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Smarandache Curves of Bertrand Curves Pair According to Frenet
Frame
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ABSTRACT: In this paper, the curvature and the torsion of Smarandache curves
obtained by the vectors of the Bertrand partner curve are calculated. These values
are expressed depending upon the « curve. Besides, we illustrate example with our
main results.
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1. Introduction

It is well known that many studies related to the differential geometry of curves
have been made. Especially, by establishing relations between the Frenet Frames
in mutual points of two curves several theories have been obtained. The best
known of these: Bertrand curves discovered by J. Bertrand in 1850 are one of
the important and interesting topics of classical special curve theory. A Bertrand
curves is defined as a special curve which shares its principal normals with another
special curve, called Bertrand mate or Bertrand curves Partner. The following
properties of Bertrand curves are well known: If two curves have the same principal
normals, (i) corresponding points are a fixed distance apart; (ii) the tangents at
corresponding points are at a fixed angle. These well known properties of Bertrand
curves in Euclidean 3-space was extended by L. R. Pears in [8]. The Bertrand
curves are the Inclined curve pairs. On the other hand, it gave the notion of
Bertrand Representation and found that the Bertrand Representation is spherical,
[6].

A regular curve in Minkowski space-time, whose position vector is composed by
Frenet frame vectors on another regular curve, is called a Smarandache curve [13].
Special Smarandache curves have been studied by some authors. Melih Turgut
and Sitha Yilmaz studied a special case of such curves and called it Smarandache
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T By curves in the space E{ [13]. Ahmad T.Ali studied some special Smarandache
curves in the Euclidean space. He studied Frenet-Serret invariants of a special
case, [1]. Senyurt and Caligkan investigated special Smarandache curves in terms
of Sabban frame of spherical indicatrix curves and they gave some characterization
of Smarandache curves, [3]. Ozcan Bektag and Salim Yiice studied some special
Smarandache curves according to Darboux Frame in E3, [2]. Nurten Bayrak,
Ozcan Bektas and Salim Yiice studied some special Smarandache curves in E3.
Kemal Taskoprii and Murat Tosun studied special Smarandache curves according
to Sabban frame on S? [12]. Senyurt and Sivas defined NC-Smarandache curve,
then they calculated the curvature and torsion of NB and T'N B- Smarandache
curves together with NC-Smarandache curve, [11]. Tt studied that the special
Smarandache curve in terms of Sabban frame of Fixed Pole curve and they gave
some characterization of Smarandache curves, [4]. When the unit Darboux vector
of the partner curve of Mannheim curve were taken as the position vectors, the
curvature and the torsion of Smarandache curve were calculated. These values
were expressed depending upon the Mannheim curve, [5]. In [10], they calculated
curvature and torsion of spatial quaternionic involute curve according to nj normal
vector and w* unit Darboux vector of Smarandache curve.

In this paper, special Smarandache curves belonging to a* curve such as T*N*,
N*B*, T*B* and T*N*B* drawn by Frenet frame are defined and some related
results are given.

2. Preliminaries
In E3, inner product is given by
<a> :'T?""'Tg""x%

where (21,22, 73) € E3. Let o : I — E? be a unit speed curve denote by {7, N, B}
the moving Frenet frame . For an arbitrary curve a € E3, with first and second
curvature, k and 7 respectively, the Frenet formulae is given by [7], [9]

T'=kN, N' = —xT + 7B, B'= —7N. (2.1)

Let o : I — E? and o* : I — E? be the C?— class differentiable unit speed two
curves and let {T'(s), N(s), B(s)} and {T*(s), N*(s), B*(s)} be the Frenet frames
of the curves av and o, respectively. If the principal normal vector N of the curve
« is linearly dependent on the principal vector N* of the curve o, then the pair
(o, @™) is said to be Bertrand curves pair. The distance between corresponding
points of the Bertrand curves pair in E? is constant, [7].

