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C*-algebras Generated by Isometries and True Representations

Mamoon Ahmed

ABSTRACT: Let (G, P) be a quasi-lattice ordered group. In this paper we present
a modified proof of Laca and Raeburn’s theorem about the covariant isometric rep-
resentations of amenable quasi-lattice ordered groups [7, Theorem 3.7], by following
a two stage strategy. First, we construct a universal covariant representation for
a given quasi-lattice ordered group (G, P) and show that it is unique. The con-
struction of this object is new; we have not followed either Nica’s approach in [10]
or Laca and Raeburn’s approach in [7], although all three objects are essentially
the same. Our approach is a very natural one and avoids some of the intricacies
of the other approaches. Then we show if (G, P) is amenable, true representations
of (G, P) generate C*-algebras which are canonically isomorphic to the universal
object.
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Introduction L. A. Coburn proved interesting results in [3] about C*-algebras
generated by isometries. That paper has consequences which are relevant to this
work and are summarized in Theorem 0.1 below. This theorem is not presented in
the form originally given by the author, rather it is rephrased to draw attention to
its similarity with later results.

Theorem 0.1. There is an isometry U which generates a C*-algebra C*(U) that
has the following properties

1. Let C*(V) be the C*-algebra generated by some isometry V. Then there is a
x-homomorphism ¢y, : C*(U) — C*(V) such that ¢ (U) =V.

2. If V is non-unitary, then ¢y, is an isomorphism.
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Which says that all C*-algebras generated by non-unitary isometries are the same
and in some sense, universal.

J.Cuntz in [4] and [5] gave generalizations of this result. Of particular interest
in this paper are two results concerning pairwise orthogonal families of isometries.

Nica introduced a class of groups termed quasi-lattice ordered groups. To
each quasi-lattice ordered group (G, P) there corresponds representations of P
by isometries called covariant representations. There is also a unique covariant
representation with the universal property. Nica used this universal object to de-
fine amenability, which is an interesting property of some quasi-lattice ordered
groups. The term ‘amenability’ is already used in group representation theory, but
an amenable quasi-lattice ordered group (G, P) is not necessarily amenable in the
usual sense. However, a quasi-lattice ordered group (G, P) is necessarily amenable
in Nica’s sense if G is amenable in the usual sense. In this paper we follow Nica’s
sense.

Nica also showed that the amenability of abelian groups can be used to establish
the results of Douglas and Murphy. Laca and Raeburn introduced a subclass of
covariant representations for a given quasi-lattice ordered group, which are called
here true representations. Based on Nica’s work, Laca and Raeburn proved the
following theorem

Theorem 0.2. Let (G, P) be a quasi-lattice ordered group. There is a covariant
representation (A,U) of P by isometries with the properties

1. Let (B,V) be a covariant representation of P by isometries. There is a -
homomorphism ¢y, : C*(U) — C*(V') such that ¢y, (Up) =V, for each p € P.

2. If (G, P) is amenable and (B,V) is a true representation then ¢ is an
isomorphism.

Again this theorem is not presented in the form originally given by the authors,
rather it is rephrased to draw attention to its similarity with later results.

In this paper we give a modified proof of Laca and Raeburn’s Theorem above.
We will follow Laca and Raeburn in employing a two stage strategy. First, we con-
struct a universal covariant representation for a given quasi-lattice ordered group
(G,P). Then we show that if (G, P) is amenable, then true representations of
(G, P) generate C*-algebras that are canonically isomorphic to the C*-algebra
generated by the universal covariant representation.

In section 2, quasi-lattice ordered groups and covariant representations will be
discussed. In section 3, true representations and their properties will be discussed.
In section 4, we construct a universal covariant representation and we give our
modified proof of Laca and Raeburn’s Theorem.

1. Preliminaries

Let P be a subsemigroup of a group G with identity e such that P P~! = {e}.
There is a relation ‘<’ on G with respect to P where x < y if 2 'y € P. This
relation is a partial order on G which is left invariant in the sense that x < y
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implies zx < zy for any z,y,z € G. It is the natural partial order determined by
P.

