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ABSTRACT: The paper deals with a posteriori error estimates for the generalized
overlapping domain decomposition method with mixed boundary condition the in-
terfaces for parabolic variational equation with Laplace boundary value problems
are proved using theta time scheme combined with Galerkin spatial approximation.
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1. Introduction

The overlapping domain decomposition method can be used to solve stationary
boundary value problems on domains which decomposes of two or more overlapping
subdomains (see [1], [3], [14], [18], [19]). It has been invented by Herman Amandus
Schwarz in 1890. These qualitative problem solution can be approximated by an
infinite sequence of functions which results from solving a sequence of evolutionary
boundary value problems in each of the subdomain. Extensive analysis of Schwarz
alternating method for nonlinear elliptic boundary value problems have been in-
tensively studied the last three decades (see [4]-]7]). In addition, Schwarz methods
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effectiveness for these problems, especially those in fluid mechanics has been given
in many papers. See proceedings of the annual domain decomposition conference
beginning with [5]. Moreover, the a priory estimate for stationary case is given in
several works, see for instance [3] which a weak formulation of the classical Schwarz
method is given. In [7], results geometry convergence are given. Also, in [5], the
convergence for a circular geometries has been archive. These results can be found
in the recent books on domain decomposition methods [8], [9]. In recent work [10],
[11] an improved version of the Schwarz method for highly heterogeneous media
has been given. Quite a few works on uniform norm error analysis of overlapping
nonmatching grids methods for stationary problems are studied in the many works
for example in [9]-[12].

The main propose of this paper, we shall proceed as in [10]. More precisely, we
develop an approach which combines a result of geometrical convergence due to
[6], [17], [18] and a lemma which consists of estimating the error in the uniform
norm between the continuous and discrete Schwarz iterates. The optimal order of
the their convergence is then proved using the standard Galerkin method and an
error estimate on uniform norm for linear elliptic equations [3].

In recent works, in [21] the authors presented the error analysis in the maxi-
mum norm for a class of nonlinear elliptic problems in the context of overlapping
nonmatching grids and they studied the optimal error estimate on uniform norm
between the discrete Schwarz sequence and the exact solution of the partial dif-
ferential equations, and in [22] the authors derived a posteriori error estimates for
GODDM with Direchlet boundary conditions on the interfaces for Laplace bound-
ary value problems, they have proved that the error estimate in the continuous
case depends on the differences of the traces of the subdomain solutions on the
interfaces using Galerkin method.

In this work, we have interested to prove a posteriori error estimates for the
generalized overlapping domain decomposition method (GODDM) for the following
parabolic equation: find u € L? (0,7 Hj () N C? (0,7, H~* (Q)) solution of

0

a—?—Au—i—au:f, in X,

u=0in I'/Ty, (1.1)
g—:; = ¢ in Lo, u(.,0) = ug, in

where X is a set in R? x R defined as ¥ = Q x [0, 7] with T"< +o00 , where  is a
smooth bounded domain of R? with boundary T.
The function o € L> () is assumed to be non-negative verifies

a<p, >0 (1.2)

f is a regular function satisfies

feLl*(0,T,L*())nC (0,7, H ' (Q)).
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The symbol (.,.), stands for the inner product in L? ().

The outline of the paper is as follows: In section 2, we introduce some necessary
notations, then we prove a weak formulation of the presented problem. In section
3, a posteriori error estimate is proposed for the convergence of the discretized
solution using theta time scheme combined with Galerkin method on subdomains.

2. The continuous problem

The problem (1.1) can be reformulated into the following continuous parabolic
variational equation: find u € L? (0,7, Hg (Q2)) solution of

0] +alwn) = (£.0) + (g,

w=0inI'/T,
0
a_z — ¢ in Ty,

u'(z,0) = u} in Q,

where a (.,.) is the bilinear form defined as:
u,v € Hy (Q) : a(u,u) = (Vu, Vu) — (apu,u)

and
ap € L*(0,7,L> ()N C °(0,T,H' (Q))

is sufficiently smooth functions and satisfy the following condition: ag(t,x) > 5 >
0, B is a constant.

Let (.,.)q be the scalar product in L? (€2) and (.,.)p, be the scalar product in
L? (T'g), where 'y is the part of the boundary defined as:

FO:{:c€8Q:FsuchthatV§ >0, :E+§§ZQ}.

