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Multi-valued Fixed Point Theorem via F- contraction of Nadler Type
and Application to Functional and Integral Equations *

Muhammad Shoaib, Muhammad Sarwar® and Poom Kumam

ABSTRACT: In this work, using F-contraction of Nadler type, common multi-
valued fixed point results in the setting of b-metric space are established. With the
assistance of the determined results sufficient conditions for the existence of common
solutions to the systems of functional and integral equations are studied.
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1. Introduction and Preliminaries

In this paper, CB(A) denotes the family of non-empty bounded and closed
subsets of A. RT, Ny and N signify the set of all non-negative real numbers, the
set of non-negative integers and the set of positive integers respectively. Metric
fixed point theory which is a vital class of non-linear analysis, is normally not
only restricted to mathematical proposition, but also comes into action in most
of the applied sides of pure sciences and technical fields. Among the top-listed
significance of fixed points of contractive mappings defined for variety of spaces is
the confirmation of the existence and uniqueness of solutions of differential, integral
as well as functional equations.

Nadler [13] elaborated and extended the Banach contraction principle [3] to set-
valued mapping by using the Pompeiu-Hausdorff metric. The variability of these
non-linear problems pare the way for finding out some more innovated and authen-
tic tools which is currently more highlighted in the literature. Among these tools
which is considered to be a novel tool is by Wardowski [18], in which the author has
shown another kind of contractive mapping called F-contraction. Vetro [17] demon-
strated some fixed point results for multi-valued operator using F-contraction and
studied functional and integral equations. Czerwik [7] and Bakhtin [4] genralized
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the idea of metric space and presented metric spaces called b-metric spaces. Several
researchers took after the idea of Czerwik and illustrated interesting results. For
detail see([2],[8],[9], [10], [14], [15], [16]).

In the current work we derived common fixed point result for F-contraction
in b-metric space. Also provided some applications for validity of the established
result.

Now we recall some basic results and definitions.

Theorem 1.1. [13] Assume A : A — CB(A) be multi-valued mapping on complete
metric space (A, d) such that

H(A1, ML) < pld(€y,€,)) forall £1,&, € A
Where i € (0,1). Then X has a fized point.

Definition 1.2. [7] Consider A be a non-empty set and s > 1. Assumed : AXA —
R be a function satisfying the conditions:

1. d(€1y,€) = 0 if and only if &y = Eyy for all &1, 65y € A;

2. d(€11,€5) > 0 for all €11 # €99, 611,00 € A

3. d(&11,820) = d(§22,811), where §11,895 € A ;

4o (€11, 820) < s(d(E11,833) + €33, €02)) for all §11, 820,833 € A

Then it is a b-metric on A and the pair (A, d, s) is called b-metric space.

Definition 1.3. [7] Assume (A,d,s) is a b-metric space, here s > 1. Let £, be a
sequence in A. £ € A is said to be the limit of the sequence &,, if

Jim_d(¢,,,€) =0
and the sequence &, is called to be convergent in A.

Definition 1.4. [7] If for each € > 0, there is a positive integer N such that
d(&,,,&,,) < € for all nym > N. Then a sequence £, 1is said to be a Cauchy
sequence.

Definition 1.5. [7] A metric space (A,d, s) is said to be complete (or a b-complete
metric space) if every Cauchy sequence in (A, d,s) is convergent in A.

Definition 1.6. [6] Assume a real number s > 1 and F represent the family of all
functions F' : Rt — R, with the following conditions

(F1) For each positive term sequence {a,} C R, F is strictly increasing;
(F3) lim o, = 0 if and only if lim F(a,) = —o0;
n—oo n—oo

(F3) For each positive number sequence i.e {a,} C RY, lim v, = 0, there exist
n—oo

k€ (0,1) such that lim (o,)*F(ay) = 0;
n—oo
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(Fy) For {ay,} C RY, such that A\ + F(say,) < F(an—1) for all n € N and some
AeRT.

Then A + F(s"a,) < F(s" ta,_1).