Convention 1. We now use (G, P) to refer to the group G with the natural partial
order < on G determined by P.

Definition 1.1. The partially ordered group (G, P) is quasi-lattice ordered if every
finite subset of G with an upper bound in P has a least upper bound in P [2, Section

9.

Equivalently, (G, P) is quasi-lattice ordered if and only if every element of G
with an upper bound in P has a least upper bound in P, and every two elements
in P with a common upper bound in P have a least upper bound in P [10, Section
2.1].

Notation 1. The least upper bound or sup of the elements x and y will be denoted
by x V y.

We conclude the introduction to quasi-lattice ordered groups with the following
property which was observed by Nica [10].

Lemma 1.2. Let (G,P) be a quasi-lattice ordered group. If z,y € G have a
common upper bound in P and z € G satisfies z(xV y) € P then zz and zy have a
common upper bound in P. If, in addition, z < zx V zy, then zz V zy = z(x V y).

Definition 1.3. Let (G, P) be a quasi-lattice ordered group. A representation of
(G, P) by isometries is a pair (A, V') consisting of a unital C*-algebra A and a map
V' from P to A that satisfies the following three conditions:

(i) Ve = 1a;

(i4) VyVp =14 for allp € P;

(111) V,Vy = Vg for all p,q € P.

If in addition V satisfies

vqr U P.q have a common upper bound in P;

* * V;D\/qV*
VeV VaVy = { 0, otherwise.

then V is a covariant isometric representation.

Notation 2. The C*-algebra generated by the set {V, : p € P} will be denoted by
C* (V). We write Ay ={V,V; :p € P} and By = {V,V, : p,q € P}.

Remark 1.4. A covariant isomeric representation of the quasi-lattice ordered
group (G, P) may be defined as a pair (A, V) consisting of a unital C*-algebra
A and a map V' from P to A such that

1. Ve =14;

2. V,Vy =Vpq for allp,q € P,
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‘/1771(17\/‘])‘/(1**1(1)\/(])’ when p,q have a common upper bound in P;

Wy Va= { 0, otherwise.

To see that the first definition implies the second, notice first that if p,q € P
have no common upper bound in P then the covariance condition gives

VeV VyVig =0

and hence
ViV = (V)Y VaVi Va) = 0
However if p, ¢ have a common upper bound in P, then
VoV = (V) Vi Ve (Vi Ve) = Vi Viva Vv Ve

pVaq

But p<pVgq,sopt(pVq) € P. Therefore,

V;?\/qV*

wva = VoVorrova) Ve ovg Ve
thus the result follows. The reverse implication is easily checked.

Example 1.5. Any representation (A,V) of a totally ordered group (G,P) by
isometries is covariant. To see this, let p,q € P and suppose that p < q. Then
p~lqge P and

‘/;D*Vq = Vp*‘/;)folq =Vp-1g = fol(PVQ)Vq**l(p\/q)
where pV g=max{p, ¢} =q. Similarly if ¢ < p then
VoVa = Vit = Vorrove) Vet ve)-
Thus (A, V) is covariant.

1.1. The Toeplitz representation

For any quasi-lattice ordered group (G, P), the semigroup P has an important
representation known as the Toeplitz or Weiner-Hopf representation (B(¢?(P)), T).
Where B(¢%(P)) is the C*-algebra of bounded linear operators on the Hilbert space

A(P):={h:P—C: Z |h(p)|* < oo}

with pointwise addition, scalar multiplication and inner product

(h,k) := Y h(s)k(s).

seP

The map T : P — B(¢*(P)) is defined for each p € P and h € £%(P) by

[ h(p~lq), ifplge P (ie. p<q);
(Tph)(q) = { 0, otherwise,
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for all ¢ € P.
Now,
DTh@P = > TP = D (ks = Al
qeEP {geP:q—'peP} sep~'PNOP

this is true since p~ PP = p~ 1 (P pP) = p~'pP = P. Thus for each p € P
and h € (2(P), T,h € (*(P). In fact, T, is an isometry, since

