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Some Properties of a Class of Analytic Functions Involving a New
Generalized Differential Operator

A.A. Amourah and Feras Yousef

ABSTRACT: In the present paper, we introduce a new generalized differential op-
erator DIy _(a, B) defined on the open unit disc U = {z € C:|z| <1}. A novel

1,0 (@ B) is also introduced.

Coefficient estimates, growth and distortion theorems, closure theorems, and class
preserving integral operators for functions in the class Q, (5, A\, «, 8, b) are discussed.
Furthermore, sufficient conditions for close-to-convexity, starlikeness, and convexity
for functions in the class 3, (J, A, o, 8, b) are obtained.

subclass Q7 (d, A, a, 8,b) by means of the operator D

Key Words: Analytic functions, Close-to-convex functions, Differential op
ator, Integral operator.

Contents
1 Introduction
2 Coefficient Inequalities
3 Growth and Distortion Theorems
4 Closure Theorems
5 Integral Operators
6 Close-to-Convexity, Starlikeness and Convexity

1. Introduction

Let A denote the class of functions of the form:

f(z) =Z+Zanz”, (1
n=2

er-

33
35
36
37
39

40

1)

which are analytic and normalized in the open unit disc U = {z € C: |z| < 1}. For

functions f in A, we define the following new generalized differential operator
follows:

D,LOL,/\,a(aaﬁ)f(z) = f(z)a
Dhnata () = (AT py oy (P20 g
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and
Dty o (@, ) f(2) = Do, B)(D}5 5 (s ) f(2)), (1.2)

where a,0 > 0, B, A\, u > 0, A\ # o and m € N.
If f is given by (1.1), then from (1.2) we see that

:Lri)\,a(

pEX+(n-1DA-a)B-0)]"
+Z{ P anz", (m € Np).

(1.3)

We observe that the generalized differential operator D}y («,3) reduces to

several interesting many other differential operators considered earlier for different
choices of u, \,o,« and 3:

() DYy a (@B (2) = 2 55 1 (1= 13— )(6 = 0)]" n" was intro-
duced and studied by Ramadan and Darus [8];

(i) DYty yo(@:8)(2) = 2+ 35 [+ (0= DA = a)]" " was introduced
and studied by Darus and Ibrahlm [7];

(iti) Dy (0, 1)f(2) = z + Z [ ;:;/\ } anz™ was introduced and studied by
Swamy [10];

(iv) DT 5 500, 1) f(2) = 2+ io: 1+ (n —1)A]"™ a,2™ was introduced and stud-
ied by Al-Oboudi [2]; "

(v) Dgy (0, 1) f(2) = 2 + i n"ay,z" was introduced and studied by Sélagean
9] }

With the aid of the differential operator D}y (a, 8) we define the class

Qm(éa A? a? ﬂ? b)

as follows:
A function f in A is said to be in the class Q,,(d, A, o, 8,b) if it satisfies the
condition:

Re{1+%[(15)w+5( ma(a,ﬂ)f(z>>’1]}>o. (1.4)

Or, equivalently:

’

(1 §) Zee@DIE 4 5(pm (0, 5)f(2)) — 1
(1 — ) Zirel DO 4 5pm (a,8)f(2)) —1+2b

<1, (1.5)

where z € U, § > 0, m € Ny and b€ C — {0}.
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Let A* denote the subclass of A consisting of functions of the form:
f(z)=2— Zanz”, an > 0. (1.6)
n=2

Further, we shall define the class Q¥ (4, A, «, 8, ) by:

QO (6, N, a, 8,0) = Q. (6, A, o, B,0) N A*. (1.7)

In our present paper, we obtain some interesting properties for functions in
the class % (0, A\, o, 5,b). We employ techniques similar to these used earlier by
Al-Hawary et al. [1], Darus and Faisal [6], and Amourah et al. [3,4,5,11].

2. Coefficient Inequalities

In this section we find the coefficient estimates for the functions in the class
OF (6, A\, a, §,b). Our main characterization theorem for this function class is stated
as Theorem 2.1 below.

Theorem 2.1. A function f € A given by (1.1) is in the class QF, (0, \, o, 8,b) if
and only if

Z[1+5<n1)][““+("u1)+(§°‘)(ﬂ”) <, (@)

where a,0 >0, B, A\, 10> 0, A # a and m € Ny.

Proof: By definition, f € QF (3, A, «, 8,b) if and only if the condition (1.5) is
satisfied.