The relations between the Frenet frames {T(s), N(s), B(s)} and

{T*(s), N*(s), B*(s)} are given by [9].

T* = cosOT +sin6B
N*=N (2.2)
B* = —sin 0T + cos0B.

Where Z(T,T*) =60
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Theorem 2.1. Let (a,a*) be a Bertrand curves pair in E®. For the curvatures
and the torsions of the Bertrand curves pair (o, a*) we have, [9]

AR — sin? 0 . sin” 0
B v R =

3. Smarandache Curves of Bertrand curves Pair According to Frenet
Frame

Here, we give some characterizations of Smarandache curves in Euclidean 3-
space. We find parametrization of Smarandache curves for tangent, principal nor-
mal and binormal of o* curve. Furthermore we investigate the curvature and the
torsion of Smarandache curves of Bertrand pair and these values are expressed
depending upon the a curve.

Definition 3.1. Let (o, a*) be a Bertrand curves pair in E* and {T*N*B*} be
the Frenet frame of the Bertrand curves o at o*(s).

1 * *
Bi(s) = E(T + N™). (3.1)

reqular curve drawn by the vector is called T* N* - Smarandache curve.

Theorem 3.2. The Frenet invariants of the T*N* - Smarandache curve are given
as following;

—KT + (kcosf —7sin )N + 78 Ny = 1T +viN +x, B
VIWIE+ (kcos® —7sin0)2 71y F o2+ x2
(Xl(RCOSG — 7sinf) - UlT)T + (kX1 +771)N

\/(”VV”2 + (kcosf — Tsin 9)2)(712 +u12 4 x,2)

Tp,(s) =

Bg, =

1

(vik 4+ 71 (kcosd — Tsin b)) B
\/(HWH2 + (kcosf — Tsin9)2)(712 +v12 4+ x;?)

V2P kel t ) VRO o ey)
(HWHQ—i—(fiCOSH—TsimH)Q)27 ' 1 + 012 + g2

kg, =

(3.2)

Herein, the coefficients are
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1= (=K — Kk*cosf + krsind)(||W|* + (kcosd — 7sin6)?)

+e(IW[[W]|" + (k cos§ — 7sin0)(x’ cos§ — 7' sin b)),
v1= (—|W|?+& cos —7'sing)(|W|*+ (kcos 6 — 7sin6)*)

—(kcos® — 7sin @) (|W|[|W]" + (kcosd — 7sin0) (k' cos§ — 7' sin b)),
X1 = (krcos —7%sind+7')(|W]]* + (rcos — 7sin6)?)

—7(|[W]IW|’ + (kcos® — 7sinb) (k" cos 6 — 7’ sinh)),

m = (=K —K%cosf+ krsing) — k(— ||[W|*+ (kcosf — 7sinb)’),

M= k(=K' —K>cosf+ kTsind) + (— W] + (kcos b — Tsin9)')l
—7(kTcosf — 2sinf + 77),

P = 7'( —[[W|* + (kcos @ — Tsinﬁ)’) + (kT cos® — t2sinf 4 7')’,

Y1 = (kcos® —rsind)(k7cosd — 7°sind + ') — 7( — |[W|?
+(k cos — Tsinf)’),

o1 = #k(kTcos —7%sinf 4+ 7') + 7(—K — Kk? cos @ + KT sinh),

py = —k(—|[W|*+ (kcosf — 7sinb)") + (kcosf — 7sind)

(=K' — K% cosf + KT sinB).
Proof If we use the equation (2.2) in the equation (3.1), we obtain

cosOT + N +sinbB

S) = 33
The derivative of this equation with respect to s is as follows:
dsg —kT + (kcos — T7sind)N + 7B
- T 1 3.4
ﬂl ﬁl ds \/5 ( )
and by substitution, we get
—kT + (kcos@ — T7sind)N + 7B
T, (s) = : L (3.5)
VW2 + (kcos — 7sin0)
where
dsg \/||W||2+(f<acos€—Tsin9)2
L= . 3.6
ds 2 (3.6)

In order to determine the first curvature and the principal normal of the curve
B1(s), we formalize

V23, T+ viN + x; B)
(W12 + (kcosf — Tsin9)2)2

T (s (3.7)
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where

1= (=K —K*cosf + kTsind)(|W]]* + (r cos§ — 7 sin6)?)