Now, we give some definitions for multi-valued mappings defined in a b-metric
space (A,d,s). Defined the mapping H : CB(A) x CB(A) — RY for Ay, Ay €
CB(A) by

H(Al, Ag) = max{&(Al, AQ), 6(A2, Al)},

where
0(A1, Ag) =sup{d(a,Az),a € A1},6(As, Ay) =sup{d(b,Ay),b € Ay}

and
d(a7 A3) = inf{d(av 51)5 51 € A3}

Lemma 1.7. [11,12] Assume a b-metric space (A,d,s). Suppose Ay, Aa, Az €
CB(A) and &,,&5 € A, then the following holds:

1. d(&1,Ag) < d(&;,b) for any b € Ao;
U(A17A2> < H(Al,AQ)

U

(€1, A9) < H(A1, Ag) for any &, € Aq;
(A, A =0

(A1, Ay) = H(Ag, Ay);
(

(

T K

Ay, As)

IN

S[H(Al, AQ) + H(AQ, Ag)];

NS m o o
=

=

517 1) Ss[d(§1552)+d(§27A1)]

Lemma 1.8. [13] Consider (A,d) be a metric space. Further Ay, Ay € CB(A)
then for v > 1 and for each k1 € Ay there exists ka(k1) € Ag such that d(k1, k) <
YH (A1, Az).

In [5,13] it is shown that the above lemma is also true for v > 1.

Lemma 1.9. [13] Let (A,d) be a metric space. Further Ay, Ay € CB(A) then
for v > 1 and for each k1 € Ay there exists ka(k1) € Ag such that d(ki,k2) <
")/H(Al, AQ)

The following is a consequences of Lemma 1.9.

Lemma 1.10. [13] Let Ay and Ay be two non-empty compact subsets of a metric
space (A,d) and X : Ay — CB(A) be a multi-valued mapping. Let v > 1 then for
K1, ko € A1 and §; € Aky there exists £, € Aka such that d(£1,&5) < vH(Ak1, Ak2).

Lemma 1.11. [11,12] Assume a b-metric space (A,d,s) and Ay, Ay € CB(A).
Then for~ > 1, k1 € Ay there exists ka(k1) € Ag such that d(k1, k2) < vH(A1, As).
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Lemma 1.12. [1] Let A,, be a sequence in CB(A) and li_>m H(A,,A1) =0 for
Ay € CB(A) if €, € A, and li_>m d(&,,, &) =0 then & € Aq.

Theorem 1.13. [6] Let (A,d,s) be a b-metric space, where s > 1. For F € F q
multi-valued mapping X : A — CB(A) is called an Nadler type F-contraction such
that for T € RT

27 + F(sH(X, AE,)) < F(d(€4,€2)) (1.1)
for all £1,&5 € A X&y # NE,, then A has a fized point in A.

2. Main Results

A multi-valued maps S, T : A — CB(A) is called an F-contraction of Nadler
type if there exist ' € F such that for 7 € R

27 + F(sH(T7, 5¢)) < F(aT(n,C)), (2.1)

where, s > 1, 0 < a <1, and for all n,{ € A

d(n, S¢) +d(C,T77)}. (2.2)

T(n.€) = max {d(n,). dln, T, d(¢. SC), o

Based on the above definition, we proved the following common fixed point
result.

Theorem 2.1. Assume a b-metric space (A, d, s), where s > 1. Suppose there exist
a continues from the right function F € F. If S,T : A — CB(A) is F-contraction
of Nadler type. Then S, T has a common fixed point. Moreover common fized
point is unique if T is single valued.

Proof: Fix any ¢ € A. Define (, = ¢ and let ¢; € 7', by Lemma 1.11 there exist
(4 € S¢y such that

d(gla CQ) S hH(TCOa SCl)
Multiplying both side by s we have

5d(Cq,Cy) < shH(TCy, S¢y),

which implies that
F(sd(Cy,C2)) < F(shH(TCy, 5¢,))- (2.3)

Since F' € [ is continuous from the right there exist h > 1 such that
F(hsH(TCy,5¢,)) < F(sH(TGy,5¢,)) + 7. (2.4)
From (2.4) and (2.3) we get

F(sd(Cq,C3)) < F(shH(TCy,5¢,)) < F(sH(T'Cy,5¢)) + 7.
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Adding 7 both side and using equation (2.1) we obtained