In [7], we have treated the overlapping domain decomposition method com-
bined with a finite element approximation for elliptic equation related for Laplace
operator A, where a Sobolev norm analysis of an overlapping Schwarz method
on nonmatching grids has been used, where we proved that the discretization on
every subdomain converges in Soblev norm. Furthermore, a result of asymptotic
behavior in uniform norm has been given.

In this paper, we extend the last work for parabolic equation with mixed bound-
ary conditions where we prove an a posteriori error estimates for the generalized
overlapping domain decomposition method with mixed boundary conditions on the
boundaries for the discrete solutions on subdomains using theta time scheme com-
bined with a finite element spatial approximation, similar to that in [21], which
investigated full elliptic operator with Dirichlet boundary condition.

The outline of the paper is as follows: In section 2, we introduce some neces-
sary notations, definitions and fundamental published propositions in the proposed
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problem then we give the variational formulation of our model. In section 3 and 4,
a posteriori error estimate for both continuous and discrete cases are proposed for
the convergence of the discrete solution using theta time scheme combined with a
finite element method on subdomains.

3. The discrete parabolic equation
3.1. The space discretization

Let © be decomposed into triangles and 7, denotes the set of those elements,
where i > 0 is the mesh size. We assume that the family 7, is regular and
quasi-uniform. We consider the usual basis of affine functions ¢, i = {1,...,m (h)}
defined by ¢; (M;) = ¢;; where M; is a vertex of the considered triangulation. We
introduce the following discrete spaces V}, of finite element

ve (L?(0,T,H§ () NC(0,T,Hj (Q)))
such that vy, |k= P1, k € T,

VP ={ v, (,0) = vno (initial data) in Q, % — ¢ in T, (3.1)
"

vp, =0 1in T\To,

where P; Lagrangian polynomial of degree less than or equal to 1.

We consider 71, be the wusual interpolation operator defined by
m(h)

rRU = z:l v(M;) @, (z).
i=
3.1.1. The discrete maximum principle assumption. We assume the matrices whose
coefficients a (gpi, <pj) are M-matrix. For convenience in all the sequels, C' will be
a generic constant independent on h. [7].
It can be approximated the problem (1.1) by a weakly coupled system of the
following parabolic equation v € H* (Q)

(%’ U)Q ta (u,v) - (fa U)Q + ((,0, ’U)FU . (32)

We discretize in space, i.e., we approach the space Hg by a space discretiza-
tion of finite dimensional V;, C (L* (0,7, H} (2)) N C (0,7, Hg (©2))) , we get the
following semi-discrete system of parabolic equation

0
(%, vh> +a (un,vn) = (f,vn)q + (@;vn)p, - (3.3)
Q

3.2. The time discretization

Now we apply the f-scheme in the semi-discrete approximation (3.3). Thus we
have, for any 6 € [0,1] and k= 1,....p
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(ui — ui_l, vh)Q + (At)a (ui’k, vh) =

(3.4)
(At) |:(f11 07k; ’Uh)Q + (goiﬁeﬁkvvh)ro} ’
where
ui’k =6uf +(1-0) uffl
foF =0+ 1—0) 5t (3.5)
and
o Ok =0k + (1-19) k1 (3.6)
k1
By multiplying and dividing by 6 and by adding ﬁ, vp — ui’k to both
parties of the inequalities (3.4), we get
uy 0.k ok Un
ont " QJ““(“h o) = (7 T (3.7)

+ ((JDGJCa/Uh)FU ) Vip € Vi

Then, the problem (3.7) can be reformulated into the following coercive discrete
system of elliptic quasi-variational inequalities

b (ui’k,vh) = (fz L Muf;l,vh)g + (gpe’k,vh)ro , Un, ui’k € W, (3.8)
where

i [ i,0,k _ 1,0,k 1,0,k ;
b (uh ,vh) *M(Uh ,vh)QJra(uh ,vh), vp € VY,
1 P

h= AL T T

3.3. The space continuous for the generalized Schwarz method

We split the domain € into two overlapping subdomains 2, and €2, such that
2Ny = e, 002;,NQ, =T, s #t and s,t = 1,2. We need the spaces
1
Ve = H(Q) N H' () = {ve H(Q): vag,no0 =0} and W, = HF(Ty) =
{vr,, v€ Vs andv=0o0n 9N\Is},
which is a subspace of H= (') = {p e L2Ty):p=¢p forpeV,, s=1,2},

with its norm [[glly, = inf ol g
stV— s

We define the continuous counterparts of the continuous Schwarz sequences de-
fined in (3.9), respectively by u’f’mH € H (Q), m=0,1,2,....,i = 1,..., M solution
of
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1
c (u?,k,m+ ’U) _