+a([W[W]" + (K cos 8 — 7sin ) (k' cos§ — 7’ sin b)),
vi = (—|W][?+ & cos — 7" sin6)(|W]*> + (kcosd — Tsin0)*)

—(rkcos@ — 7sin @) (|W||[|W]" + (kcos§ — 7sin)(x’ cos — 7' sin0)),
X1 = (kTcosf—72sind+7")(|W]*+ (kcosf — 7sinf)?)

—T(|[WIIW|" + (kcosf — 7sin0)(x" cos — 7/ sin b))

The first curvature is

13,1,
V202 + 2+ x,?) ]
(W12 + (kcosf — Tsin9)2)2

kg,

Iiﬁl =

The principal normal vector field and the binormal vector field are respectively
given by

T+ 0N+ X, B
N, =2 En X (3.8)

1 /712+U12+X12 ’

(x1(rcos — 7sin @) —v17)T + (kxq +77,)N
\/(HWH?+(/€cos077'sin9)2)(’y12+U12+X12)
(vik + v, (kcos® — Tsin0)) B
\/(HWH2+(Kcos€—rsin9)2)(712+U12+X12)

Bﬁl =

(3.9)

The torsion is then given by
det (81, 81, 81')
Tg, = ,
SN
V2(011; + Pany + Ian3)
1% + 0% + 057

Tﬁl =

where

m = (=& —kK>cost+rrsinbd) — k(— ||[W|? + (kcosf — 7sin6)’),

A= k(=K —rK%cosO + krsin®) + (— |[W]% + (kcosd — 7sind)’)’
—7(kTcosl — 2sinf + 71'),

pr= 7(—[[W|*+ (kcos® — 7sinb)’) + (k7 cos — 7°sinf + 7')’,
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91 = (kcos —7sinb)(krcosf — m2sinf +7') — 7( — |[W|?
+(rkcosf — Tsinb)’),
o1 = k(kTcosh —7%sinf +7') + 7(—k" — K? cos O + kT sinf)

—k(— [W|* + (kcos 0 — 7sin6)’) + (k cos 6 — 7sin )
2

H1

(=K' — k*cosf + kT sinb).

Definition 3.3. Let (o, a*) be a Bertrand curves pair in E® and {T*N*B*} be
the Frenet frame of the Bertrand curves a* at o*(s)

1

ﬁ(N* + B*) (3.10)

By(s)

regular curve drawn by the vector is called N*B* - Smarandache curve.

Theorem 3.4. The Frenet invariants of the N*B* - Smarandache curve are given
as following;

T, — —kT — (ksinf + 7 cos)N + 7B N voT + vaN + X, B
. \/HWHQ-F(HSinH—i—TCOSH)Q P B 722+U22+X22’
B, — —(xo(ksin® + 7cos0) + vaT)T + (Xok + VoT)N
2
\/(HWH2 + (ksing + 7cos0)?) (y52 + v22 + x52)
+ (—vak + 5 (ksinf + 7 cos0)) B
\/(HWH2 + (Ksing + 7cos0)?) (v52 + V22 + x22)
_ 273 + 202 + 23 V(s + 02da + pzpy)
K/ﬂz . 22’7-162_ 192+U2+ 2
(HWH2+ (ksin® + 7 cos6) ) 2 22 + iy

