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ABSTRACT: The existence of infinitely many nontrivial solutions for a nonlocal
elliptic system of (p1,...,pn)-Kirchhoff type with critical exponent is investigated.
The approach is based on variational methods and critical point theory.
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1. Introduction

The aim of this paper is to ensure the existence of infinitely many weak solutions
for the following perturbed system

— (M (J IVl d) 7™ Ay = v (fy fual da) ™ g i =2
+AFy, (yug, .oy tun) + pGy, (2,01, .0 uy), inQ,
uiloa = 0,
(1.1)
for i = 1,...,n, where, 1 < p1,...,pn < N, pf = ]\],VTP;N A>0and g > 0,
and M; : RT — R for 4 = 1,...,n, are continuous functions with the following
condition:

(M) There exists My > 1 such that for all ¢ > 0 one has M;(t) > My, for i =
1

N

Furthermore, F': Q x R™ — R is a function such that F(z,tq,...,t,) is measurable
in z for all (¢1,...,t,) € R" and F(z,t1,...,t,) is Clin (¢ ...,t,) for a.e. z € Q
and Fy, denote the partial derivatives of F with respect to u; such that there exist
i €{1,...,n} such that F,,(2,0,...,0) # 0 in Q.
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The system (1.1) is related to the stationary problem
52 E Lo 02
u (Po u’ x) u _ 0, (1.2)

Poer —\n " ar )y 1ozl *) o2

for 0 < & < L, t > 0 where, u = u(x,t) is the lateral displacement at the space
coordinate x and the time ¢, E the Young modulus, p the mass density, h the cross-
section area, L the length and p, the initial axial tension, proposed by Kirchhoff
as an extension of the classical D’Alembert’s wave equation for free vibrations of
elastic strings (see [26]). Since the equations including the functions M; depend
on integrals over ) in the system (1.1), they are no longer pointwise identity, and
therefore it is often called nonlocal system. Later, the equation (1.2) was extended
to

0%u b 9 ,

— — K(/ [Vu(z)| dx)Au = f(x,u) in Q

ot? a
where, Q@ C RY (N > 1) is a nonempty bounded open set with a given 9Q and
K : [0, +00[— R is a continuous function.

The Kirchhoff’s model takes into account the length changes of the string pro-
duced by transverse vibrations. Some interesting results can be found, for example
in [2,15]. On the other hand, Kirchhoff-type boundary value problems model sev-
eral physical and biological systems where, u describes a process which depend
on the average of itself, as for example, the population density. It received great
attention only after Lions [27] proposed an abstract framework for the problem.
The solvability of the Kirchhoff type problems has been paid much attention to by
various authors. Some early classical investigations of Kirchhoff equations can be
seen in the papers [1,17,19,20,23,25,28,30] and the references therein. For example
in [28] the authors obtained nontrivial solutions of a class of nonlocal quasilinear
elliptic boundary value problems using the Yang index and critical groups. He and
Zou in [19] were concerned with the existence of infinitely many positive solutions
to a class of Kirchhoff-type problem (a + bf; |Vul?dz)Au = \f(x,u) in Q and
u = 0 on 0N where, Q is a smooth bounded domain of RV, a,b > 0, A > 0 and
QxR — Ris a Carathéodory function satisfying some further conditions. They
obtained a sequence of a.e. positive weak solutions to the above problem tending
to zero in L*°([a, b]) with f being more general than that of [28].

The existence and multiplicity of solutions for stationary higher order problems
of Kirchhoff type (in n-dimensional domains, n > 1) were also treated in some
recent papers, via variational methods like the symmetric mountain pass theorem
in [16], via a three critical point theorem in [5] and in [3,4] some evolutionary
higher order Kirchhoff problems were treated, mainly focusing on the qualitative
properties of the solutions. Also for example Cheng et al. in [14] were concerned
with the nonlocal elliptic system of (p, ¢)-Kirchhoff type

— [M1 (Jo |Vu|pdzr)]pi1 Apu = AF,(z,u,v), in €,
— [M: ([, |Vv|pdx)]p_1 Apv = AF,(z,u,v), inQ,
u=v=0, on 0f).
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They under bounded condition on M; (i = 1,2) and some novel and periodic
condition on F', by using of Bonanno’s multiple critical points theorems without
the Palais-Smale condition and Ricceri’s three critical points theorem, respectively,
obtained some new results of the existence of two solutions and three solutions of
the above mentioned nonlocal elliptic system. Hssini in [25] studied the existence
of nontrivial solution for the nonlocal elliptic system of (p, ¢)-Kirchhoff type

— [M1 (fﬂ |Vu|pd:c)]p71 Apu=p (fQ |u|’”*dz)p/p*71 lu|P” —2u

o) in Q,
— [My (J IVolda)] " Ago = (f, |v|q*dz)q/q “Hofa =2

+F,(x,u,v), o
u=v = 0, " aQ

with critical exponent. They by using Bonanno and Molica Bisci’s general critical
points theorem, under some conditions on M; (i = 1,2) and F, established the
existence of nontrivial solution of the above system.

The novelty of this paper is that we deal with problem (1.1) in which there exists
three perturbations for the nonlinear term, which will lead to some difficulties in
the proof, and as far as we know, there are very few results even for such type
equations in the literature. Motivated by the above works, in the present paper,
by employing a smooth version of [9, Theorem 2.1], which is a more precise version
of Ricceri’s Variational Principle [29, Theorem 2.5] under some hypotheses on
the behavior of the nonlinear terms at infinity, under conditions on F' and G we
prove the existence of a definite interval about A and p in which the problem (1.1)
admits a sequence of solutions which is unbounded in the space E which will be
introduced later (Theorem 3.1). Furthermore, some consequences of Theorem 3.1
is listed. Replacing the conditions at infinity of the nonlinear terms, by a similar
one at zero, the same results hold; see Theorem 3.8. At the end, two examples of
applications are pointed out (see Examples 3.3 and 3.10).