0. k—
(FO (ul,k 1,m+1) ’v)g + (0, 0)p, »
1

(3.10)
ui),k,mﬂ =0, on 9 NON =80 — Iy,
Hulkm+1 ougrm
uy gttt =22 P on Ty
on, 5771

where 7, is the exterior normal to Q5 and «ay is a real parameter, s = 1, 2.

In the next section, our main interest is to obtain an a posteriori error estimate,
we need for stopping the iterative process as soon as the required global precision
is reached. Namely, by applying Green formula in Laplace operator with the new
boundary conditions of generalized Schwarz alternating method, we get

() = (Vult Y )

931

<au?,k,m+l ) N <au?,k,m+l )
I - | — K5 U1

0 0

T 90, T Uit .

0,k,m+1
(V 0,k,m+1 V(vl)) B Ouy o
) o 67’]1 ) -
1

thus we can deduce

(*AU?’k’erl, Ul) (v O,k,erl7 V’Ul)
(921

Q

1

Q1

1 1
au‘i,k,mﬁ- au‘i7k7m+
|\ T ! + —on "
s s
0 —T'y Iy

0.k Ouy ™™ ol 0.k 0,k
1 1
Vuy mt ) — 4 g uy" — aquy L
I'y
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thus the problem 3.10 equivalent to; find u?’k’mﬂ € Vi such that

c(uf T u) 4 (alu‘f’k’m,vl)
1
= (Fe(u(i,k—LmH),Ul)Q + (gﬁ,v)ro
1

aue,k,’n’k‘rl ok
= 4 aug ™ vy Vo, €'V
I,

Iy

(3.11)

1
and we have ug’k’er eV,

0,k,m+1 0,k,m+1
c(ug ,U2) + <a2u2 ,vg)F
2

(F(ug,kq,mﬂ)7 ’02) + (¢, v)p,

Qo

1
auf’k’% 0,k,m
—— + auy , U .
T2

(3.12)

Oy

4. A posteriori error estimate in continuous case

We define these auxiliary problems by of (3.10) with another problem in a
nonoverlapping way over ). These auxiliary problems are needed for analysis and
not for the computation section.

To define these auxiliary problems we need to split the domain € into two sets
of disjoint subdomains : (21,Q3) and (2, Q4) such that

ngluﬂg, WitthﬂQ3:® Q:QQUQ4,anngﬂQ4:®.

Let (ul™, uf™) be the solution of problems (3.10), we define the couple
(ubm, ugm) over (£21,€3) to be the solution of the following nonoverlapping prob-

lems

k,m—+1 k—1m+1
u —Uu — .
1 1 _A u0,k,m+1 + alguﬁ,k,erl - F 9 ue,k 1,m+1 in Ql
ﬁt 1 1 1 ’

w00 on 90, NOQ, k=1,...,n,

0,k 1 0,k 1
auf ,m—+ au27 ,m+ .
= ——— 4+ ajuy , only

uiﬁ,k,m
1
I,

—+ «

oy



118 S. BourLaAras, K. HABITA AND M. HAIOUR

and

uk,m-{-l uk—l,m-{-l
3 - Ug 0,k,m+1 k O.km+1l _ -0 0,k—1,m+1Y) .
A7 — A ug + agug =F"(ug in Qg,

ug’k’mﬂ =0, on 003NN,

0.k 1 0,k 1
ou? ;M ok ou? ;m+
3 sk,m _ 1

+ a3g onl'y =

s I

0,k
+ aguy™™, on I'y.