Herein, the coefficients are

Yo = (=& +k(ksind + 7cos)) (|[W|* + (ksind
+7c080)?) + k(|W|IW]' + (ksind + 7 cos6))
«(k'sinf + 7' cos 0) (k' sin @ + 7’ cos ),

vy = (—K*— (K'sin@ + 7 cos) — 77)(|W|* + (ksinf + 7 cos 0)?)
+(rsind + 7 cos O) ([|[W||[|[W]]" + (ksin + 7 cos )
(k' sin @ 4 7/ cos ),

Xo = (—7(ksind+ 7cost) + 1) (||W|? + (ksinf + 7 cos0)?)
—7([W]IW|’ + (ksin@ + 7 cos)) (k" sin 6 + 7’ cosb),
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Ny = (—K' — K(ksin® +7cosh)) — k( — |W]|? + (k'sind + 7/ cos6)),
A2 = k(=K 4 kK(ksind +7cos)) + (— |[W|* — (x'sinf + 7/ cos@))/
—7(=7(ksinf + 7 cos ) + 7'),
ps = T(—[[WI[?*+ (k'sinf + 7’ cos)) + (—7(ksind + 7 cosf) + 7')’,
¥y = (—ksinf —7cos)(— 7(ksinf + 7cosf) + 1)
+7([[W]* + (k' sin 6 + 7’ cos 0)),
o2 = kK(—7(ksin®+ 7cosh) + 7))+ 7(—k' + k(Kksinf + 7 cos b)),
ty = (ksin€ + 7cos@)(—r' + k(ksinb + 7 cos b))
+6([W1? + (k' sinf + 7/ cos §)).

Proof The proof is similar to proof of Theorem 3.2.

Definition 3.5. Let (a,a*) be a Bertrand curves pair in E3 and {T*N*B*} be
the Frenet frame of the Bertrand curves o at a*(s).

1 * *
Bs(s) = %(T + B”). (3.11)

reqular curve drawn by the vector is called T*B* - Smarandache curve.

Theorem 3.6. The Frenet invariants of the N*B* - Smarandache curve are given
as following;

o (k(cos @ — sin@) — 7(sin 6 + cos0)) N N — V3T +v3N + x3B
o VR [WIPsm20 Attt

B — (x3T — v3B)[k(cos @ — sinf) — 7(sin 6 + cos )]
o VR = - WP 20)(35 + vi® + x57)

o V20N —7w + w7’
Fs = (k2 =72 — |[W|]%sin20)2" %2 — [k(cos B — sin @) — 7(sin 6 + cos 0)] || W||?

Herein, the coefficients are

Y3 = —k[r(cosd —sinf) — 7(sin 6 + cos0)| (k* — 72 — ||W]|* sin 26),

vy = [K'(cosf —sin®) — 7' (sin 6 + cos0)] (k* — 7> — ||W|* sin 26)
—[r(cos @ —sin @) — T(sin @ + cos0) (kK' — 77 — [|[W||[|[W]’ sin 26)],

X3 = 7[r(cos—sinf) — 7(sinf + cos )] (k* — 7> — || W||* sin 26).

Proof The proof is similar to proof of Theorem 3.2.

Definition 3.7. Let (o, a*) be a Bertrand curves pair in E* and {T*N*B*} be
the Frenet frame of the Bertrand curves o at o*(s).

1
Bu(s) = %

regular curve drawn by the vector is called T*N*B* - Smarandache curve.

(T* + N* + B*). (3.12)
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Theorem 3.8. The Frenet invariants of the T*N*B* - Smarandache curve are
given as following;

T —KT + [K(cos 0 — sin @) — 7(sinf + cos 0)|N + 7B
B = )
\/||I/V||2 + [r(cos 6 — sin @) — 7(sin 6 + cos 0)]2

Yol + vaN + x4 B
! VA2t +x,2

[(X4 (k(cos@ —sin @) — 7(sin @ + cos ) — var)T

(x4 +747)N — (vak + 74 (r(cos 6 — sin 6)