ITphl® =D (Th) (@) = (1Al

qeP

Notice also that T, is the identity. Next note that for all p,q,s € P such that
(pq)~ts € P and h € (?(P),

(Tpgh)(s) = h(q_lp_ls) = (th)(p_ls) = (TpTqh)(s)
since p~'s € ¢P C P. Notice also that (pg)~'s ¢ P, then (Tp,h)s = 0 and either
p~ts ¢ P, in which case (T,(T,h))s =0, or else ¢~ (p~ts) & P, so (T,h)(p~'s) =
0. In any case, T, T, = T, for all p,q € P, and (B(¢?(P)), T) is a representation
of (G, P) by isometries.
For a quasi-lattice ordered group (G, P), the Toeplitz representation is covari-
ant. To see this, note first that for p € P and h, k € (?(P),

(T%h, k) = (h, T, k)
=D h(s)(Tyk)(s)

sepP

= Y h(s)klpls)

{seP:p~lseP}

= > hbk(),

tep~tPNP
where again p~'P N P = P. By the uniqueness of the adjoints, (T3h)(t) = h(pt)
for all t € P, and so given s € P

(T, Th)(s) —{ (T;h)(p's), ifp < s

0, otherwise
_ [ h(s), iftp<s
1 0, otherwise.

It follows that for all p,q,s € P and h € ?(P),

. By [ h(s), ifp<sandg<s
(TprTqth)(S) - { 0, otherwise.

Hence T, T;T,T; = 0 if p and ¢ have no common upper bound in P. Finally,
if (G, P) is quasi-lattice ordered, p < s and ¢ < s if and only if p V ¢ < s, and
therefore TpT;TqT; = Tpve T3

Vg
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2. True Representations

Definition 2.1. A covariant representation (A, V') of a quasi-lattice ordered group
(G, P) is called a true representation if [[,c p(1 — VpV,') # 0 for all finite subsets

F of P\{e}.
Remark 2.2. The name ‘true’ reflects that V,, is a true isometry (that is, VoV, #
1) for allp € P.

We consider the following examples to illustrate the importance of true repre-
sentations.

2.1. Totally ordered groups

A representation (A4, V) of a totally ordered group (G, P) by isometries is true
if and only if V}, is non-unitary for all p € P. To see this, recall that all such
representations are covariant. Notice that any p,q € P are comparable, so with
out loss of generality, suppose that p < ¢. Then

=V (A= VW) = 1= GV = ViV + VooV

pvVg

1=V, Vy
since p V ¢ = max{p, ¢} = ¢. Similarly for a finite subset F' C P we have
[Ta-wv)=1-vyy
peF

where ¢ = min{p € F'}. Hence [[,cr = 0if and only if V;V;* = 1, and the result
follows.

2.2. The Toeplitz representation

The Toeplitz representation of a quasi-lattice ordered group (G, P) is a true
representation. To see this, consider &, € £2(P), defined by

6@(8):{1 if s =e,

0 otherwise.

Then for any p € P\ {e}, (T;de)(s) = de(ps) = 0 for all s € P, and hence
(1="T,T;)éc = de. This gives (HpeF(l —T,T}))de = dc for any F C P, and the
result follows.

2.3. Free Products

Let (G, P) be the free products of the family {(G;, P;) : i € I} where [ is a finite
set and (Gi, P;) = (Z,N) for every i € I. We claim that a covariant representation
(A,V) of (G, P) is true if and only if

> Vo, Vi < 1(that is # 1)

el
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in which a; denote the element p;(1) € G, where p;, is the canonical group homo-
morphism from G; into G.
It is easily verified that for ¢,j € I, Vo,V = 0 unless ¢ = j. Hence if (A, V) is
covariant,

0 7& H(l - Vaivat) =1- ZVMV;;

il iel

and so ), Vo, Vs # 1. Now suppose that ), Vo, V" # 1 and consider a finite
set ¥ C P. For each p € F, there is ¢ € I such that the first element in the reduced
word p is some power of a;. Following Cuntz’ results in [4,5] one can see that

1=V, Ve <[ -y
i€l
and thus [ [, (1 -V, V") # 0 for all finite F' C P if and only if [[,., (1 -V, V") #

ai; Va;
0.

