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A Characterization of Ordered I'-semigroups by Ordered (m,n)-I'-ideals

M. Y. Abbasi, Abul Basar and Akbar Ali

ABSTRACT: In this paper, we study (m,n)-regular ordered I'-semigroups through
ordered (m,n)-I'-ideals. It is shown that if (S,T",-, <) is an ordered I'-semigroup;
m,n are non-negative integers and A(,, ) is the set of all ordered (m, n)-T-ideals of
S. Then, S is (m,n)-regular<= VA € Amny, A= (A™TSTA™]. It is also proved
that if (S,T, -, <) is an ordered I'-semigroup; m, n are nonnegative integers; :R(m,());
£(0,n) is the set of all (m,0)-T'-ideals and (0, n)-I'-ideals of S, respectively. Then,
S is (m,n)-regular ordered I'-semigroup <= VR € R(y,0)VL € Lo n), RNL =
(R™I'L N RCL™].
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1. Introduction

The notion of I'-semigroups was given by Sen [17]. Let S and I" be two nonempty
sets. Then a system (S, T, -) is called a I'-semigroup, where - is a ternary operation
SxT'xS — Ssuchthat (z-a-y)-f-z=x-a-(y-f-z) forall x,y,z € Sand a, € T.
Let A be a nonempty subset of (S,T',:). Then A is called a sub-I'-semigroup of
(S,I,)ifa-~v-be Aforall a,be A and v € T'. Furthermore, a I'-semigroup S is
called commutative if a-vy-b=5b-~-a for all a,b € S and v € I".

The concept of ordered I'-semigroups was given by Kwon [15]. An ordered
I-semigroup is an ordered set (S, <) at the same time a I-semigroup (S, T, -) such
thata <b=a-a-z<b-a-xandz-f-a<z-p-bforall a,b,zr € S and a, €T.
For other basic definitions and properties, we refer [1], [8], [2], [3], [11], [13], [14],
[16].

Notation 1: For subsets A, B of an ordered I'-semigroup S, the product set A- B
of the pair (A, B) relative to S is defined as A-T'-b={a-v-b|a € A be B
and v € T'} and for A C S, the product set A - A relative to S is defined as

2010 Mathematics Subject Classification: 06F99, 06F05, 16D25, 20M12.
Submitted January 06, 2018. Published June 09, 2018

Typeset by Bsﬁstyle.
165 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.41186

166 M. Y. ABBASI, A. BASAR AND A. ALI

A2=A- A=A-T. A

Notation 2: For M C S, (M] = {s € S |s < m for some m € M}. Also, we write
(s] instead of ({s}] for s € S.

Notation 3: Let B C S. Then for a non-negative integer m, the power of
B™ = BI'BI'BT'M ---, where B occurs m times. Note that the power is sup-
pressed when m = 0. So B°T'S = § = ST B°.

In what follows we denote the ordered I'-semigroup (S,T',-, <) by S unless
otherwise specified. Throughout the paper, we denote a - v - b by ayb. We now
construct the following examples:

Example 1.1. [2/Let S be the set of all m X n matrices with entries from a field,
where m, n are positive integers. Let P(S) be the power set of S. Then it is
easy to see that P(S) is not a semigroup under multiplication of matrices because
forA, B € P(S), the product AB is not defined. Let T be the set of n x m matrices
with entries from the same field. Then forA,B,C € P(S) and P,Q € T, we
haveAPB € P(S), AQB € P(S) and since the matriz multiplication is associative,
we get that S is a vy-semigroup. Furthermore, define A < B if and only if A C B
for all A, B € P(S), then P(S) is an ordered I"-semigroup.

The above examples show that every ordered I'-semigroup is not a semigroup
and thus ordered I'-semigroups constitute a more general class of semigroups. Con-
sequently, all the corresponding results of semigroups, I'-semigroups as well as of
ordered semigroups become particular cases of the results obtained in this paper.

Let A and B be two nonempty subsets of S. Then we have the following [13].
(1) (AJ(B] € (ATB];
(JAC B = (4] C (B:

The notion of (m,n)-ideals was given by Lajos [16]. Let S be a semigroup and
A be a nonempty subset of S, then A is called a generalized (m,n)-ideal of S if
AMmMSA™ C A, where m, n are arbitrary non-negative integers. Note that if 4 is a
subsemigroup of S, then A is called an (m, n)-ideal of S. Thereafter, many authors
studied various aspects of (m, n)-ideals in different algebraic structures [4], [5], [6],
[7], [9], [10], [12], [18], [19], [20], [21], [22]. We now need the following definition:

Definition 1.2. Suppose B is a sub-I'-semigroup(sub-I"-semigroup) (resp. non-
empty subset) of an ordered I'-semigroup S. Then B is called an (resp. generalized)
(m,n)-I'-ideal of S if (i) B"TSTB™ C B and (ii) forb€ B, s€ S, s<b= s € B.