1

—7(sin 0 + cos 9)))3] (vl +v+ x>

B, = . . 2
\/||I/V||2 + [k(cos @ — sin @) — 7(sin 6 + cos 6)]
. V3002 + va® + x4%)
Ba = 2
(HWH2 + [k(cos @ — sin6) — 7(sin 6 + cos 0)]2)
_ \/§(794774 + oada + pypy)
Ty = :

1942 + 0_42 + ,Uz42

Herein, the coefficients are

V4= [— K" — k(k(cosd — sinf) — 7(sind + cos 9))} (||W||2 + [K(cos
—sin@) — 7(sin § + cos 9)]2) + Ii(HWHHWH/ + [r(cos 6 — sin 0)
—7(sin 6 + cos )] [r(cos§ — sin @) — 7(sin @ + cos 9)]/),

vy = [— [WI* + (k(cos® — sinf) — 7(sin 6 + cos@))l} (HWH2 + [r(cos@
—sinf) — 7(sin 6 + cos 9)]2) — [K(cosf —sin @) — 7(sinf + cos b)]
(HWHHWH’ + [r(cos 6 — sin @) — 7(sin  + cos 0)] [k (cos 0
—sinf) — 7(sin @ + cos 9)]’),

X4 = [T(K(COS@ — sin@) — 7(sin 6 + cos0)) + T/} (HWH2 + [K(cos @
—sinf) — 7(sinf + cos9>]2) - T(HWHHWH’ + [K(cos 0 — sin 6)
—7(sin 6 + cos 0)] [r(cos§ — sin @) — 7(sin 6 + cos 9)]/),
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N, = ( — k' — k[K(cos O — sin ) — 7(sin 6 + cos@)])/
*Ii( — [|[W]|* + [£(cos @ — sin0) — 7(sin § + cos 9)}/),

Ay = n( — k' — k[k(cosf —sinf) — 7(sin 6 + cos@)])
+( — [|[W||* + [£(cos @ — sin§) — 7(sin§ + cos 9)]’)/
—T(T [£(cos 6 — sin @) — 7(sin 6 + cos6)] + T’),

Py = 7'( —[W|* + [k(cos @ — sin ) — 7(sin§ + cos 6)] /)

+(T [Fa(cose —sinf) — 7(sin @ + cos 9)] n 7_,)’,

U4

(k(cosf — sinf) — 7(sinf + cos6)) (7‘ [k (cos 6
—sinf) — 7(sinf + cos )| + T’)
77'( — ||W||? + [£(cos @ — sin @) — 7(sin 6 + cos 9)}/),
o4 = K(T [k(cos @ — sin @) — 7(sin 6 + cos0)] + T')

+T( — k' — k[K(cos® — sinf) — 7(sin 6 + cos 9)]),
fy = n( — [W|* + [k(cos 6 — sin ) — 7(sin§ + cos 6)] /)
+[r(cos 6 — sin @) — 7(sin 6 + cos 0)]

( — k' — k[K(cos O — sin ) — 7(sin 6 + cos 9)])

Proof The proof is similar to proof of Theorem 3.2.

3.1. Example

Let (o, a*) be Bertrand curves pair, these curves are as follows

1 1
als) = —( — COoS 8, —sins,s),a*(s) = —(cos s,sin s, 5)-

V2 V2

The Frenet invariants of the Bertrand partner curve a*(s) are given as following:

(—sins,coss, 1), N*(s) = (—coss,—sins,O)
1, 1
—, 7(s) =

B*(s) = —=(sins,—coss, 1), K*(s) =

In terms of definitions, we obtain special Smarandache curves as following;:
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— aupsg‘g(—cos(:)‘—sin(:).x)

a'(3) =717| cos{s).sin(s).1)

Figure 1: Bertrand Curve Pair

T*N* — Smarandache Curve N*B* — Smarandache Curve

T*B* — Smarandache Curve T*N*B* — Smarandache Curve
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