Lemma 2.3. Let (G, P) be a quasi-lattice ordered group. If F is a finite subset of
P and x € P satisfies p & x for all p € F, then the representation (A, V) is true
implies
Q=vv; [Ta-vv)
peF

1S a mon-zero projection.

Proof: Notice that Q* = @ since (V,V,")* = V, V' for all p € P. Also QQ = Q
since V,V, V,Vy = V, V) and (1 = V,V,))(1 =V, V) = (1 =V, V) for all p € P
which is true by the covariance condition. Hence @ is a projection.

Now, for every p € F' we have,

V;UV;D*Vm = ‘/;Ufol(PVE)VI**l(p\/I) = V$V$71(PV$)V::*1(sz)

and this is true by the covariance condition. Thus

Ve VeV TT A= VoV Ve = TT (1 = Va1 vy Vit )

peF peEF

since V)V, = 1. The last expression does not equal zero since (A, V') is true and
271 (pV ) # e (otherwise x = pV x and p < x). Hence

V.V [ -vv) #0

pEF

as required. O

Proposition 2.4. A true representation (A,V) of a quasi-lattice ordered group
(G, P) has the following properties
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1. Leta = szF Y, VoV, € span(Ay) where F is a finite subset of P and~y, € C

for all p € F. Then ||a|| = max {| Yopes Tl 15 € i(F)}, where i(F) is the
set of initial segments of F'.

2. The set By is linearly independent with span(By ) dense in C*(V).

3. For each finite subset F© C P and S € i(F) there is a nonzero projection
Qr,s € span(Ay) such that for all p,q € F

N ifp=q€S
QrsVoV; Qr.s ={ Qrs #p=1

otherwise.

4. There is a continuous linear map ®v of C*(V) onto span(Ay) such that
o _ ) VBV, ifp=q
Py (VoVy) = { 0, otherwise.
Recall that:

1. The C*-algebra generated by Ay is commutative and hence any product in
span(Ay) may be rearranged as necessary.

2. For a quasi-lattice ordered group (G, P) and a finite subset F' of P. A subset
I of F is an initial segment if and only if whenever z,y € F, x <y and y € I
imply that x € I.

Proof:

1. For each initial segment S C F', define

Xs={pe F\S:pand VS have cub. in P}

and
b :{xaﬂqg if Xg = ¢;
s WsVis [ exs (1 =VpV,)  othewise.
Now if Xg = ¢ then VJ¢PsW, s =1 and hence Ps # 0. Also if Xg # ¢ then
Ps # 0 by Lemma 2.3 since S € i(F) and hence p £ VS for all p € F\ S.
We claim that the set {Ps : .S € i(F)} has the properties:

(a) For each p € F and S € i(F)

Ps ifpe S

VpVp Ps = { 0  otherwise,

(b) For all S, B € i(F),

Ps ifS=B

PpPs = { 0, otherwise,
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(©) Yseir Ps = 1.

To prove the above claims, notice that if p € S, then p vV .S = V.S so by the
covariance condition

va;a*PS = VPVS‘/;J*\/S H (1 - ‘/;va*) = Ps.
pEXs

Moreover, V,, V. Ps # 0 implies p € S. To see this, notice that for
VpVy VusWVos

to be nonzero, p must share a common upper bound with S. In which case,
Vp V) Ps contains the factor Vp‘/;*(l —VpVy)=0unless p< S,sop € S.

