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Finitely Generated Rings Obtain From Hyperrings Through the
Fundamental Relations

S. Mirvakili, P. Ghiasvand and B. Davvaz

ABSTRACT: In this article, we introduce and analyze a strongly regular relation w’
on a hyperring R such that in a particular case we have |R/w¥ | < 2 or R/w% =<
w¥ (a) >, ie., R/wY is a finite generated ring. Then, by using the notion of w¥ -parts,
we investigate the transitivity condition of wy4. Finally, we investigate a strongly
regular relation x% on the hyperring R such that R/x% is a finitely generated
commutative ring.
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1. Introduction

A hypergroup in the sense of Marty [9] is a non-empty set H endowed with a
hyperoperation - : H x H — *(H), the set of all non-empty subset of H, which
satisfies the associative law and the reproduction axiom. If (H,-) is a hypergroup
and p C H x H is an equivalence relation, then for all non-empty subsets A, B of H
we set A p B if and only if apb, for alla € A, b € B. The relation p is called strongly
reqular on the right (on the left) if x py = a-x p a-y(x py = x-a py-a, respectively),
for all (z,y,a) € H3. Moreover, p is called strongly regular if it is strongly regular
on the right and on the left. Let H be a hypergroup and p an equivalence relation on
H. A hyperoperation ® is defined on H/p by p(a)®p(b) = {p(x)|z € p(a)-p(b)}. If
p is strongly regular, then it readily follows that p(a)®p(b) = {p(z) | * € a-b}. Tt is
well known for p strongly regular that (H/p, ®) is a group, that is, p(a)®p(b) = p(c)
for all ¢ € a-b. Basic definitions and propositions about the hyperstructures can
be found in [2,3,5]. Krasner [8] has studied the notion of hyperfield, hyperring,
and then some researchers works on this subject. The more general structure that
satisfies the ring-like axioms is the hyperring in the general sense: (R,+,-) is a
hyperring if + and - are two hyperoperations such that (R, +) is a hypergroup and
- is an associative hyperoperation, which is distributive with respect to 4. We call
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(R,+,-) a hyperfield if (R,+,-) is a hyperring and (R,-) is a hypergroup. There
are different notions of hyperrings. If only the addition + is a hyperoperation and
the multiplication - is a binary operation, then the hyperring is called Krasner
additive hyperring [8]. Davvaz and Leoreanu-Fotea [5] published a book titled
Hyperring Theory and Applications. The hyperrings were studied by many authors,
for example see [4,7,11,12,13,15]. In [1], Babaeia et al. introduced the notion of
R-parts in hyperrings as a generalization of complete parts in hyperrings. In [5]
there are several types of hyperrings and hyperfields. In what follows we shall
consider one of the most general types of hyperrings.

Definition 1.1. [1/] The triple (R,+,) is a hyperring if (1) (R,+) is a hy-
pergroup; (2) (R,-) is a semihypergroup; (3) the hyperoperation “ -7 is distribu-
tive over the hyperoperation “+7, which means that for all z,y,z of R we have:
x-(y+z)=z-y+ax-zand (x+y)-z=x-z24+y-z. We call (R,+,-) a hyperfield
if (R,+,") is a hyperring and (R,-) is a hypergroup.

Example 1.2. Let R = {0,1,2,3,4} be a set with the hyperoperations + and -
defined as follow:

0 1 2 3 4
0,47 1 {23} {23} {0,4]
1 {23} {04} {04 1
{2,3} {0,4} 1 1 {2,3}
{2,3} {0,4} 1 1 {2,3}
{0,4} 1 {2,3} {2,3} {0,4}

0 1 2 3 4
{0,4} {0,4} {0,4} {0,4} {0,4}
{0,4y 1 {2,3} {2,3} {0,4}
{0,4} {2,3} 1 1 {0,4}
(0,4} {2,3} 1 1 {04}
{0,4} {0,4} {o0,4} {0.4} {0,4}

Then (R,+,-) is a finite hyperring such that is not a ring.

B~ w N~ O+

=W N = Of

Example 1.3. Let (R,+,-) be a finite ring and S be a non-empty finite set such
that SN R = 0. Let A= RUS and define two hyperoperations & and ® on A as
follow: For all x,y € R and s,t € S

x4y ite+y+#0 _Jxy ifx-y#0
x@y_{SU{O} ifrty—0 MITOV=0 50000 ifa.y=o0

and
r@t=2d0, sPy=00y,s®t=5SU{0}, 20t=s0y=s0t=SU{0}

1t is not difficult to see that (A, ®,®) is a proper finite hyperring.
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Let us recall now some important equivalence relations and results of hyper-
group and hyperring theory.

Definition 1.4. [15] Let (R,+,) be a hyperring. We define the relation ~ as
follows: = vy < 3In € N,3(k1, -+ ,k,) € N* and [3(wi1,-- ,zk,) € RF, (i =
1,---,n)| such that
n ki
z,y € 22 (IT 2ij)-
i=1 j=1
Let v* be the transitive closure of . The fundamental relation v* on R can be

considered as the smallest equivalence relation such that the quotient R/y* be a
ring.

Definition 1.5. [6] Let (R,+,:) be a hyperring. We define the relation « as
follows: © a y < In € N, Ik, -+ ,k,) e N* IT €S, and [Fxp, - ,xi,) €
RF 37, €Sk, (i =1,--- ,n)] such that

S Z(H xz]) and y € Z A‘r(z)v

i=1 j=1

where A; = H x

iri(4)-

Let a* be the transitive closure of a. Then, a* is the smallest strongly regular
relation on R such that R/a* is a commutative ring,.