Example 1.3. Let (S,-) be an ordered semigroup, where S = {1,2,3,4} such that
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ayb=a-b for all a,b € S and v € T with multiplication and order < defined below:

=~ W N

=R N N =
DO = DN DN
QUGN It
N N = S N

<={(1,1),(2,2),(3,3),(4,4),(1,2),(4,2), (4,3)}
Let A ={1,2}. Then A will be an (m,n)-I'-ideal of S for all m,n > 2. But it is
not a bi-I'-ideal of S.

Note that in the above Definition 1.3, if we set m = n = 1, then B is called a
(generalized) bi-T-ideal of S. We now introduce the following definition:

Definition 1.4. Suppose (S,T,-,<) is an ordered T'-semigroup and m,n are non-
negative integers. Then S is called (m,n)-regular if for any s € S there exists x € S
such that s < s™y,x7y58" for vq,7v4 € I'. Equivalently: (S,T,-, <) is (m,n)-reqular
if s € (s"T'ST's™] for all s € S.

2. Main Results

We start by the following:

Lemma 2.1. Suppose (S,T',-, <) is an ordered I'-semigroup and s € S. Let m,n
be non-negative integers. Then the intersection of all ordered (generalized) (m,n)-
I'-ideals of S containing s, denoted by [s]m.n, is an ordered (generalized) (m,n)-I'-
ideal of S containing s.

Proof. Let {A; :i € I} be the set of all ordered (generalized) (m,n)-I'-ideals of S
containing s. Clearly, (;,c; Ai is a sub-I'-semigroup of S containing s. Let j € I.
As ﬂie] A; CAj, we obtain

([)A)™TST([) 4™ C AJ'TST A} C A;.
icl iel

Therefore, ((;c; Ai)"TST(N;c; Ai)" € Nies Ai- Let a € ;e Ai and b € S so
that b < a. Sob € (,c; Ai. Hence (;c; Ai is an ordered (generalized) (m,n)-T -
ideal of S containing s.

Theorem 2.2. Suppose (S,T,-, <) is an ordered I'-semigroup and s € S. Then:
(i) [slmn = (U™ s U s™TST's™] for any positive integers m,n.

(i1) [s]m,0 = (UL, s" Us™DS] for any positive integer m.

(iii) [slo,n = (Ui, 8" U s"] for any positive integer n.
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Proof. (i) (J1" s'Us™T'STs"] # 0. Suppose a,b e (U™ stus™IST's"] is such
that a < x and b < y for some x,y € U?:{n st Us™T'STs™]. If x,y € smI'STs™
orx € UItst, y € smISTs™ or x € s"TSTs", y € U s', then ayy €
smI'ST's™, and therefore xvyy € U:’:{n st U s™I'STs™ for v € T'. It follows that
ayb € (U™ s U s TSTs™. Let x,y € U " s'. Then x = sP,y = s? for some
1<p,g <m+n. Now two cases arise: If 1 < p+q < m+n, then zyy € U:’:{n s'.
If m+n <p+q, then xyy € s"T'STs™. So, xyy € (U™ s' U s™T'ST's™]. This
implies that (J"1" s' U s™T'ST's"] is a sub-T-semigroup of S. Moreover, we have

i=1
m—+n . m—+n . m—+n .
( U sSUsTTSI"TS = ( U s'Us™TS)™ U s'UsmTS|IIS
i=1 i=1 i=1

m—+n . m—+n .

C ({Jsusmms)m (| sTSUs™TSTS]
i=1 i=1
m—+n .

c ( U s'Us™TS)™ T (sTS]
i=1
m—+n . m—+n .

= ( U s'Us™TS])™ 2T U s'Us™TS|T(sT'S]
i=1 i=1
m—+n . m-+n .

c ( U s'Us™TS)™ 2T U s'Us™DST(sI'S]
i=1 i=1
m—+n .

C ({J s'us TS T(s°TS]
i=1

C (s"TS].