Next consider S,B € i(F). If S = B then PgPp = Pg by Lemma 2.3.
However, if S # B then by the covariance condition there is some z € (S'\
B)U(B\ S) and so PsPp contains a factor

VVSV\;‘S(I - VZ‘Q*)VVBVJBVSvang - VSVszVS*vaB'

But SVzVv B=S5VB,so PsPg=0.
Also,

1= H(\@Vp* +(1-1V,V))

peEF

=> 11w 11 a-vv)
SCF peS pEF\S

= > WsWs [[ =%V
Sei(F) pEF\S

= Z Ps.
Sei(F)

The second last equality follows by the covariance condition, since

H VoV — WsV)g if S has an upper bound in P
Pp 10 otherwise

pES

and moreover if S has an upper bound but S ¢ i(F) then there is some
p € '\ S such that p < VS, and hence Vi sVg(1 — V, V") = 0, again by
the covariance condition. The last equality follows since if p € F'\ S has no
common upper bound with S then Vi,V ¢(1 — V;)V;)*) = 1, by the covariance
condition. Notice that if S = ¢ the [[ cgV,V," = 1 and if S = F then

peES 'P
HpeF\s(1 -V =1
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Thus by claims three and one,

a = Z’vap‘/p*( Z PS)

pEF S€i(F)

Z Z ’)’prVp*Ps

Sei(F) peF

> O 7,)Ps.

Se€i(F) peS

Now, for each B € i(F),

(a= (> 7,))Ps =aPg— (Y 7,)Ps =0

peES peES

by claim two. Hence 5 € o(a) since Pg # 0.

In fact o(a) = {3 c57p + S € i(F)}. To see this consider A € C such that
A& > esp for all S € i(F). Then by claim three,

a—M= > (> v,-NPs

Sei(F) peS
But this has inverse
> QNP
Sei(F) peS

by claims two and three. Thus A ¢ o(a), and hence o(a) = {>_ 57, : S €
i(F)}. Since span(Ay ) is commutative, then by [8, Theorem 1.3.6], we have

lall = r(a) = max{| Y ~,|: S € i(F)}.

pES

2. Notice that span(By ) is dense in C*(V') since products of the form

Vo Vi Vi Vi Vi, Vi

P17q1 "P27qz2"

can be reduced to the form V,V® for some p,q € P using the covariance
condition.

The proof of linear independence is by contradiction. Suppose that

a= Z VooV =0

p,qEF

where F is a finite subset of P and {, ,} C C are not all zero. Then the set

{¢€ F:v,,#0 for some pec F}
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is finite and nonempty, and hence has a minimal element s. Moreover, the
set

{pelF:v,,#0}
is finite and nonempty and hence has a minimal element 7.
Put
= J[ a-vyadpr,= [ @-vV).
{peF:pgr} {acF:qts}

Then for each p € F such that p f r, P1V, contains a factor
(1 - vap*)vp =0

and hence PV}, = 0. Similarly for any ¢ € F' such that ¢ <s, V", = 0. So
now
0= PaP, = > % PV P =7, PV VP,

{peF:p<r,q<s}

We claim that PV, VP> # 0 and thus v, ; = 0 which contradicts the choice
of r and s.

To establish the claim, notice that

‘/T*le‘/ﬁ*PQ‘/S - ]:[(1 - ‘/7"71(17\/7")‘/7"**1(er)) H (1 - %71(qu)‘{9**1(qu))

peES qeB

where
S={p€F:prhavecub. in Pp£r}

and
B ={q€ F:q,shave cub. in P,q £ s}.

Now notice that 7=1(p V r) # e for all p € S, otherwise pVr =7 and p < r.
Similarly, ¢~ 1(q V s) # e for all ¢ € B. Thus

VPV VPV #0
since (A, V) is true and the claim follows.
. Let F be a finite subset of P and S € i(F'). Put
Xs={pe F\S:pand VS have cub. in P}
and
Zs ={z2(VS)V S :z€ S8S™ ! 2(vS),VS have cub. in P}\ {VS}.
Define

0 . WsVg if XgUZg=0¢
£S5 = VsV [lhexsuzs (1= VpV))  otherwise.
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Clearly Qp s € span(Ay).