Definition 1.6. [5] Let (R,+,-) be a hyperring and M be a non-empty subset of
R. We say that M is a a-part if for every n € N;I(kq, -+ ,k,) € N*, 37 € §,, and
@ity k) € RF, 371, € Sy, (i =1, -+ ,n)] such that

(sz;)ﬂM#@é ZAT(l)CM

Jj=

N
m

ki
where A; = [ xir,(j). Also, M is said to be a complete part of R [10], if we have
j=1

ki

(T o) 000 0 S5 (1] ) € 01

1 5=1

M:

2

2. The Relation wy

In this section, we introduce the relation w4 on a hyperring R, which we use
in order to obtain a finite generated ring as a quotient structure of R.
Let (R, 4, ) be a hyperring, A is a non-empty subset of R, a1, ,a,, € A and

m m

D={t|ted zia;+ Y, sia; + Zat —I—Z(Zulkazvzk)
i=1 i=1 i=1 i=1

mani E Na Z’i E Z7 Slvt’bvu’b,kavz,k E R}
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For all n > 1 and (ky,--- , k) € N define Rﬁ,kl,kQ,---,kn as follows:
A A A
Rtk e 7= Vs koo i S Sk e e Y € o

where

n kg n k;
'7n et ko, ke ={(X Tijy Y Yij) | Z H Tij = E H Yij }s
i=1j=1 i=1j=1 i=1j= i=1j=1
.A n k; n k; ) )

S ker ke o {(ZH ZHl ij) [ {2l <i<n, 1 <j<k}nD
i=1 =1 1=
={y;|1<i<n,1<j<k}nD+£o}

and

A
§n,k1,k2,---,kn = {(

I &M=

n ki
ZII g) | {2l <i<n,1<j<k}nDd
i=1j=
<i<mn

”| 1<j<k}nD=o).

Notice that R{'; := {({z},{y}) | {z,y} ND =0 or z =y}
Definition 2.1. We define the relation wa on (R,+,-) as follows:
rways IA,B) < Rfykhk?_ykn, such that z € A, y € B.
Notice that for n =1 and k; = 1 we obtain « w4 y if and only if ({z},{y}) €
iR{fl orz=yeD.
Remark 2.1. The relation w4 is reflexive and symmetric and f C wa and vy C w4 .

Let w? be the transitive closure of wy. In order to analyze the quotient hyper-
structure with respect to this equivalence relation, we state the following lemma.

Lemma 2.2. w¥ is a strongly reqular equivalence relation both on (R,+) and on
(Ra ) .

Proof. Clearly, w? is an equivalence relation. In order to prove that it is strongly
regular, it is enough to show that

{x—l—aﬁﬁy—i—a, a+xoa a+ty,
r-away-a, a-rwaa-y,

for all a € R. Since x w4 y, it follows that there exists (A, B) € Rﬁ,kl,kg,m k,, such
that x € A and y € B. We distinguish the following situations.

Case 1. Suppose that (A4, B) € 7ﬁ7k17k2,“‘,kn such that z € A = Z(H Tij)
=1 j=
n k; n ki
and y € B = > (][ vij). Then, we have x +a C A+a = (> (][] xij)) + a and
i=1 j=1 i=1 j=1
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y+aCB+a= (> (II vij)) +a Seta=xnr11="yns11 and k1 = 1. Thus,
i=1 j=1
n+1l k; n+1l k;
$+a§(Z(Hiﬂij)anderaQ(Z(Hyu))
i=1 j=1 i=1 j=

It is easy to see that the pair (A + a, B + a) belongs to 7ﬁ+1,k17k27m7k C
:Rﬁﬂ,kl,kz,m,kn' Therefore, for allu € z+a and v € y+a, we haveu € t+a C A+a
andvecy+aCB+a. So,uwy v. Thus, z+a g y + a.

Case 2. Suppose that (4,B) € S, . .. Then, we have z € A =
n ki n ki
Z(H zij) and Yy e B= Z(H yij) such that {ZL'ZJ|1 S 7 S Tl,l S] S kz}ﬁﬁ
i=1 j=1 i=1 j=1
{yijl <i<n,1<j<k}ND#@. Ifa¢D,then (A+a,B+a) € %ﬁﬁ’l,kl,kz,"',kn
and if @ € D, then (A+a,B+a) € S;qurl,kl,kz,m,kn' Thus;according to Case 1
(A4+a,B+a)€ R;qurl,kl,kQ,---,kn' So, u wg v. Thus, x +a Wy y + a.

Case 3. Suppose that (A,B) € fﬁ,kl,kz,m,kn' Then, we have x € A
ki n ki
(H zij) andy S B = Z(H yij) SuCh that {ZL'ZJ|1 S 7 S Tl,l S] S kz}ﬁﬁ

i=1 j=1 i=1 j=1

{yij]1 <i<n,1<j<k}nD=go. Ifa¢D then (A+a, B+a)€§n+1kl Ky ooe

and if @ € D, then (A+a,B +a) € “n+1,k1,k2,~ . Thus, according to Case 1,

(A4+a,B+a)€ R;qurl,kl,kQ,---,kn' So, u wa v._Thls 1mphes that x +a Wq y + a.
In the same way, we can show that a +x W4 a + y. It is easy to see that

M:

a+2Tqa+y and z4+alyy+a
Notice that for (R,-) we have

Case 1. Suppose that (4, B) € v/, . .., such that z € A = Z(H Tij)
e i=1 j=

n k; n k;
and y € B = > (][] vij). Then, we obtain z-a C A-a = (Z(H x;5)) - a and
i=1 j=1 i=1 j=1
n k;
y-aCB-a= (3> (] viy)) - a. Setkj=k;+1, 4 =aand y;, = a. Thus,
i=1 j=1
n k/ n /
x-aC(Z(H ij)) and y - aC(Z(H Yij))-

It is easy to see that the pair (A -a, B-a) belongs to 'Y;zq,k/l,k' " C fRn KD e
Therefore, for allu € z-a and v € y-a, we haveu € x-a C A-a and v c€y-a g B
So, u wy v. This implies that z-a @4 v - a.