Suppose that f € QF (0, «, 5,b), then for z € U we have

Dol B)f(2)
z

‘(1 =9 (DI o B)F(2)) — 1‘

D'y o, B)f(2)

~[0- 9=t B RE s ) 12| =
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YRR U) [ERESUEEE L) S

2% — 3 [1+6(n—1)] {“ At (n _ﬁ(i_ ol G U)} a2

R B ] IF Y E B

+Z [1+d(n—1)] {”+>‘+ (n Ml_)‘_(ia)(ﬂU)} a, }anl}

<3 [1+6(n-1)] {““* (n Mll(io‘)(ﬂ")} an — [b] < 0.

This implies

Z[1+5(n_1)] {,u—l—)\—l—(n—l)()\—a)(ﬁ—a)} an < [b].

A+ A

n=2

Conversely, suppose the inequality (2.1) is satisfied then

D «, z m ’
(1 — §)22el0BIE 4 5pm. (o, B)f(2)) ~ 1
(1 6) 22 @DIE) | 5(pm (a,8)f(2)) =1 +2b

< 1.

This completes the proof of Theorem 2.1. O
Corollary 2.2. If f € Q (5, A\, o, 8, 1) is given by (1.1), then

b
/\| | /\ ., N> 2.
[1+06(n—1)] [#Jr +(n=1)(A=a)(B—0)

ap <

[
3. Growth and Distortion Theorems
A growth and distortion property for function f to be in the class
O (6, N a,,b)
is contained in the following theorem.

Theorem 3.1. If the function f defined by (1.6) is in the class Q0% (0,\, «, 5,b),

then for |z| = r < 1, we have

b b
" +Al<|x g S W@+ +Al<|x =
Iz — —0 I — —0
[1+5][ ey } [1+6][ pES) }
and
2 , 2

— T
+A+(A—a)(B—0) +A+(A—a)(B—0)
19 [0l 1+0)[222202510)



SOME PROPERTIES OF A CLASS OF ANALYTIC FUNCTIONS ... 37

Proof: Since f € Q% (4, A\, «, 8,b), from Theorem 2.1 readily yields the inequality

14
nz;an < - |:M+)\+(i\t:ri)(5—0'):|m' (3.1)

Thus, for |z| = r < 1, and making use of (3.1) we have

- .- [ 5

FEI< 21+ anlz" [ <r+12) an <r+ _r
FA+(A—a)(B—0)
e e [1+9] {“T}

and
bl

> E w2 > —r? E n > — | -

If(2)| > |z| = an [2"[ > 7 =7 an =T [+ 0] {u+)\+()\fa)(ﬁfa):|
TR

Also from Theorem 2.1, it follows that

[1 + 5] |:M+A+()\—Ot)(ﬂ—o')

m
pAA } -
2 Z nan <
n=2

Z[1+5(n—1)] {u+)\+(n1)()\a)(ﬂa)} an < [b].

n=2 M+)\
Hence
, > = 20|
‘f(z)‘§1+Znan|z"|§1+r2nan§1+ i
p+A+(A—a)(B—0)
;) n=2 [1+9] [T}
and
‘f(z)}Zl—Znan|z"|21—TZnan21— -
ptA+(A—a)(B—0)
n=2 n=2 [1 + 5] |: PR :|
This completes the proof of Theorem 3.1. O
4. Closure Theorems
Let the functions f;(z), j =1,2,---,I, be defined by
Z)=2z— Z an 2", an; >0 (4.1)
n=2

for z € U.
Closure theorems for the class Q7 (9, A, a, 8, b) are given by the following theo-
rems.
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Theorem 4.1. Let the functions f;(z) defined by (4.1) be in the class
Q’Tn(é, >\7 a, /3, b)7
a,0 >0, B, A\ up >0, X\ # a and m € Ny, for every j = 1,2,--- 1. Then the
function G(z) defined by
Z) =z anzna Pn >0 (42)
n=2

is a member of the class 0%, (5, A, a, 8,b), where

I
Z  (n>2).

~I>~

Proof: Since f;(z) € QF, (0, \, o, 8,b), it follows from Theorem 2.1 that

- ptA+m-HA-a)B-0)]"
;1+5 [ ) } an,j < [b]
for every j =1,2,--- 1.
Hence,
c- pAA+(n—DHA—a)(8—0)]"
S i+ | — 2
= At m—1DA—a)B—0)1" 1<
:7122[1—1—6(71—1)]['u ( /LJ)r(A I )} Yj;an’j
1 p+A+n—1)A-a)(8-0) ma ‘
A G
<Ly =
which implies that G(z) € (6, A\, «, 8, b). O

Theorem 4.2. The class QF, (0, A\, a, 8,b) is closed under convex linear combina-
tion, where a0 >0, B, A\, u >0, A #a and m € Ny .