(4.2)

1 1 .
O.km ug’k’m+ — ug’k’m+ on I'y, the difference between

It can be taken e

the overlapping and the nonoverlapping solutions ug’k’mﬂ and ug’k’mH of the
problem (3.10) and (resp.,(4.1) and (4.2)) in 3. Because both overlapping and the
nonoverlapping problems converge see [21] that is, ug’k’mH and ug’k’mH tend to

ug’k (resp. ug’k), then ef’k’m should tend to naught when m tends to infinity in V5
By taking
aue,k,m aue,k,m
lg,m — 2 +a ug,k,m, Allv,m — 1 + OégU?’k’m,
on g
aue, ,m 0 aee,k,m 0
’,Of’m =23 4 alug’k’m + 2 + oy el km (4.3)
o om
aue,k,m 0k
A]f’m _ 1 + aqud B
s

Using Green formula, (4.1) and (4.2) can be reformulated to the following sys-
tem of elliptic variational equations

c(u?,k,erl’vl) T (Oélu(f’k’m,vl)r
1
= (FG(uf,kfl,erl), ’Ul)Q + ((,0, ’U)FO (44)
1
+ (Ag’m,’ul)r Vo, €'V
1

and
C(ug,k,erl,vB) 4 (agug,k,erl’vg)
1
= (Fe(ug’kfl’erl),vg)m + (0, v)p, (4.5)
+ (A]f’m,vg — u’ge’k’erl)F , Vg € Vs.
1

On the other hand by taking

aeﬁ,k,m
k, 0.k,
oy = —+ +are™™, (4.6)

oy
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we get
6,k,m 0,k,m 0,k,m
o ™ — ok
AGkm _ QU5 ek (uy 3 )+a1(u§”“m—u§”“m)
on, om
60,k,m k,m
au w 0.k 66 ’ k
=3 +oquy "+ S 4 age)™ (4.7)
e Iy
aue,k‘,m 9 k- k-
— 3 + a1u37 ,m _"_9177”.
o
Using (4.6) we have
k,m+1 Auy 0,k kym+1
A3,m+ _ 3 T ug7 U +917m+
o,
dugy™™ 0,k km+1
= 83 +aquy”" + 0 mt
n
3 b 0,k,m (4 8)
o uG,k,m Uq o u@,k,m
— “343 - - a3t
o . el
+041’U,3’ M +91,m+
0.k, k, k,m+1
= (o + ag)uy ™™ — AP gt

and the last equation in (4.8), we have

9 0,k,m P 6,k,m

k,m+1 Uq 0,k,m 0,k,m Ug 0,k,m

A7 =— + asuy = o u - — iyt 4.9
o o ok b O (4.9)

asuy’ LT aguy’ = (o + ag)uy’ e A3’m + 93’m+ .

Lemma 4.1. Let uf = uf, efkmtl = yfkm+l gk gnd phmtl = Akm+l _ Ak
Then for s,t =1,3,s # t, we have

Cu(E0EmIL g, — DR | ( ekmt y,  himi)

I's
_ (n?m,vs _ ei,k,erl)F Yo, €V, (4.10)
and
(nf’mﬂ, W)FS = ((os + at)ef”"“,vs)rs - (n,’f””,w)r + (9?”"“, ¢) ™ NV € V.
(4.11)
Proof. The proof is very similar to that in [7]. O

Lemma 4.2. By letting C' be a generic constant which has different values at
different places, we get for s,t =1,3,s #t

(=t = aeb ™ w) . < Ol ™| o Twlly, (4.12)
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and

(asws 4l ef’erl) <O [k o Hlwlly, (4.13)

Iy

where C' is a constant independent ofh and k.

Proof. The proof is very similar to that in [7]. O

Proposition 4.3. [7] For the sequences (u™™ " w81, | v solutions of (4.1)
and (4.2) we have the following a posteriori error estimation

0.km+1
Hul, mtl ok

1
k n Hug,k,w b

1
o <l ],
Wy

H1,91 Hs,Qg

where C' is a constant independent ofh and k.

Proposition 4.4.  For the sequences (ug’k’m+1,ui’k’m+l)mel\g. We get the the
similar following a posteriori error estimation

0.k,m+1 i,0.k
Uy — Uy 4

n Hug,k,m-i-l _ ok <C Hug,k,m-i-l B ui,k,m-{-lH _
Wa
(4.14)

2,0, H4,Q4

where C' is a constant independent of h and k.