Case 2. Suppose that (A B) € C‘f ki koo k- Lhen, we have z € A =

Q=%

Z(ﬁ xi;) and y € B = Z(H y;j) such that {z;;]1 <i<n,1<j<k}nNnD=
1=1 j=1 =1 j=1
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{yiil<i<n,1<j<k}nND#o. Ifa¢gD,then (A-a,B-a) € 3ﬁ+11k11k27m1kn
and if @ € D, then (A-a,B-a) € gﬁk’l Koo Thus, according to Case 1,
(A-a,B-a) € fRfk,l Koo So, u wy v. We conclude that z-a wWa y - a.

Case 3. Suppose that (A,B) € gﬁ,kl,kz,'“,kn' Then, we have x € A =
n ki n ki
Z(H ZL'ZJ) andyGB: Z(H yw) such that {ZL'ZJ|1 §z§n,1 S] S kz}ﬁgi

i=1 j=1 i=1 j=1
. . A
{yyl<i<nl1<j<k}nND=0. Ifa¢D, then (A-a,B-a) € & py.. i,
and if a € D, then (A-a,B-a) € ka; Koo k1 Thus, according to Casel,
(A-a,B-a) € Rﬁ,k’l,k;w,k;' So, u w4 v. This implies that x-a @4 ¥y - a.

In the same way, we can show that a-z w4 a-y. It is easy to see that a-z 5; a-y
andz~a5qu~a. O

Theorem 2.3. The quotient R/w% is a ring with generators
{wa(b),wilar),wi(az), - wilam) [ b€ (B =D)ar,--,am € A}
where w¥ (a1),w (az), -+ ,wh(am) € R/wk necessarily are not distinct.

Proof. By Lemma 2.2, w% is a strongly regular equivalence relation, so the quotient
structure R/w? is a ring with respect to the following operations:

*

wh(x) ®wh(y) =wi(z), forall z € x +y,

wi(z) @wi(y) = wi(t), for all t € z - y.

For all (z,y) € (R — D)? since {z,y} ND = 0, we have ({z},{y}) € R{'; and
hence zw¥y then w¥ () = w¥(y). If b € (R — D), then for every z € (R — D) we
have w¥ (z) = w’ (b). Now, suppose that w? (h) is given. If h € (R — D), then
wh(h) = wi(b) and if h € D then wy(h) € (wi(ar), - ,wh(anm)). Therefore,

Rjwy = {wi ()} U wh(ar), - wi(am)). O
Example 2.4. Let R = Zg and A = {2,4}. Then, D = {0,2,4} and R — D =
{1,3,5}. Hence, Rjw}y = Zy where wji(1) = wj(3) = wi(5) and w}(0) =
w(2) = w¥ (4) and also R/y* = Zg. So, w¥ # ~*. If A = {3,b} then R/w¥ =

(Wi (3),wi(5)).
Indeed, this example shows that in general, w% # v*.

m
Now, suppose that A = {a},so D = {t |t € rat+as+na+ Y ras;, r,8,7;,8; €
i=1
R,m € N,n € Z}. Put p, := wa and p} := w¥. Then, we have the following
corollary.

Corollary 2.5. The quotient R/p} is a ring generated by pi(a) i. e, R/pl =
(pa(a)) or [R/p;| < 2.
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Proof. By the proof of Theorem 2.3, we conclude that the equivalence classes de-
termined by w¥ of all elements of (R — D) coincide and the equivalence class of

every element of D is generated by w¥ (a1),w% (a2), -+ ,w% (am) € R/wk. Ift € D,
then
Pa(t) = lpa(r) ® pa(a)] @ lpa(a) @ pils)] @ npala) & 2 (palri) ® pala) @ pifs:)
€ (pa(a))

So, R/pk = {pi(b)}U{pi(a)), where b € R—D. Now, we have p%(b)®pk(a) € R/p.
Then, p;(b) + pz(a) = p;(b) or p;(b) + pi(a) €< py(a) > . If p3(b) @ p;(a) = p(b)
then p;(a) = Ogy,: and so R/p; = {Or/p«, p;(b)}. This implies that |[R/p;| < 2. If
px(b) & pi(a) €< pi(a) >, then there exist n € Z, m € N and r, s,7;,s; € R such
that p(0) ® pa(a) = lpa(r) @ pi(@)] @ [pa(a) @ pa(s) Snpala) ® 2 (o (ri) @ paa) @
p%(s;)) and this implies that p%(b) € (pZ(a)). O
Corollary 2.6. If R—D = (), which means that R is a hyperring generated by the
element a, then R/pk = (p%(a)).

Corollary 2.7. If the hyperring R has an identity element and a is in the center
of R, then R/p; = (pg(a)) = {pz(a) @ pi(r) | p5(r) € R/p5} or |R/pg| < 2.

Example 2.8. Let R = {b,c,d,e, f}. Consider the hyperring (R,+,-), where
hyperoperations + and - are defined on R as follows:

+ f b c d e S f b c d e
FT 7 et ¢ d et T[F F T T 7
b | {b,e} c d f ¢ b|f {be} ¢ d {be}
c c d {be} ¢ d cl|f c f c c
d d f {be} ¢ I d| f d ¢ {be} d
e | {b,e} ¢ d f ¢ e|f {be} ¢ d {b, e}

Suppose that A = {d}. Then, D = {b,c,d,e,f} and R — D = (. Thus,
R/py = (pa(d)) = {pa(f), p5(b), p5(c); p3(d)}-

Suppose that A = {c}. Then, D = {f,c} and R — D = {b,d,e}. Hence,
pi(b) = pi(d) = pi(e) and pi(f) = pi(c). This implies that R/p} = Zo and
R/~v* = Zy. Therefore, pl # ~*.

