by-term integration is legitimate, since every-

thing is positive. Thus, we obtain [|L;[|, # 0, which proves the result by Lemma

1.6.

If it is chosen that § > 0 and « is nonnegative integer, k¥ > 1 and A is a
diagonal matrix with a,, = &,, zero otherwise, in Theorem 2.1, then we can obtain
following result, in which matrix transformation also characterized by Bosanquet
[4] and Mehdi [16] for £k =1 and k > 1, respectively.

Corollary 2.4. [16] If A € (|C,|,|Cs|,) for E > 1, 6 > 0 and nonnegative
integer « , then

By L/k

) n AJ_I»A»_O(_lé"

o a n—j* j—v J
1Zale.rion,) = swvAs § 210 =S

n=v |j=v

Now, from a different point of view, let (p,,) and (g,) be two positive sequence
with P, =po+p1+ - +pn o0 and Q, =qo+q1 + -+ g, — 00 as n — 0.
By following lines in [17], it is easy to see that |Rp,| C |R,l, if and only if A €
(ICol, |Coly) , where A defined by

oRom (Qv_@)’ l<v<n-1

Any — qv Py v=n (26)

0, n>w.

and |R,|, is the set of series summable absolute weighted mean, i.e.,

< p,k>1

|Rpl, = § = = (av) an ! PP ZPU 1G4

So, by Theorem 2.1, we determine exactly or estimate the norms and Hausdorff
measure of noncompactness of bounded matrix operators charaterized by Orhan
and Sarig6l [17], which includes that of Bosanquet [3] and Sunouchi [32] for the
case k = 1.

Corollary 2.5. If 1 <k < oo and I € (|R,|,|Ryl,)i-e. |Rp| C |Ry, , then,

00 1/k
. k
Il (1, 201, S“p{z ’””k am‘ } ) (2.7)
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- 1/k
L]l = Tlingosgp{ 3 ‘nl/k*am k} . (2.8)
n=r+1

Proof. Take o = § = 0 in Theorem 2.1. If I € (|Ry|,|Ry|,), then A €
(ICol,|Col;,), where A is defined by (2.6), and so, (2.2) and (2.3) reduce to (2.7)
and (2.8), respectively.

Corollary 2.6. [24] If A is a triangular infinite matrix, then A € (A1, Ag), k >
1, if and only if

- 1/k
—1 A k
IZall 4y 0, = sup {Z nF ! | } < o0, (2.9)

and -
. 14 |k
HLEHX :Tlggosgp Z 0 |
n=r—+1
Proof. In Theorem 2.1, take a = § = 0. If A is defined by (1.5), then, A €

(A1, Ag) iff A€ (|Col, |Col),)- On the other hand, it is obvious that the condition
(2.2) are reduced to (2.9), which completes the proof.

Theorem 2.7. Let o, > —1,1 < k < 0o and D= (cﬁw) be given by

1 n
YT ZAijiaio, n>1v=0
dn'u = 1 1? an =l (210)
R iA5*1'Aa(ai”) >1,0>1
FyTp ) ) ), nzlv=l
If A€ (|Cql,,|Csl), then there exists 1 < ¢ < 4 such that
ey 1k
1 oo oo _
1Al 1, iesty = 7 4 22 | 22 [dno ) (2.11)
6 v=0 \n=0
. ey 1/k"
1 . ~
Al = 7 Jim, > ( > ‘dm ) . (2.12)
v=0 \n=r+1

Proof. Consider the maps T%F : |C,|, — Iy and T%! : |Cs| — [ defined by
(1.4) and (2.4) for k = 1, respectively. Then, z € |Cy|, iff y = T**(z) € lx, and
so [[z[lc, = llyll;, - Hence, since A = (TM)_1 0DoT™F it is clear from Lemma
1.4 for all z € |Cy|,, and y € I,

H (T°1) ~! oDoT ok (x) H

— ICs]|
14 cuen) = S rer,
ey 1K
= [Pl =l = £ {2 (X7
wn  Elewn &=\l
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which is desired by Lemma 1.2.
Finally, S = {z € |C4], : ||z|| < 1}. Then, by considering Lemma 1.5-Lemma
1.7, and Lemma 1.2, we get that there exists 1 < & < 4 such that

lAl, = x(1714S) = x (DT**s)

= lim sup H(I—PT)B(y)Hl

T—00 yETO"kS

~ 1 ~ *
—  lim |[D® — 2 lim HD(T)
r—00 (Ied)  §r—oo (Le.1)
ey 1/k"
1 o0 o0 .
— - lim Z(Z’dm>
€ ree v=0 \n=r+1

where P, : | — [ is defined by P.(y) = (yo,y1, ..., yr, 0,...) and D) = (dnz)) is
defined by
Jr) _ 0~, 0<n<r
nv dp,s n>r '
which proves the theorem together with Lemma 1.2. From Theorem 2.7 we have

Corollary 2.8. Under hypotheses of Theorem 2.7, A € € (|C, |, ,|Cs|) if and
only if
1/k*

|
e

o0 o0 - k*
Al = lim 33" ( > |dne )
v=0 \n=r+1

By Theorem 2.7, we determine exactly or estimate the norms and Hausdorff
measure of noncompactness of bounded matrix operators charaterized by Mazhar
[15].

Corollary 2.9. Let o« > 0, k > 1. If A € (|Cq|,,|C1]) , then there exists
1 < ¢ <4 such that

N 1/
k
) Ry N T

1w oo = 122 | 22 2o s 1 <o

Jj=1 \n=J |v=J

2%

where A is a diagonal matrix.
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