T+ F(5d((q,¢2)) < F(aY(¢y,¢1))-

We construct a sequence by using this iterating procedure, ¢,, € A such that
Cont1 € T'Cyyy and oy 9 € SCopqq and

T+ F(Sd(CQn—i-l’ <2n+2)) < F(aY(Cap, CQn—‘,—l))' (2.5)

Using strictly increasing property of F' we have

5d(§2n+17 C2n+2) < aY(Cap, C2n+1)-

Which implies that
d(Cont1sCanta) < T(CapsCony1)- (2.6)

Now by using Lemma 1.7 we have

T(Can C2n+1) =
max {d(CQn’ <2n+1)7 d(<2n7 TCQH)’

d(Can SC2n+1) + d(<2n+1ﬂ TC2n> }
2s

d(C2n+1a SCQnJrl)’

d(C2n ) C2n+2> }

< max {d(CQn’ C2n+1)a d(Cap» C2n+1)a d(<2n+1a Czn+2)a 95

d ,Con
— max {d(CQna §2n+1), d(c2n+1’ C2n+2); M}

2s
d(Cans Cont1) + d(Cont15 Conta)
< max {d(C2n3§2n+1)ad(c2n+1a€2n+2)a 2 ntl 95 antl ntd }
= max {d(C2na §2n+1)a d(Czn-Ha <2n+2)}-
Suppose d(Cap,5 Cant1) < d(Capi1s Canpo) then
T(CQn) CQn-{-l) S d(CQn-{-l’ C2n+2)‘
Which is contradiction with (2.6).
Therefore equation (2.5) implies that
T+ F(Sd(CQn—i-l) Czn+2)) < F(d(Can, C2n+1))- (2.7)
Let P, = d(Cap415Conyo) > 0V n e N. It follow from (2.7) and axiom Fj that
T+ F(Snd(CQn-i-l) C2n+2)) S F(Sn_ld(CQn’ CQn—i—l)vn eN. (28)

Thus, by equation (2.8)

F(s"P,) < F(s"'P, 1) —,
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F(s"'P,_1) < F(s" 2P, o) — 27

F(s"P,) < F(s°Py) — nr.
Which implies that
lim F(s"P,) = —oc.

n—r oo

By using F,, we have

lim s"P, = 0.
n—o0

By F3 property there exists 0 < k < 1 such that
lim (s"P,)*F(s"P,) = 0.

n—oo
Equation (2.9) implies that
F(s"pn) < F(pog) — nr.
Multiplying (2.10) by (s"p,)* we have
(5"pn)  F(s"pn) < (8"pn)" F(po) — n7(s"pn)".

Which implies that

(s"pn) " F(s"pn) — (s"pn) " F(po) < —n7(s"pn)* < 0.

Applying limit n — oo we have

lim n(s"p,)* = 0.

n— o0

From (2.11) there exist n; € N such that n(s"P,)* < 1 such that

1
s"P, < — Vn > n;.
nk

(2.10)

(2.11)

(2.12)

To show that ¢,, is a Cauchy sequence consider m,n € N such that m > n > ny,

using triangular inequality, and using (2.12) we have

d(CQna CQm) S Sd(Can C2n+1) + SQd(CQnJrlv C2n+2) + ...+ Sm_nd(<2m717 CQm)

= sPy 1+ 8P+ ..+ "P,_o
m—2
_ Z Sj7n+2pj
Jj=n—1
o0

>, ST

Jj=n—1

IN

IA
]
ml\?
!
| —
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By taking limit we get d((,,,(,,) — 0

Hence (,, is a Cauchy sequence but a b-metric space (A, d, s) is a complete so
there exist ¢ € A such that (, — ( as n — oo.

Next step is to show that ¢ is a common fixed point of the mapping S and T
We have

d(§2n+2a50 < H(T§2n+1a S¢) < SH(T§2n+1a S¢).
Which implies that
d(C2n+2a 5¢) < SH(TCQn-i—l) 5¢).