Example 2.9. Let R = Z be the set of all integers and a = 2. Then, D =
{,4,2,0,-2,—4,---}y and R—D={---,3,1,-1,3,---}. Then, R/p} = Zs and
R/~v* = Z. This implies that p* # v*. If a = 1, then R/pf =2 7 and R/v* = 7.
Thus, ph =~*.

Theorem 2.10. The relation p}, is the smallest strongly reqular relation such that
the quotient R/p is a ring generated by pk(a) or |R/pk| < 2, where the equivalence
classes of all elements of R — D are equal.



58 S. MIRVAKILI, P. GHIASVAND AND B. DAvvAZz

Proof. Suppose that 6 is a strongly regular relation such that the quotient R/6
is a ring generated by 6*(a) or |[R/6"| < 2, and the equivalence classes of 6 of
all elements of (R — D) are equal. Suppose that ¢ : R — R/ is the canonical
projection. Clearly, ¢ is a good homomorphism. We show that p} C 0. Let = p, y.
Then, there exists (A4, B) € Rﬁ,kl,kg,»»»,kn such that z € A and y € B. We have
three cases.

n k;
Case 1. Suppose that (A, B) € ¥} 4, x,... 1, - Then, we have A = 2:1(]_[1 Tij)
i=1 j=

n k; n ki
and B = S ([[ vij) such that S (] 2ij) =

n
i=1 j=1 i=1 j=1 i=

1 5=

ki
(H yl]) Thus,
1

n ki n ki

P(x) =@ 3 (@[] 0(xij)) = o(y) = @ > (@ 1 (0(ij)))-

i=1  j=1 =1 j=1
Therefore, z 6 y.

Case 2. Suppose that (4, B) € %ﬁkhkm---,kn' Then, we have A = > (] z4j)
i=1 j=1
n i
i=1 j=1
Jj < ki}ND # &. Renumber the elements of the sets {z;;|1 <i <n,1<j <k}
and {y;;|1 <i<n,1<j<k;}such that {y;;|1 <i<n/,1<j<Ek;} CD, where
1<n' <nandl <k, <kjand x5, 45 ¢ Dioralln’4+1 <t <nand k+1 < s < k.

n’ ki n i
Then, we bave o(s) = (& 5@ [] 0o @@ 32 (@ 1 a)) = o) =
n’ k; n i l
@5 e ) ®e 5 © f1 o). o) = o) and 2 0.

n ki
Then, we have A = > (] z4j)

i=1 j=1

Case 3. Suppose that (A4, B) € gﬁ,kl,kz,w,k .

n

n ki
and B = Z(H yij) SuCh that {ZL'ZJ|1 S 7 S Tl,l S] S kz}ﬂ'D = {’yw|1 S 7 S
i=1 j=1
n,1 <j<k}nND =g Hence foralll <i<nandl < j <k we have
(i) = ¢(yij). Therefore, ¢(x) = ¢(y) which implies that and = 6 y.
In the all cases we have x 6 y and hence z p, y implies that z 6 y and hence
x pk y implies that x 6 y by transitivity of §. Therefore, we have p} C 6. O

3. The transitivity condition of wy

In this section, we introduce the concept of w7 -part of a hyperring R and
we determine necessary and sufficient conditions such that the relation w4 to be
transitive. Let M be a non-empty subset of a hyperring (R, +, -).

Definition 3.1. We say that M is a w’ -part of R if the following conditions hold.



FINITELY GENERATED RINGS OBTAIN FROM HYPERRINGS 59

(F) 35 kilxz—n < M;

i=1 j=

n k;

(Fo) If {zij]1 <i<n1<j<k}nD# then for all > (]] yij) such that
i=1 j=1

{zijll <i<n,1<j<k}nD={y;|l <i<n,1<j<k}nND, we have

n

Z(lk_[ vij) € M;

i=1 j=1

n k;
(F3) If {zs5]1 <i<n,1<j<k}nND = then for all Y (][ yij) such that

i=1 j=1

{yijll <i<n,1<j<k}ND=0a, wehave > ([] vi;) C M.
i=1 j=1

By using the above notion we obtain the following characterization.
Proposition 3.2. The following conditions are equivalent.
(1) M is a w -part;
(2) zeM,xwqgy=—yeM;
B)zeM,zwy y=yecM.

Proof. (1=2): Let (z,y) € R? such that x € M and zway. Then, there exists
(A,B) € Rﬁ,kl,kg,»»»,kn such that x € A and y € B. Hence, we have three cases.

Case 1. Suppose that (A, B) € 7ﬁ7k17k2,m,kn. Then, we have A = > (][ x4j)

i=1 j=1
and B = Y ([ vij) such that Y ([] ;) = > (I vis). Since z € >~ ([] zi;) N
i=1 j=1 i=1 j=1 i=1 j=1 i=1 j=1

n ki
M, by (Fy) we obtain Y (]] vi;) € M and hence y € M.
i=1 j=1

n k;
Case 2. Let (A,B) € S, . .. . Then, we have A = Y (][] i;) and
e i=1 j=1
n k;
B = Z(H y”) such that {SCZ]H S’LSTL,l S]Skz}HQZ{yz]H S’LSTL,l S
i=1 j=1
n ki n ki
J<k}ND#a. Sincex € > (][] zi5) N M, by (Fp) we obtain > (][ vi;) C M
=1 j=1 i=1 j=1
and hence y € M.

n k;
Case 3. Suppose that (4, B) € gﬁk1,k2,---,kn' Then, we have A = > (]] i)
i=1 j=1

and B = > (]] yi;) such that {z;;]1 <i<n,1 <j<k}ND={y;|l <i<n,1<
i=1 j=1
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n k‘l n ki
j<k}ND=a. Sincex € > (][] zij) N M, by (F3) we obtain > ([] vi;) C M
i=1 j=1 i=1 j=1
and hence y € M.
(2=3): Let (z,y) € R? such that © € M and x w* y. Then, there exist t € N

and (vg = x,v1,- - ,v; = y) € R such that
T=Vp W V1 Wa Vs Wa Ve Wa Vg =Y.