Proof: Suppose that the functions f;(z) (j = 1,2) defined by (4.1) are in the class
Qm (6, A, a, 8,0). Tt is suffices to prove that the function

H(z) = ofi(z) + (1 = @) fa(z) (0<p<1) (4.3)
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is also in the class Q,, (3, A, «, 8, ).
Since, for 0 < ¢ < 1,

H(z)=z+ Y {pani+(1—@)ana}2",

n=2

we observe that

ST+ (0 —1)] {”*AﬂL (”;J)r(ia)(ﬂﬂ)

n=2

| totna+(1- ppana)

o3l - ) [ UEE P,

H- @) 3 1 ot - )| AR DEZ B

n=2

< @bl + (1 —¢)[b] = [b].
Hence H(z) € Q,,(0, A\, v, 3,b). This completes the proof of Theorem 4.2. O

5. Integral Operators
In this section, we consider integral transforms of functions in the class
Q’Tn(éa >\7 «, /85 b)

Theorem 5.1. If the function f defined by (1.6) is in the class Q%, (6, \, o, 8,D),
where a,0 >0, B, A\, u >0, A # a, m € Ng. Then the function F(z) defined by

pxz):fiil/}&ﬂf@yﬁ, (c> 1) (5.1)

ZC
0
also belongs to the class 05, (5, \, «, 8, b).

Proof: From (5.1), it follows that F(z) = z — Y k,2", where k,, = (il) .
n=2

c+n
Therefore
- prA+ (-1 -a)(B—0)]™
;;u+5m1n{ T } ko

§2D+5m/]H[M+A+O%jﬂi_QXﬁ_aqm<in)a

u+)\+(n—1)()‘_a)(ﬁ_a)]man§ 6],

s}:u+an_nﬂ s

since f(z) € Q% (6, A\, a, 3,b). Hence by Theorem 2.1, F(z) € Q¥ (6, \, 0, 8,0). O
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6. Close-to-Convexity, Starlikeness and Convexity

A function f € A is said to be close-to-convex of order 7 if it satisfies

Re{f/(z)} > 1, (6.1)
for some n(0 < n < 1) and for all z € U. Also a function f € A is said to be
starlike of order 7 if it satisfies

2f (2)
Re >, 6.2
{ 8 } (62)

for some (0 < n < 1) and for all z € U. Further, a function f € A is said to be
convex of order 7, if and only if zf (z) is starlike of order ), that is if

2f (2)
Re {1 + e } >, (6.3)

for some n(0 <7 < 1) and for all z € U.

Theorem 6.1. If f € QF (0,\, «, 5,b), then f(z) is close-to-convex of order n in
2| < hi(p,d,b,m), where

J
n—1

(1—=n)[146(n—1) [H+)\+(n—i)£§—a)(ﬁ—g) m
ha(p, 6,b,m) = inf

n n|b|

Proof: It is sufficient to show that

‘f/(z) - 1‘ <Y nag "t <1y (6.4)
and - .
ST +(n—1)] {”* At (n Ml)ﬁ a)(8 ")} an < [b].

n=2

Observe that (6.4) is true if

=1 [1+6(n—1)] {M+/\+(n—1)(/\—a)(ﬂ—a)}m

n|z| IS

l—n — 1d

Solving (6.5) for |z|, we obtain

+A+(n—1)(A—a)(B—0c m
(1) 1 +6(n — 1)) 2=t z0)io0) |
n b

2| <
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Theorem 6.2. If f € QF (0, «, 3,b), then f(z) is starlike of order n in |z| <
hQ(IU”(Saba 77)) where

(1= ) [L+6(n — 1)) [AEE=D0=)G=) |7 70
ho(p,8,b,m) = inf nt
" (n—mn)[b]
Proof: We must show that ij(g) — 1‘ <1 —mnfor |z| < ha(u,8,b,m).
Since N
/ n—1)ap|z|/" "
zf(z)1§n22(oo) |2]
f(Z) 1— Z an |Z|n—1
k=2
n—1 n— pAEAF (=1 (A—a)(B—0c)1™
if (niq)—‘? < [+ 2t 1)) o] e ] , f(2) is starlike of order 7. O

Corollary 6.3. If f € QF (0, )\, «, 8,b), then f(z) is convex of order n in |z|] <
h’3(:u‘755b7 77)5 where

_1
n—1

(1 =) [1+8(n — 1)] [ 2Dl O0)

hs(y,8,b,m) = inf
3(p 1) =in n(n —n)[b|
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