Proof. The proof is very similar to proof of Proposition 2 which proved in our
published paper on [7]. O

Theorem 4.5. [7] Let ul* = ug’f, s =1,2. For the sequences (u?F™+t y§+m+1)
with m € N solutions of problems (3.11) and (3.12), one have the following result

0,k,m+1 0.k 0,k,m 0,k
ot =] g, + e =], <
1,(21 21(22
0,k 1 0,k 0,k - 0,k 1
C (Hul, mAL mH n Hu1 g Skt H 4
W1 WZ
k, k,m41
et +
W1 2

where C' is a constant independent of h and k.
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5. A Posteriori Error Estimate: Discrete Case

Let 2 be decomposed into triangles and 75 denote the set of all those elements
h > 0 is the mesh size. We assume that the family 74, is regular and quasi-uniform.
We consider the usual basis of affine functions ¢, s = {1,...,m(h)} defined by
¢, (Mj) = 045, where M is a vertex of the considered triangulation.

In the first step, we approach the space Hg by a suitable discretization space
of finite dimensional V*  H{}. In a second step, we discretize the problem with
respect to time using the semi-implicit scheme. Therefore, we search a sequence
of elements uZ’n € V" which approaches uy, (tn,.), t, = nAt, k = 1,...,n, with
initial data u = ugp.

Let uZ’k’mH € V" be the solution of the discrete problem associated with

0,kom+1 _ 0,k;m+1
(3.10), ugy =w,g.
1 1 .
We construct the sequences (uz’Z’er )meN,u§:Z’m+ € VI (s = 1,2) solutions

of discrete problems associated with (4.4).

We define the discrete space K}, is a suitable set given by

un € (L2 (0,7, Hg () N C (0, T, Hg (2))

Kn = . dup, . .
up,=0inT, — = ¢ in Ty, up =0 in I'\Ty,
on
m(h)
where 7y, is the usual interpolation operator defined by r,v = > v (M;) ¢, ().
i=1

In similar manner to that of the previous section, we introduce two auxil-
iary problems, we define for (21,{3) the following full-discrete problems: find

1 .
uf’i’m"r € K, solution of

0,k,m+1 ~ 0,k,m+1 ~
c(uy, ™ 0n) + (Oél,hul,h ﬂh,h)r ,
1

)

0. k—1,m+1y ~
> (Fe(u1 5 m ),Ul,h)ﬂ + (90,”)1“0’
1

(5.1)
0,k,m+1 -
ul:h1m+ =0, on 992 NN, U1,n € Kp,
0,k,m+1 ,0,k,m
3U1,h 0.k,m+1 a%,h 0.k,m [T
—5—— tauy, = ——— F+aquy,’ , only — Ly,

oy

by taking the trial function 0y = vy — u1 h in (5.1), we get
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0,k,m+1 0,k,m+1
c(uy’y, ,V1R) + (Oél,hul,h ;Ul,h)r
1

Q1
?’ mtl 0 on 891 N 89, VU1,h € Kh, (52)

)

S

_ (F(uf k—l,m-i—l), ’Ul,h) + (s v1,n)p, »
k
h

Similarly, we get

,0,k,m+1 ,0,k,m+1
cuzy, ™ vin) + (as,hus,h ,vm)r
1

= (Fe(uﬁ’::—l,m-i-l)’vl,h)g + ((p, ’UL}L)FO s (5 3)
s .
uy ™ =0, on 903N 0L,
e,k, +1 0.k,
Oug), ™ 0.k,m+1 _ Quy ™™

0.k,
+ azug’y, + azuy ™ onTy —Ty.

8773 ong

For (22,84), are similar in (5.2) and (5.3).

Theorem 5.1. [10]The solution of the system of parabolic equations (5.2) and
(5.3) is the mazimum element the set of discrete subsolutions.