Since x € M, by applying (2) ¢ times, we obtain y € M.
n k;
(3=1): Let > ([] zi;) N M # 0. We shall check the conditions (F}), (F») and

i=1 j=1
(Fs).
n ki n ki
(F1) Suppose that > ([] =i;) = > (I1 yis)- Then,
i=1 j=1 i=1 j=1
n k; n
(22 (IT ij), E(H Yij) € 'Yn o1 ko, ko
i=1 j=1 i=1 j=1
n k; n ki
So, for all y € >~ ([] vi; we have  w¥% y and y € M. Therefore, > (] vij) € M.
i=1 5=1 i=1 5=1

(Fg ) Let {z;]1 <i <mn,1 <j<k}nD#D. Now, suppose that for all
Z(Hyw)lf{z”|1<z<n1<]<k}ﬂ®f{y”|1<z<n1<j<k}ﬂ®

=1

then (- (T xij)s Z(H Yij)) € \rn ey koo k- HETCE, for all y € Z(H Yij) we

i=1 j=1 i=1 j=1 i=1 j=1

n ki
have z w¥ y and y € M. Therefore, > ([] vi;) € M
i=1 j=1
(F3) Let {z]1 < i <n1 < j<k}nND =10 and Z(]J[ vij) be such

7 ki

that {y;|1 < i <n,1 <j<k}nD =0 Then, (3 (ITzy) 2 (11 4)) €
i=1 j i=1 j

n ki
§ﬁ,k1,k2,m,kn- Hence, for ally € >~ ([] vij) we have z w¥ y and y € M. Therefore,
i=1 j=1

ki

En:(_l_[yij)QM- O

i=1 j=1

Before proving the next theorem, we introduce the following notions.

Definition 3.3. Let x be an arbitrary element of a hyperring R.
For alln > 1, set:

ki

(V1) Pya(x )—U{Z(H yig) | € S (1] o) = i(lk_[ Yij) s

=1 j= =1 j=1 1=1 j=1
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(Na) Poge) = U3 (T ) | o € S5(I )l <im0 <5 < b} D =

i=1 j= i=1 j=1
{yijl1 <i<n,1<j<k}ND#0o};

(Ng) Pea(w) = UL (I i) | & € 33T i)y fagll <6 <m1 << kb D =

i=1 j=1 i=1 j=1
{1 <i<n1<j<k}nNnD=0o}
(N1) P(z) = U, 51 (Pya(2) U Pya(x) U Pea()).
Notice that if z ¢ D, then Py ;(x) = R — D.
Proposition 3.4. For allx € R, P(x) ={y € R | z wa y}.

Proof. Suppose that € R and y € P(x). Then, there exist A, B such that z € A,
y € B and

(1) ye P’yﬁ,k (z) = (4,B) € Vﬁ,kl,kg,m k

)
1:k2,  kn shn

(2) 2€Pys,  (2) = (A,B) €S s it
A
(3) €T € Pgﬁ,kl,kg,»-» o (:C) = (A7 B) S gn,k17k27"'7kn.

Therefore, x wyq y and P(z) C{y € R | x wa y}.
The proof of the reverse of the inclusion is obvious. O

Lemma 3.5. Let (R,+,-) be a hyperring and let M be a w’ -part of R. If x € M,
then P(x) C M.
Proof. 1t follows by Definition 3.1. O
Theorem 3.6. Let (R,+,-) be a hyperring. The following conditions are equiva-
lent.

(1) wa is transitive;

(2) For anyz € R, wi(xz) = P(x);

(3) For any x € R, P(z) is a w’-part of R.
Proof. (1=2) By Proposition 3.4, for all pairs (z,y) € R? we have

yewy(x) e rwa yeyeE Pla).

(2=1) By Proposition 3.2, if M is a non-empty subset of R, then M is a w*-part
of R if and only if it is a union of equivalence classes modulo w? . In particular,
every equivalence class modulo w¥ is a w?-part of R.

(31) Let ¢z wa y and y waq z. Then, z € P(y) and y € P(z) by Proposition
3.4. Since P(z) is a w’-part, by Lemma 3.5, we obtain P(y) C P(z) and hence,
x € P(z). Therefore, x w4 z by Proposition 3.4 and the proof is completed. O
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Example 3.7. In Ezample 2.8, if A = {d} then {b,e},{c},{d} and {f} are w¥ -
parts of the hyperring R.It is not difficult to see that P(b) = {b,e}, P(c) = {c},
P(d) ={d} and P(f) = {f} and so by Theorem 3.6, wa = p, is transitive.

Example 3.8. In Example 2.9, P(1) = p%(1) ={---,3,1,—1,3,---} and P(0) =
pa(0)={---,4,2,0,-2,—4,- -} arew? -parts of the hyperring Z. Then by Theorem
3.0, waq = p4 is transitive.

4. New strongly regular relation x4

In this section, we introduce the relation x 4 on a hyperring R, which we use in
order to obtain a finite generated commutative ring as a quotient structure of R.
Moreover, we determine some necessary and sufficient conditions for the relation
X4 to be transitive. Let (R, +,") be a hyperring, & # A C R, a1, ,a, € A and

D={t|te ZzZaZJrZsaquZaZt +Z(Zuzkaiv“€)

=1 1=

m, nl eN, z:Z E Z, sz,tz,uhk,vhk IS R}

For all n > 1 and (ky,--- ,k,) € N define 3‘%;37,617,62,“"% as follows.