Since F' is strictly increasing, therefore

F(d(C2n+2a SQ)) < F(SH(TCQnHSQ)-

Adding 27 both side and using equation (2.1) we have

27+ F(d(§2n+2,8’§)) <2+ F(SH(TC%HSC)) < F(QT(CQnHaQ)-

Since, 7 € R* we have

F(d(<2n+2’S<)) < F(aT(§2n+1,§)).

Since F' is strictly increasing, therefore

d(<2n+27 Sg) S aT(CQnJrla C)

Applying limit n — oo, we get

d(¢, 5¢) < ad(¢, SQ).

Which implies d(¢, S¢) = 0. Hence ¢ € S¢. Similarly we can show that ¢ € TC.
Moreover, the common fixed point is unique if 7" is single valued. If p; and ¢
are two common fixed points of the 7" and S , then

F(d(py,Q) < F(sH(py,S¢))+ 27
= F(sH({Tp},SQ) + 27
(

< F(aY(uqy,¢))

= F(ama { (py,C ),d(ﬂl,Tﬂl),d(QSO,d(l‘l,SC);(‘Sd(C,T,ul) })
< F(amax{d(,0),0,0 d(“vaHd(C,ul)})

- v o 2s

S F( (Mla ))

Which implies d(pq,¢) < ad(uq,¢)) < d(uq, ).
Hence d(p1,¢) =0 = p; = C.

Let A = [0,1]. Defined: A x A — RT by,

dv,w) = v —wl*
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Then (A, d, s) is b-metric space.
Let S,T : A — CB(A) be defined by Sw = {{e” "} and Tv = [0, {ze77].
Obuviously,

H(Tv,Sw) max{‘%e 771_7/6 ,T|27 ;J—G 77‘2}
1 27 2 w2
< 1€ max {|w — v|?, |w 16‘ }
l 27 o 2 Af_ﬁl 2
< 1€ max {|w — v|?, |w T B
= ie—QT maX{d(l/,w), d(w, Sw))}
= if%rww»

Which implies that

1
2H(Tv, Sw) < 56_2TT(V,CU>.

By taking natural log both side and then consider s = 2, o = %, F(v) = In(v).
All axiom of Theorem 2.1 are hold, therefore T and S have a common fized point

v = 0. Further since S is single valued, so the fixed point is unique.

3. Application

In this section, we study solvability of functional equations using the established
fixed point theorem.

Let Ay, As be Banach spaces, ©1 C Ay, O3 C Ay and R is the field of real
numbers. Suppose A = B(0;) represent the set of all functions defined on 04
which is bounded and real valued. Define d : A x A — R* by,

d(v,¢) = v — ¢~

Then (A, d, s) is called b-metric space. Consider the system of functional equations
given as

pv) = sup {g(v.0) + ®:1(v. ¢, P(r(, )}, v €O, (3.1)

(€O

aw) = sup {g(v. Q) + B2(v, ¢, Pr(w. )}, v e 1. (3:2)
(€O,

Hereg: ©1x03 — R, &1, P35 : O1 xOy xR — R are functions which are bounded.
©1 and O5 is the state and decision spaces, respectively 7: ©1 X Oy — ©1 show
the transformation of the process, p(v) and ¢(v) signify Sup return functions with
initial state A.

Let S,T : B(©1) — B(0©;) defined by

Su) = up {900 + (¢ PO veOL  (33)
T(h(v)) = sw {g(v, Q) + ®:0,C. Pr(v, O}, veorL  (34)

(€O
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Theorem 3.1. &1, P53 :0; X Os xR — R, g: ©1 x O3 — R are continues and
bounded, and satisfying the following assumption.

e~ 7

@il () = @il G RW))| < BW/TRR) =12 (35)

where 1,7 =1,2 and 0 < B <1 for all v € ©1 and ( € O, where

T(h, k) = {d(h, k), d(h, Th), d(k, Sk), d(h, Sk) ;sd(k, Th) 3

(3.6)
Then functional equations (3.3),(3.4) has a common solution.