We can obtain the discrete counterparts of propositions 1 and 2 by doing al-
most the same analysis as in section above (i.e., passing from continuous spaces to
discrete subspaces and from continuous sequences to discrete ones). Therefore,

0,k,m+1 0,k H H 0,k,m+1 0,k H 0,km+1 0,k;m
u —u + ||u —u < Cllu — 5.4
H 1,h Lhlly o, 3,h Bhfly g, S 1,h 30 ||y, (5.4)
and
0,k,m+1 0,k 0,k,m+1 0.k 0,k,m+1 0,k,m
H“z,h _uz,hH + H Uy p _“4,hH < CH“z,h —Uyp H - (5.5)
1,0 1,04 Wa

Similar to that in the proof of Theorem 2 we get the following discrete estimates

0,k,m+1 0.k 0,k,m 0.k
uy’y T UL, o, |2 T Y2 <
1,0
1
Hue,k,m _ueka _'_Hugzm u?,/;;,m
, Wo
k+1 k+1
ekt ek,
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. . . . . 1
Next we will obtain an error estimate between the approximated solution ug’],i’er

and the semi discrete solution in time u®?*. We introduce some necessary nota-
tions. We denote by e, ={F €T :T € 75, and E ¢ 00}

and for every T' € 7, and FE € ¢, we define as wyr = {T" € 7, : T'NT # &},
andwg ={T" €7, :T"NE #2}.

The right hand side f is not necessarily continuous function across two neigh-
boring elements of 7, having E as a common side, [f] denotes the jump of f across
E and np the normal vector of E.

We have the following theorem which gives an a posteriori error estimate for
the discrete GODDM.

Theorem 5.2. Let u?* = u%* |, where u is the solution of problem (1.1), the
sequences (UG’Z’MJA ug’lz*m) are solutions of the discrete problems (4.4) and
’ meN

(4.5). Then there exists a constant C independent of h such that

6,k,m+1 O,kH H ,0,k,m 0.k H
u —u + ||u —u +
H 1,h Ul 2,h 2 192 E E r,

1=1T€ETy)
where
n. — Hue Jox ui,é,k,*—lH n ‘ AR
Ts h,s h,t Wi i,h Wi
and
—1 1
F ()
ns = b 0,k 0.k
9 7»< A
A Up s — (1 + )‘aho) Uhs o
au97k7*
+> ni| | :
Eeen e 0,E

where C' is a constant independent of h and k and the symbol x is corresponds to
m+ 1 when s =1 and to m when s = 2.

Proof. The proof is based on the technique of the residual a posteriori estimation

see [21] and Theorem 3. We give the main steps by the triangle inequality we have

+ZHuhs— ), o 66

The second term on the right hand side of (5.6) is bounded by

2
*
Huhs_us,hH <C 77F .
ZZ 1,9, 5721 s

s=1i=1

]
N~}

0,k
ulk gk

0,k 0,k
h,s Ug™ —

’u’h,s

~
1,9,

s=1 s=1
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To bound the first term on the right hand side of (5.6) we use the residual
equation and apply the technique of the residual a posteriori error estimation [21],
to get for v, € V"

c(ufk — Z]:,v ) = c(ul* — ui’f;,vs — Vps)

) e 0,k—1 0k
SZ/(F (u h;s )+ Uh,s :k Au}“s )(vsvhﬁs)ds
Q. (1 + Maho) Up,s
S [ (5] -
- — | (Us — Vp,s) ds
cQ o,
B
U ,
/ h 5 —Vp,s)ds

> el —upt v,

s=1
2 F@(uh)_’_qu 1+MAUZ’]€
<> ot ek [ s = vnsllo
S=1TCQ, = (1+ pagy) wys 0T
2 auz,k
)
+Z Z [ 0 1 1os = vnsllo, 5 + Z Z [vs = vhsllo,
s=1 ECQ, nE 0,F s=1ECIg 0,F
2 0.k
D IF] FESITT INTASTARNS p) pi 1 TSN
s=1TCQ, s=1TCQs 0,7

(5.7)
Using the following fact

0.k 0.k T
0 O c(ug”™ —uy ¢ vs + chy)

‘ Ug h,s

< sup
1,9 - vieEK HUS + Chs ||1,Qi

)
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we get
2 2
i i,0,k i i
R RT3 Do) D oI
s=1 s=1 \TCQs s=1
Finally, by combining (5.5), (5.6) and (5.7) the required result follows. O

Conclusion

In this paper, a posteriori error estimates for the generalized overlapping domain

decomposition method with mixed boundary boundary conditions on the interfaces
for parabolic equation with second order boundary value problems are studied
using theta time scheme combined with a Galerkin approximation. In future. The
geometrical convergence of both the continuous and discrete corresponding Schwarz
algorithms error estimate for linear elliptic PDEs will be established and the results
of some numerical experiments will be presented to support the theory.
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