A A A A
L S e TV SRS S ML S S SR

where

ki ki

Tij, Y Yij)|30 € Sp,Foi € Sy, Z H Yij = Z As(i)s

1j5=1 i=1 i=1j=1

INgE

Oéﬁl,kl,kz,n kn {(

-

i

<.

ki
j=1

n ki
pﬁ,kl,kg,m,kn {(Z H

i=1j=1 i=1
{yZJ|1<z< <j<k}ND#2,Joe€S,,o0; €Sy,
ytsG{y1j|1§1§n71§]Sk}ﬁgéytsfxa’(t)a’g(t)(s)}

\M:

()
H i) | {zill <i<n, 1 <j<k}nD
3

and

A .
Ik ko, sk T

@
Il
i

\

—

-~
=
@ﬁzw

n k;
> H i) [ {71 <i<n,1<j<k}nD
i=1j=
<i<n,1<j<k}nD=go}

|1
Notice that R{'; = {({z},{y}) | {z,y} N D =0 or z = y}.
Definition 4.1. We define the relation x 4 on (R,+,-) as follows:

xxaye A B) e %ﬁ,kl,kz,w,kn’ reA, yeB.
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Notice that for n = 1 and ky = 1 we obtain z x4 y & ({z},{y}) € R{"; or
r=y€eD.

Remark 4.1. The relation x4 is reflexive and symmetric and B,v C x, and
¥ S Xa-

Let x% be the transitive closure of x 4. In order to analyze the quotient hyper-
structure with respect to this equivalence relation, we check that:

Lemma 4.2. x% is a strongly reqular equivalence relation both on (R,+) and on
(Ra ) .
Proof. Clearly x% is an equivalence relation. In order to prove that it is strongly
regular, it is enough to show that
TH+2Xa Ytz 2HTXa2+Y
T Xa Y= { A A
T-ZXAY "7, 2 X4 %Y,

for all z € R. Since = x4 v, it follows that there exists (A, B) € %ﬁkhk%” k,, such
that x € A and y € B. We distinguish the following 51tuat10ns

Case 1. 1f (A,B) € af y po. s then 2 € A = Z(H x;) and y € B =

=1 j=
n ks
Z(H yij) and there exist ¢ € S, and o; € S, such that Z H Yij = Z As(i)s
i=1 j=1 i=1j=1 i=1
where A; = H Tio;(j)- Now, let kpi1 =1, Zpy11 =Ynt11 =2, Opt1 =id and 7

J=1
be the permutation of Sn+1 such that

T(i) =0(i), foralli=1,--- ;nand 7(n+ 1) =n+ 1.

Thus,
n+1 k; n+1 kr(i)

I+Z§(Z(H1wﬁmﬂy+zg(2(gym)

i=1 j=1 i=1

It is easy to see that the pair (A + z, B 4+ z) belongs to an+1 Ft kg o kg1 &

%ﬁﬂ ot oo om o Therefore, for all w € x + z and v € y + z, we have u €
r+2zCA+zandvey+2C B+ 2z So, u x4 v. Thus, x—l—zxAy—i—z

n

Case 2. 1f (A, B) € @} 1 joo s then 2 € A = Z(H x;) and y € B =

i=1 j=1

Z(f[ yi5) such that {x;;]1 <i<n,1<j<k}ND={y;|1 <i<nl1<j<
=1 j=1

k:i}ﬂ'D;EQandaeSn and o; € Sy, such that for all 1 < ¢ < n,1 < s <k, if

Yts € D, then yis = To(1)o,(, (s)- 2 ¢ D, then it is easy to sea that (A+z, B+2z) €

@ﬁ,kl,kz,---,kn- Let z € D. Set kpy1 =1, Zng11 = Ynt1 1 = 2, Ont1 = id and 7 be

the permutation of S, 11 such that

7(i) =0(i), foralli=1,--- ;nand 7(n+ 1) =n+ 1.
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So,for1 <t <nt+landl < s < kptrifys € D, then yis = T5(1)0,, (s)- Therefore,
(A+2,B+z) € pﬁﬂyklykiﬁ...,kmknﬂ- Hence, (A+2,B+2) € Ry g gy o onis
So, u x4 v. Thus, x + 2 X4 v+ 2.

Case 3. If (A,B) € Jp ). ko k> then z € A = Zl(]_[ xz;;) and y € B =
i=1j
n ki
i=1 j=1

kitND=g. If 2 ¢ D, then (A+2,B+2) € ]ﬁ+17k17k2,“',kn,kn+1 and if z € D, then
(A+2,B+2z2) € @ﬁ+1,k1,k2,m,kn,kn+1' Thus, (A+2z,B+z2) € mﬁ+1,k1,kz,---,kn,kn+1'
Hence, u x4 v. This implies that 2 + 2 X 4 y + 2.

In the same way, we can show that z +x %4 z + . It is easy to see that

z4+axxgzt+yandz+zXgy+2

Notice that for (R,-) we have

n

ki
Case 1. If (A,B) € oy po. ., then 2 € A = 2:1(]_[1951]) and y € B =
i=1j
Z(H y;j) and there exist 0 € S,, and 0; € Si, such that Z H Yij = Z Agiys

j=1 i=1j=1

where A; = H Tig,(j)- Weset fi =k; +1, x5, = z and we define

Ti(r) =o;(r) (for all v =1,--- , f/) and 7,(f/ + 1) = f/ + 1.

Hence, 7; € Sf/ (i =1,---,n). It is easy to see that the pair (A -z, B - z) belongs
to O‘;zq,f{,fg,---,f/ - §R WSl Sy S Therefore, for all u € z - z ang v €y -z, we have
uex-zCA-zandvey-2C B -2z So,uxy v. Thus, z-2%x4 y- 2.
n k;
Case 2. If (A,B) € @ﬁ,kl,k%m,knv then x € A = > ([[ zi) andy € B =
i=1 j=1

n

Z(Hyw ) such that {x;;]1 < i <n,1<j<k}ND={y;|]l <i<nl<
=1

Sk}ﬂ'D;éQ o €S, and g; € S, such that for all 1 <t < n,1 < s <
kn, if yrs € D, then Yrs = To(t)o, (). U 2 ¢ D, then it is easy to sea that

(A-z,B-2) € p;zq,f{,fé,---,f/ , where f/ = k;i+1, x;5, = z. Let z € D. Set f] = k;+1,
Tifr = Yif; = z, and we define

7(r) =oi(r), foralli=1,---  k; and 7;(k; + 1) = k; + 1.