Now if XgU Zg = ¢ then VJsQrsVvs =1 and hence Qr s # 0. Also note
that p £ VS for all p € F'\ S since S is an initial segment of F. Moreover,
forpe Zg,pv S =p<£VS. Hence Qr,s # 0 by Lemma 2.3.

Now notice that if p = q € 5, V,V; WsVis = WsV]g by the covariance
condition and hence Qr sVpV ' Qrs = QrsQrs = Qrs. We claim that for
P,qEL, QrsVypViQrs # 0 implies that p = ¢ € S. To see this, notice first
that p € S, otherwise Qr sV}, contains a factor (1 — V, V")V, = 0. Hence,
VisVo = Vivs)-1ovs) Vo1 ovs) = Voi(vs)
by the covariance condition and since p < V.S for all p € S. Similarly ¢ € S
and VWs = Vy-1(vs). But then Qr sV, V' Qp s contains the factor
V\;kSVpV:]*VVS = Vp*—l(vs)v:fl(\/s)'

Again by the covariance condition, p~1(V.S) and ¢~ (VS) must have a com-
mon upper bound in P. it follows that
VWsVisVoVaiWsVis = Vop-1(vsyva—1(ve) Valp-1 (vS)va—1 (vS)]

by the covariance condition. Now by Lemma 1.2

Pl (VS) Vg (VS) = pg T (VS) v S
and similarly

alp (VS) Vg (VS)] = apT ! (VS) V 8.
Hence

WsVisVpVyWsVis = VawsyvsVomiusyvs

where z = pg~t. So 2(VS) V S € Zg otherwise Qr.sVpV, QF,s contains the
factor

(1= Vaws)vsVivsyvs) Vavsyvs = 0.
Hence 2(VS)VS = VS and 2(V.S) < VS. Similarly, z—1(v.S) < VS. But then
VS < z(VS), so 2(VS) = VS and z = e, giving p = ¢ € S, as required.

. By part (2), By is linearly independent. Define @y to be the linear extension

to span(By ) of the map

. VoV, iftp=gq
VpVy = { 0, otherwise.
Then ®y is norm reducing. To see this, let a = > paer Vp.qaVoVe € span(By),
for some finite subset /' C P and complex numbers v, ,. Since i(F) is finite,
there is S € i(F) such that [} 7, | is a maximum. By (1),

v (@) = > Yool

peES
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By (3) there is a non-zero projection @ such that
QaQ =] 7,[Q = [2v(@)]Q.
peF

Now ||Q|| = 1 since

IRII° =llQ=Qll = o] = QI
and @ # 0. Then

1@y (o) = 1@y ()] |1QI = [Qa@] < llall IQII* = lall-

Thus ®y is contractive and has a continuous linear extension ®y : C* (V) —
span(Ay ) with the required property.

Remark 2.5.

1. Notice that the items (1) and (2) in Proposition 2.4 each imply that (A, V)
1§ a true representation.

2. Notice also that (1) of Proposition 2.4 demonstrates that the norm of an
element of the algebra span(Ay ) depends only on the coefficients of the set
Ay, and not on the choice of true representation. In fact, this is also true
on span(Ay ) by the continuity of the norm.

The next lemma shows that there is a strong similarity between any two true
representations of a quasi-lattice ordered group.

Lemma 2.6. Let (A,U) and (B,V) be covariant representations of the quasi-
lattice ordered group (G, P). If (A,U) is true then there is a x-homomorphism
@ : span(By) — span(By) such that ®(UpUy) =V, V' for all p,q € P. Moreover,

if (B, V) is true then ® is a x-isomorphism.

Proof: By Proposition 2.4 (2), By is linearly independent, so the linear extension
® of the map
UpUy = VpV

for each p,q € P is well defined. Then ® is a s*-homomorphism, since for all
p,q,7, s € P such that ¢,r have a common upper bound,

(i)(UpU;UTUs*) = (i)(UpUqfl(q\/r) :fl(q\/r)Us*)

= %qfl(qw)vsjfl(q\/r)
= ®(U,U;)®(U,UY)
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by the covariance condition. However if ¢, have no common upper bound then
Q(UULUUL) = 2(0) =0 =V, V,V, Vi
by the covariance condition. Also,
[DUU)) = [V, T = VoV = &([U,U;]").