Proof: Let 0 be an arbitrary positive number, v € ©1, hq, ho € B(A) then there
exist (;,(y € ©2 such that

S(hi(v)) < g, ¢1) + @1(v, ¢y ha(1)) +6 (3.7)
T(ha(v)) < g(v, (o) + Pa(v, (o, ha(72)) + 6 (3.8)
S(hi(v)) > g(v, () + @1(v, (o, ha(T2)) (3.9)
T'(h2(v)) > g(v,Cq) + (v, (y, ha(T1)). (3.10)
Using equations (3.7) and (3.10)

S(hl(y)) - T(hQ(V)) < (I)l(l/’gla hl(T(VaC1))) - (I)Q(Vaglahl(T(VaCl))) +9

< |10, Cha(r(,€1)) = a0, G b (0, )|+ 6
< %ﬂ( T ), ha(v))) + 0. (3.11)
It follows that
S () = T(ha(v) < =BT 0 Pal0) + 6 (3.12)
Similarly using equations (3.8) and (3.9) we have
70 (1) = S(ha(v)) < =B (1), 1a(0))) + 5 (3.13)

Using equations (3.12) and (3.13) we get

-7

[T @) = 5(a))] <

v € ©1 and 0 > 0 is arbitrary, therefore

o

ﬂ( T(h1(1/), hz(l/))) + 9.

T(h () = S(hs()] ) < &7 8L (), ha())
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Taking Logarithms we have

In (S‘T(hl(u)) - S(hg(u))f) <In (6—2752@(;“(1/), hg(y))).
After simple calculation we get
27 +In (sd(T(hl(z/)) - S(hg(u)))) <In (52(T(h1(y), hg(y)))).

By taking 5° = a, F(v) = In(v) from Theorem 2.1 the functional equations (3.3)
and (3.4) has common solution. O

On ward, we derive sufficient conditions for the solutions to the following general
non-linear system of Fredholm integral equations of 2nd kind given by

l/(tl) = ¢(t1) —+ /U Kl(tl,sl,y(sl))dsl,tl c [g,a],
S (3.14)
Ctr) = oltr) + / Ka(ty, 51, C(s1))ds1, 11 € [s, o],

Let A = CJs,0] be the set of all continuous function defined on [¢,o]. Define
d:AxA—R*, by

4,0 = (s olt) ~c(e)l)

t1€[s,o]

Then (A,d, s) is a complete b metric space on A. For the derivation of aforesaid
condition, we give the following theorem.

Theorem 3.2. Assume the assumptions given below are holds.
(A1) K;:[s,0] x [s,0] x RT = R, fori=1,2 and ¢ : RT — RT is continuous;

(A2) There exist a function G : [s,0] X [¢,0] — [0,00) which is a continuous such
that,

‘Ki(tl, s1,u) — Kj(t1, 81,v)

< G(t1, s1)[u — vl
for each t1,s1 € [, 0],

(A3)  sup f: |G(t1,51)|ds1 < /ZFe™™, 0 <a <1

t1,81€[s,0]

Then the system of integral equations (3.14) has a common solution in C([s,d]).

Proof: Define S,T : C([s,0]) = C([s, o]) by,

SV(tl) = ¢(t1) + /G Kl(tl,sl,y(sl))dsl,tl S [§,O’].
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T¢(t) = ¢(t1) +/‘7 Ks(t1,51,((s1))ds1,t1 € [5,0].
we have

d(Sv,T¢) = sup |Sv—T¢[?

t1€[s,0]
o 2
< s ([t sivlsn) ket s (o)
t1€[s,0] S
o 2
< sup (/ G(t1,51)|u(sl)—§(31)|d31)
t1€[s,0] S
2 o 2
g( sup |y(t1)—§(t1)|) ( sup / G(tl,sl)dsl)
t1€[s,0] ti1€s,0] Jg
2qe 27
< (sup Ju(t) = ()
t1€[s,0]
046_27—
= d .
0.
Which implies that
Oé€_2T 046_27—
d(Sv,T() < d(v,¢) < (v, ().

sd(Sv,T¢) < e *"aY (v, ().

By taking F(v) = In(v) from Theorem 2.1 the system of integral equations (3.14)
has common solution. O

4. Conclusion

In this paper, we proved common multi-valued fixed point result by using the
notion of F' type contraction of Nadler type. Also provide an example for the
validity of the established result and further discuss the existence of solution to the
system of functional and integral equations
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