In a similar fashion, ST(UJ" ' Us™T'STs"]" C (STs™]. Therefore, (" s' U
s™DSTs™"TST(UI" ' U s™T'STs™™ C (s™TSTs™] € (U™ {s U s T'STs"].
So, (U™ s* U s™T'STs"] is an (m,n)-T-ideal of S containing s; hence [s]mn C
(U™ s'Us™TST's™]. For the reverse inclusion, suppose a € (| JI4" s'Us™T'ST's"]
s such that a <t for somet € (Uy:l_n s'Us™ISTs™. Ift = s/ for some 1 < j <

m+n, then t € [S|m n, therefore, a € [s]mn. Ift € sTTSTs™, by
s™TSTs™ C ([s]m,n) " TST([8)m,n)"™ C [Slm.n,

then t € [8]mn; hence a € [8]mn. This implies that (U?:{n s'Us™TSTs"] C [8]mn-
Hence, [8]mn = (4" s Us™TSTs™). (i) and (iii) can be proved in a similar
fashion.
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Lemma 2.3. Suppose (S,T,-, <) is an ordered T'-semigroup and s € S. Suppose
m,n are positive integers. Then:

(1) ([s]m,0)"TS € (s"TS].
(ii) ST([s]o,n)™ € (ST's"].
@iii) ([8]im.n)"TST([8]m.n)" C (s™TSTs"].
Proof. (i)Applying Theorem 2.2, we have

m—+n

([slmo)™" TS = (|J s'Us™TS)"TS

1=1
m+n ) m+n .

= (Y s'us™rs|mir(|J s'us™TSITS
i=1 i=1
m+n ) m+n .

c (| sus s 'r(|J sTSUus™ISTs)
=1 i=1
m4+n .

C (| s'usmTsmir(srs)
1=1

c (s"I'S].

Hence, ([S]m,0)™T'S C (s™T'S]. (ii) can be proved similarly as (i).
(iii) Applying Theorem 2.2, we have

m—+n
([slmn)™TS = ([ J s'Us™TSTs")"T'S

i=1
m—+n . m—+n .

= (U s'Us™TSTs™ ™ 1T ( U s'Us™TSTs" IS
i=1 i=1
m—+n . m—+n .

C (| s'usmrsrs" (| s'TS U™ TSTs™TS]
i=1 i=1
m—+n .

= (U s'Us™DSTs™ ™ 1T (sT'9]
i=1

= (s"TS].
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Therefore, ([s]m,n)"TS C (s™I'S]. In a similar fashion, ST([s]mn)™ C (ST's"].
Therefore,

([8)m,n) " ST ([8]m,n)" s TSI ([s]m,n)"

)

NN 1NN

Hence, (iii) holds.

Theorem 2.4. Suppose (S,T, -, <) is an ordered I'-semigroup and m,n are positive
integers. Let Ry 0y and L ny be the set of all ordered (m,0)-I'-ideals and the set
of all ordered (0,n)-I'-ideals of S, respectively. Then:

(i) S is (m,0)-reqular if and only if for all R € Ry, 0y, R = (R™T'S].
(ii) S is (0,n)-regular if and only if for all L € Ry, L = (STL"].
Proof. (i) Suppose S is (m,0)-reqular. Then
Vs e S, se (smI'S]. (2.1)

Suppose R € Ry o). As R"T'S C R and R = (R], we have (R™I'S] C R. If
s € R, by (2.1), we obtain s € (s™T'S] C (R™I'S], therefore R C (R™T'S]. So
(R™T'S] = R.

Conversely, suppose

VR € :R(m,o), R = (RmFS]. (2.2)
Suppose s € S. Therefore, [s]m,0 € Rim,0)- By (2), we get

[slm.o = (([s]m,0)"T'S].
Applying Lemma 2.1, we obtain
[s]m.,0 C (s™T'S],

Therefore, s € (s™I'S]. Hence, S is (m,0)-regular.
(i) It can be proved analogously.

Theorem 2.5. Suppose (S,T',-, <) is an ordered T'-semigroup and m,n are non-
negative integers. Suppose Ay n) is the set of all ordered (m,n)-I'-ideals of S.
Then:

S is (m,n) —regular <= VA € Ay ), A= (A"TSTA"] (2.3)

Proof. Consider the following four cases:

Case (i): m =0 and n =0. Then (8) implies

S is (0, 0)-regular <= VA € Ao,0), A = S because A0y = {S} and S is (0,
0)-regular.
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Case (ii): m =0 and n # 0. Therefore (3) implies

S is (0, n)-requlars= YA € Ao ), A= (STA™]. This follows by Theorem 2.4(ii).
Case (iii): m # 0 and n = 0. This can be proved applying Theorem 2.4 (i).