These properties extend to span(By) by the linearity of the map.
Now, suppose (B, V) is true and ®(a) = 0 for some

a= Z Yp,qUpUy € span(By)
p,qEF

where F' is a finite subset of P and v,, , € C for each p,q € F. Then

Z 'ypququ* = é(a) =0,

p,qEF

so by Proposition 2.4(2) v, , = 0 for all p,q € F. Hence a = 0 and d is injective.
It is clear that & is surjective and the result follows. O

Thus the algebraic structure of span(By ) is essentially the same irrespective of
the choice of a true representation (A, V). It may be that for certain quasi-lattice
ordered groups there is only one way to complete this algebra as a C*-algebra and
then all true representations must be the same. It turns out that this happens
if and only if (G, P) is amenable. Amenability will be discussed in the next sec-
tion. However, let us point out here that amenability is in some sense a topological
restriction on the algebra span(By ) generated by a true representation (A, V).
Amenability can be regarded as the requirement that all norms on this algebra
with the essential C*-algebra properties are equivalent.

3. The universal covariant representation and amenability

In this section we give two of the main results in this paper. We will follow
the two stage strategy outlined in the introduction to show Laca and Raeburn’s
Theorem. First, we construct a universal covariant representation for a given quasi-
lattice ordered group (G, P) and show that it is unique. Then we discuss amenabil-
ity and its relationship to true representations.

Definition 3.1. A wuniversal covariant representation (A,U) of the quasi-lattice
ordered group (G, P) is a covariant representation such that if (B,V) is any other
covariant representation of (G, P), there is a unique x-homomorphism ¢ : C*(U) —

C*(V') such that ¢(U,) =V, for all p € P.

Theorem 3.2. Let (G, P) be a quasi-lattice ordered group. Then there is a uni-
versal covariant representation (A,U) of (G, P).



C*-ALGEBRAS GENERATED BY ISOMETRIES 229

Proof: Let {(B(Hy),V) : V € A} be the set of covariant representations of
(G, P) on closed subspaces {Hy }yea of the Hilbert space £2(P). Define A =
B(@ycp Hy) and U : P — A by U, = @y, Vp for each p € P. We claim that
(B(@Byep Hyv),U) is a covariant representation of (G, P). To see this, first notice
that,

Ue:@‘/e:@lHV:1

VeA VeA

Also,

UpUq:@%@%:@Vp%:@%q:Um

VeA VeA VeA VeA

for all p,q € P. Finally, if p,q € P have a common upper bound in P, then by the
covariance condition

UpUs= PV, D Va= DV, Va= D Virova Va1 ova)

VeA VeA VeA VeA

= Up*l(pvq) Uq*l(p\/tZ)‘

However if p, ¢ have no common upper bound, then by the covariance condition
we have UsU; = @y ep VyVy = 0. Thus (A,U) is a covariant representation as
required.

In fact, (A,U) is true. To see this observe that T € A, where (B(¢2(P)),T)
is the Toeplitz representation of (G, P). Hence if F' is a finite subset of P\ {e}
then [[ (1 — UpUy) # 0, since otherwise [[ (1 — T,7;) = 0 for the true
representation (B(¢*(P)),T). By Proposition 2.4, By = {U,U; : p,q € P} is
linearly independent with span dense in C*(G, P).

Let (B, W) be a covariant representation of (G, P). Recall from Lemma 2.6 that
there is a *-homomorphism ¢ : span(By) — C*(W) such that ¢(U, Uy) = W,Wy
for all p,q € P. It remains to show that (;5 extends to a x-homomorphism on C*(U).
It will be sufficient to show that the map is norm-reducing on span(By).