So, for 1 <t <mand 1< s < flif gy € D, then yps = xg(t)gd(t)(s). Therefore,
A

(A-2,B-2) € Ol Sy o1 ThlS implies that (A-2,B-z) € RA o fl fe - Hence,

uXAU.Thus,:cuzXAy z.

)
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Case 3. If (A,B) € ]ﬁ,k17k2,---,kn7 then x € A = 2:1(]_[1%) and y € B =
i=1 j=
n ki
i=1 j=1

kitND =9. If 2 ¢ D, then (A-2,B-z2) € Jﬁf{vféw'wfé, and if z € D, we set
fi=ki+1, 2y = 2 and we define

7i(r)=oi(r),forallr =1,--- [ k; and 7;(k; + 1) = k; + 1.

Hence, 7, € Spr (i = 1,- - n_) Thus, (A-2,B-2) € Mf{,fg,w,f;' This implies
that uw x4 v. Therefore, -2\ 4 vy 2.
In the same way, we can show that z -z X, 2 -y. It is easy to see that

zz?; z~yandz~z§jq Y-z

Theorem 4.3. The quotient R/x’% is a commutative ring with generators

{Xj({(b)v)(;L(al)aX‘;{(aQ)v e 7)(;[(0’771) | be (R - ‘D)valﬂ ce L, Om € ‘A}ﬂ
where x% (a1), x% (a2), -+ , x5 (am) € R/ X% necessarily are not distinct.

Proof. By Lemma 4.2, x7 is a strongly regular relation, so the quotient structure
R/x% is a ring with respect to the following operations:

*

Xy(x) ®wy(y) = x5(2), forall z € x +y,

X () @ xa(y) = xu(t), forallt € x-y.

Since o C x%, we conclude that x% is a commutative ring. For all (z,y) €
(R —D)? since {z,y} ND = 0, we have ({},{y}) € R*; and hence xx%y. This
implies that x%(z) = x%(y). If b € (R — D), then for every z € (R — D) we
have x% () = x%(b). Now, suppose that x% (k) is given. If h € (R — D), then
X' (h) = x% (b) and if h € D, then x* (k) € (x*(a1),- -, X"y (am)). Thus, R/x% =
XA @3} Oilan), - xh(am))- O

m
Now, suppose that A = {a},so D = {t |t € rat+as+na+ Y ras;, r,8,7;,8; €
i=1
R,m € N,n € Z}. Put ¢, := x4 and ¢, := x%. Then, we have the following
corollary.

Corollary 4.4. The quotient R/vy) is a commutative ring generated by i (a),

i.e, RIv, = (¥g(a)) = {nvy(a) & (W (r) @ ¥q(a)) | n € Z,9g(r) € R/vg} or
[R/pa| < 2.
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Corollary 4.5. If R — D = (), which means that R is a hyperring generated by
the element a, then R/¢q = (pg(a)) = {nib;(a) & (V5 (r) @ ¥ga(a)) | n € Z,4by(r) €
R/g}

Corollary 4.6. If the hyperring R has an identity element, then R/v; = (pk(a)) =
{va(a) @ 1a(r) | alr) € R/yg} or [R/yg] < 2.

Example 4.7. Suppose that

neanz={(; ) 1evenf a={(3 5))

It is easy to see that R/} is a commutative ring such that R/V), = Zy and R/a* =

Z4 and so, ¥, # o*. If A = {(; 8)} then R/vy: = R/a* = 7,.

Example 4.8. Let R = {0,1,2,3,4,5,6} be a set with the hyperoperations + and
- defined as follow:

+] 0 1 2 3 4 5 6
{0,571 {2,6} {3,4] {3,4F {0,5} {2,6}
1 {05} {3,4} {2,6} {26} 1 {3,4}
(2,6} {3,4} {0,5} 1 1 {26} {0,5}
(3,44 {26} 1 {05} {0,5} {34} 1
(3,44 {26} 1 {05} {0,5} {34} 1
{0,501 {26} {3,4} {3,4} {0,5} {2,6}
(2,6} {3,4} {0,5} 1 1 {26} {0,5}

0 1 2 3 4 5 6

{0,5} {0,5} {0,5} {0,5} {0,5} {0,5} {0,5}

{0,5} 1 {0,5} 1 1 {0,5} {0,5}

{0,5} {2,6} {0,5} {2,6} {2,6} {0,5} {0,5}

{0,5} {3,4} {0,5} {3,4} {3,4} {0,5} {0,5}

{0,5} {3,4} {0,5} {3,4} {3,4} {0,5} {0,5}

{0,5} {0,5} {0,5} {0,5} {0,5} {0,5} {0,5}

{0,5} {2,6} {0,5} {2,6} {2,6} {0,5} {0,5}

Then (R, +,+) is a non-commutative hyperring such that is not a ring. Set A = {2}.
Then, D = {0,2,5,6} and R — D = {1,3,4}. Since 1-3+1-3 = {0,5} and
1-34+3-1={2,6} so¢.:(0) = {0,2,5,6} and ¢;(1) = {1,3,4}. Therefore
R/Y: = Zs. But R/v* = {0,1,2,3} when 0 = {0,5}, 1 = {1}, 2 = {2,6} and
3 ={3,4}, is a non-commutative ring with the following table:

YT W N~ O

ST W N = O

+]0 1 2 3 |0 1 2 3
00 1 2 3 0[{0 0 0 O
111 0 3 2 110 1 0 1
212 3 01 2|10 2 0 2
313210 3]0 3 0 3

In this Example we have v* # 1.
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Theorem 4.9. The relation v, is the smallest strongly reqular relation such that
the quotient R/v), is a commutative ring generated by pk(a) or |R/¢,| < 2, where
the equivalence classes of all elements of R — D are equal.