Case (iw): m # 0 and n # 0. Suppose S is (m, n)-reqular. Therefore,

Vs e S, s e (s"TSTs™]. (2.4)

Let A € Ay As AMTSTA™ C A and A = (A], we obtain (A"T'STA"] C A.
Suppose s € A. Applying (4), s € (s"I'STs"| C (A™I'STA"™. Therefore, A C
(A™TSTA™]. Hence A= (A™T'STA"].

Conversely, suppose A = (A™TSTA"] for all A € A(y ). Suppose s € S. As
[8]m.n € A(m,n), we have

[8]im,n = (([8]m,n) " TST([8]m,n)"]-

Applying Lemma 2.3(iii), we obtain [s]y,, , C (s T'ST's"], therefore, s € (s"T'ST's"].
Hence S is (m,n)-regular.

Theorem 2.6. Suppose (S,T,-, <) is an ordered I'-semigroup and m,n are non-
negative integers. Suppose Ry 0) and Ly is the set of all (m,0)-I'-ideals and
(0,n)-T'-ideals of S, respectively. Then:

S is (m,n)—regular ordered I' — semigroup <= VR € R(1,0)VL € L(o.n),

(2.5)
ROL = (R™"TLNRIL").
Proof. Consider the following four cases:

Case (i): m =0 and n = 0. Therefore, (5) implies

S is (0, 0)-regular <= VR € R,0)VL € L0y, RN L = (L N R] because R ) =
L0,0) = {S} and S is (0,0)-regular.

Case (ii): m =0 and n = 0. Therefore (5) implies

S is (0,n)-reqular <= VR € R VL € L n, RN L = (LN RLCL"]. Suppose
S is (0,n)-regular. Suppose R € Ry and L € L(g,). By Theorem 2.4(ii),
L= (STL"]. As R € R0y, we have R = S, therefore RN L = L. Therefore,

(LARUL" = (LN STL"] = (STL"] N STL"] = (STL"] = L = RN L.
Conversely, suppose
VR € fR(Oﬁo)VL €Lon,RNL= (LN RTL". (2.6)
If R € R0y, then R=S. If L € Loy, STL™ C L and L = (L]. Therefore, (6)
implies
VL € 'C’(O,n)v L= (SFL"]

Applying Theorem 2.4(ii), S is (0,n)-regular.
Case (iii): m # 0 and n = 0. This can be proved as before.
Case (iv): m # 0 andn # 0. Suppose that S is (m,n)-regular. Suppose R € R, o)
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and L € Lg,). To prove that RN L C (R™T'L] N (RI'L"], suppose s € RN L. We
have

s € (s™T'STs"] C (s™T'L] C (R™T'L] and s € (s"I'SI's”] C (RI's"] C (RT'L"].
Hence, RNL C (R™T'L] N (RTL"]. As
(R™T'L] C (R™T'S] C (R] = R and (RT'L"] C (STL"] C (L] = L.

This implies that (R™T LN (RTL"] C RN L, therefore RN L = (R™TL]N(RT'L"].

Conversely, suppose
VR € Rm,0)VL € Lon), RNL = (R™TL N RLCL"]. (2.7)

Suppose R = [s]m.0 and L = S. Applying (2.7), we obtain [s]m.0 C (([$]m,0)"TS].
Applying Lemma 2.2, we obtain

[s]m.0 C (s™T'S]. (2.8)
In a similar fashion, we obtain

[slo,n € (ST's™]. (2.9)
As R™ C R and L™ C L, by (7), we have

VR € R(pm,0)VL € Lon), RNL C (RTL].
As (s™T'S] € R0y and (STs"] € Lo,n), we obtain
(s"T'S]N (ST's"] C ((s"TS|T(STs™]] C (s™T'ST's™].
Applying (2.8) and (2.9), we obtain
[8]m,0 N [s]o,n C (s™T'STs™].

Hence, S is (m,n)-regular.

3. Conclusion

In the current article, we investigated (m,n)-regular ordered I'-semigroups in
terms of ordered (m,n)-I'-ideals. We proved that if (S,T,-, <) is an ordered I'-
semigroup; m,n are non-negative integers and A, ) is the set of all ordered
(m,n)-T-ideals of S. Then, S is (m, n)-regular<= VA € Ay, ny, A = (AT STA"].
We also proved that if (S,T, -, <) is an ordered I'-semigroup; m, n are nonnegative
integers; R(y,0); L(o,n) is the set of all (m,0)-I'-ideals and (0,n)-I-ideals of S,
respectively. Then, S is (m, n)-regular ordered I'-semigroup <= VYR € R, 0)VL €
Lony, RNL = (R™TLNRTL"].
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