Let a =3 crp, qU U, € span(By) for some finite /' C P and v, , € C.
Observe that span(By ) is a #-algebra with dimension equal to that of the H11bert
space /2(P) and hence

lo(a)]l < sup{lipa)ll : p € 2}

where () is the set of *-homomorphisms taking span(By ) into the bounded opera-
tors on a closed subspace of £2(P). Now, since each p € Q is a *-homomorphism,
poU is a covariant representation of (G, P) on a closed subspace of the Hilbert
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space (2(P). That is po U € A for all p € . So now,

I6(a)ll < sup{llp( Y 7, UpUpl  p € 2}

p,qEF

=sup{[ Y v 4(poU)p(poU);ll:peQ}
p,qEF

<sup{ll Y v VoVill: V €A}

p,qEF

=1 D> 1Y%Vl

VEA p,qeF
= H Z ’Yp,qUPU;H
p,qEF

= lall.
Hence &5 has a unique continuous extension
b1 C*(U) — C*(W). (3.1)

That ¢ is a x-homomorphism follows from its continuity. Any other x-homomor-
phism taking U, to W), for all p € P must also be continuous, and hence agree with
¢ on all of C*(G, P). O

Remark 3.3. In fact, any other universal covariant representation (/1, U) of the
quasi-lattice ordered group (G, P) is essentially the same as (C*(U),U) in the fol-
lowing sense. There are x-homomorphisms ¢ : C*(U) — C*(U) and ¢ : C*(U) —
C*(U) such that

for all p,q € P. Then
Po ¢(UPU;) = Q/J(Up ;) = UPU;‘

By the linearity and continuity of v and ¢, ¥ o ¢(a) = a for all a € C*(U).
Similarly, ¢ o p(a’) = a' for all a' € C*(U), so ¢ and 1 are inverses. Moreover,
since ¢ and 1 are contractive, C*(U) and C’*(U) are isometrically isomorphic.
Therefore, (C*(U),U) will be referred to as the universal covariant representation

and C*(U) will be given the symbol C*(G, P).
Definition 3.4. A quasi-lattice ordered group (G, P) is a amenable if
Oy C*(G,P) = C*(V)

is faithful on positive elements, in the sense that if a € C*(G, P) then ®y(a*a) =0
implies a = 0.
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We now give a technical Lemma that will be required for our next main Theorem

in this section.
Lemma 3.5. Let (G, P) be a quasi-lattice ordered group. If (A,V) is a covari-

ant representation of (G, P) and ¢ : C*(G, P) — C*(V) is the x-homomorphism
supplied by Theorem 3.2 in Equation 3.1, then

@VO(b:d)O(I)U

where ® is the homomorphism in Proposition 2.J.

Proof: The maps @y o ¢ and ¢ o Py operate on U,U; in the following manner:

(@v 0 9)(UpUy) = @v (Vp V)

_ Vpr*, ifp=gq
] o0, otherwise

and

(60 20)UU;) = {j;EOU 5. ip=g

), otherwise
VoV, ifp=gq
0, otherwise

and thus (®y 0 @) (U,Uy) = (¢o®y)(UpU,). These maps are linear and continuous,
by Theorem 3.2 and Proposition 2.4(4), this equality extends to C*(G, P). O

Theorem 3.6. The C*-algebra generated by a true representation of an amenable
quasi-lattice ordered group (G, P) is canonically isomorphic to the C*-algebra gen-
erated by the universal covariant representation.

Proof: Let V be a true representation of (G, P), and ¢ : C*(G, P) — C*(V) be
the x-homomorphism in Equation 3.1. Suppose that ¢(a) = 0 for some a € C*(V).
By Remark 2.5(2),

[®u(a”a)ll = [|(¢ 0 Pr)(a”a)
since @y (a*a) € span(Ay). Thus by Lemma 3.5,
[Pu(aa)|| = [[(®v o ¢)(a*a)|| = 0.

Hence a = 0 by hypothesis. By [8, Theorem 3.1.5], ¢ is an isometric *-isomorphism.
O
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