Proof. Let 6 be a strongly regular equivalence such that quotient R/f is a com-

mutative ring generated by 6" (a) or |R/6*| < 2, and the equivalence classes of

of all elements of (R — D) are equal. Suppose that ¢ : R = R/ is the canonical

projection. ¢ is a good homomorphism. We show that ¢ C 6. Let = ¥ y. So

there exists (4, B) € %ﬁkl’kb”wh such that x € A and y € B. We have three

cases: ' . .
Case 1. If (A, B) € oy 1y 1, then A = Z(f[ z;;) and B = Z(ﬁ Yij)

i=1 j=1 i=1 j=1

k‘i n
and there exist 0 € S, and o; € Sy, such that > [[ yi; = > As(), where
i=15=1 i=1

H Tiq,(;)- Therefore,

n

¢<x>=@§<®}jxu and 6(5) = & 356 T ()

Jj=1
By the commutativity of R/6, it follows that ¢(x ) gb(y) Thus x 6 y.
Case 2. If (A,B) € p":},khk‘z K, then A= Z(H x;j) and B = Z(H Yij)

=1 j= 1=1 j=1
such that {z;;]1 <i<n,1 <j<k}IND = {y;|l <i< n,l <j<k}ND # and
there exists o € S,, and o; € S, such that for all 1 <t < n,1 <s< k, if g5 €D,
then yts = Zo(t)0,(, (s)- Renumber of the elements of the sets {z;j]1 <i<n,1<
J <ki}and {y;;|1 <i<nmn, 1<j<k:}suchthat{yl]|1<i<n 1<j<kj} CD,
where 1 <n’ <nand 1<k, <k andxtrér,ytr + ¢ D foralln'+1 <t < nand K+

1 <" < ki So, ¢(x) = (EBZ(@@H@(% B Y (@ H 0(z5))) and

t'=n'+1 /_k/+1
n' k; ki
o(y) = (@ 2 (® I 0(Fa(i)o, ) () D(S > (@ T 6(y). Foralln'+1<
i=1 Jj=1 t'=n’+1 s'=kl+1

LU <nand k. +1 < d,d < k; we have ¢(x14) = ¢(yra) and since R/0 is a
commutative ring so, ¢(x) = ¢(y) and x 0 y.
n ki n k;
Case 3. If (A, B) € J}\ 4, koo s then A = ST (T 2i5) and B = Y (I] wij)
i=1 j=1 i=1 j=1
such that {z;;|1 <i<n,1<j<k}ND={y;|l1<i<n1<j<k}nNnD=0.
Therefore, for all 1 < ¢ < n and 1 < j < k; we have ¢(z;;) = ¢(y;5). Thus,
¢(x) = ¢(y) and z 6 y.
In the all cases we have z 6 y and hence z ¥, y implies that = 8 y. Thus, z ¢} y
implies that =  y by transitivity of R. Therefore, v} C 6. O

Definition 4.10. We say that M is a X -part of R if the following conditions
hold:
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n ki
(F1) For allo €S, and o; € Sy, 2:1 Agiy © M, where A; = H1 Tig,(j)
i= j=

(Fo) If {xij|l <i<n,1<j<k}ND+#o, then for all > (][ yi;) such that
i=1 j=1

{211 <i<n,1<j<k}ND={y;|1 <i<n,1<j<k}ND there exist

o €8S, and o; € S, for which for all y;; € {y;;|1 <i<n,1<j<k}nND,

n ki
Yij = To(i)o,a () We have Zl( H1 Yij) € M;
i=1 j=

n k;
(F3) If {zsj]1 <i<n,1<j<k}nND =0, then for all 3" ([ yi;) such that

i=1 j=1

{yij]1 <i<n,1<j<k}nD=w0, we have Y ([] vi;) € M.
i=1 j=1
Example 4.11. In Ezample 4.8, x% -parts of R are exactly ¢, (0) = {0,2,5,6},
¥i(1) = {1,3,4} and R. Also, complete parts(v*-parts) of R are exactly {0,5},
{1}, {2,6} and {3,4} or unions of them. It is clear that 1} (0) = {0,2,5,6} and
P (1) = {1,3,4} are complete parts(v*-parts) of R.

Let ¢ : R — R/x’; be the canonical projection and let D(R) be the kernel of
¢. If we denote by 0 the zero element of R/x%, then D(R) = ¢~ *(0)

Theorem 4.12. For every non empty subset B of hyperring R, we have
1) ¢~ (¢(B)) = D(R)+ B = B+ D(R).
2) If B is a X% -part of R, then ¢~ (4(B)) = B.

Proof. 1) For every x € D(R) + B, there exists a pair (b,a) € B x D(R) such that
z € a+b,so dp(x) = ¢la) ®P(b) = 0@ ¢(b) = ¢(b). Therefore, z € ¢~ (p(b)) C
¢~ (¢(B)). Conversely, for every z € ¢~ '(¢(B)), an element b € B exists such
that ¢(x) = ¢(b). By the reproducibility a € R exists such that x € b+ a, so
d(b) = ¢(z) = ¢(b) ® ¢(a), hence ¢(a) = 0 and a € ¢~ (0) = D(R). Therefore,
z €b+aC B+ D(R). This prove that ¢~ (¢(B)) = D(R) + B. In the same way,
it is possible to prove that ¢ ' (4(B)) = B + D(R).

2) It is obvious that B C ¢~ '(¢(B)). Moreover, if z € ¢~ '(¢(B)), then there
exists an element b € B such that ¢(x) = ¢(b). Since B is a xj-part, it follows
that = € ¢(x) = ¢(b) C B and therefore ¢~ *(¢(B)) C B. O
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