2. Preliminaries

Our main tool to ensure the existence of infinitely many solutions for the
problem (1.1) is a smooth version of Theorem 2.1 of [8] which is a more precise
version of Ricceri’s Variational Principle [29] that we now recall here.

Theorem 2.1. Let X be a reflexive real Banach space, let &,V : X — R be two
Gateauz differentiable functionals such that ® is sequentially weakly lower semi-
continuous, strongly continuous, and coercive and ¥V is sequentially weakly upper
semicontinuous. For every r > infx ®, let us put

su “1(—oorh ¥(V) — ¥(u
o(r) = 7inf Pued-1(] _, D (v) (u)
ued—1(]—o0,r[) r— ®(u)

and
~v:=lminfp(r), ¢:= lminf o(r).

r—~+00 r—(infx ®)*
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Then, one has

(a) for every r > infx ® and every X\ €]0, ﬁ[, the restriction of the functional
In=® - \U to @ 1(] — oo, r[) admits a global minimum, which is a critical point
(local minimum) of I in X.

(b) If v < 400 then, for each X €]0, %[, the following alternative holds:
either
(b1) I possesses a global minimum,
or
(b) there is a sequence {uy} of critical points (local minima) of I such that
lim ®(u,) = +o0.
n—+oo
(c) If § < +oo then, for each A €]0, %[, the following alternative holds:
either
(c1) there is a global minimum of ® which is a local minimum of Iy,
or
(co) there is a sequence of pairwise distinct critical points (local minima) of
I\ which weakly converges to a global minimum of ®.

We refer to [6,7,9,10,11,12,13,18,21,22,24] in which Theorem 2.1 has been suc-
cessfully employed to the existence of infinitely many solutions for some boundary
value problems.

We let E be the Cartesian product of n Sobolev spaces Wy "' (Q), Wy P*(9Q), . ..
and W, 7" (Q), i.e.,

E:=WyP (Q) x - x Wy P (Q),

equipped with the norm

Ppi»

n
lull = > IV
i=1

where, u = (uq,...,u,) and

1/pi
P1</|vu1p1dz> 3 ’Lil,,n
Q

Following we consider the well-know inequalities

. 1/17: 1 1/pi
(/ |U|pid$) SW(/ |V’u|pidl‘) , VUEWOl’pi(Q),’L':L...,n
Q i Q

(2.1
where, Sp,, i = 1,...,n is the best constant in the Sobolev inclusion Wol’pi (Q) —
LPi(Q), i =1,...,n. Fixing v € [0,5) with S =: min{S,,,...,S,, }, and set

( ) . 1 14 1 14
m(v,p1,..., = min — =l == .
n bn Spl Spn



A NONLOCAL ELLIPTIC SYSTEM OF (p1,...,pn)-KIRCHHOFF TYPE 203

Theorem 2.2 ([25, Theorem 2.1)). If u € [0,S,,[, then the functional

pl/pz
/ |[VulPide — — </ |u pld:c)

18 sequentially weakly lower semi-continuous in WO PiQ).

Let us recall that u = (u1,...,u,) € E is called a weak solution of system (1.1)

Zn: [Mi (/Q|Vui(ac) p"’dx)ri_l/ﬂwui(x

=1
. pi/px—1
S 2 ([tran) [
- lpz Q Q
f)\Z/ Smug, o ug) v (T dz—,uZ/ Szyug, . ug)vide =0

for every v = (v1,...,v,) € E.
Here and in the sequel “meas({2)” denotes the Lebesgue measure of the set (.
A special case of our main result is the following theorem.

Theorem 2.3. Let Q C R?, meas(Q) > 1, F € C(R* R) and

if

)P 2V (2) Vo (o) da

2 (z)v; () de

sup F tl,tQ
lim inf [t Hlta| <€ ( )

. = and lim sup P81, 85)
£ too Emm{Pth}

(€1.6a)— (Loortoo) E1L + €52

= 400

Then, for every nonnegative arbitrary function G € C(R? R) satisfying the condi-
tion G )
su t1,t
G = lim Pllial<e Gyt
£ too gmm{pmﬂz}

for every p € [0, ju, [ where,
1

G, (22_1 (pz (meas(Q))max{p1.p2}— 1m(u,p1,p2))

:U/*,/\ =

7 omin{pi,po}

1 )mln{m P2}

meas(Q) . SUD|y, p1y|i|r2<e F(t1,12)
— ——— liminf -
* E—+o0 é-mln{pl,pz}

and for every v € [0,min(S,,, Sp,)[, the problem

—Apup =v (fQ |u1|p>1kd$)pl/pl_1 |y [P —2uy

+Fu, (ulaUQ) +/LGU1 (ulaUQ) in ©,
—Apus =v (fQ |uQ|p>2kd$)pZ/pz_1 |ua P2~ 2uy

+Fu, (u1, u2) + uG, (w1, ug), in Q,
up = ug =0, on Of).

has an unbounded sequence of pairwise distinct weak solutions.
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3. Main results

In this section we formulate our main results. For this let

D := sup dist(z, 0)
zeQ

and denote, as usual, with I" the Gamma function defined by

—+o0
L(t) := / 2!~ te7*dz, for allt > 0.
0

We present our main result as follows.
For all £ > 0 we denote by K (&) the set

{(tl,...,tn) ER™: Y Jti|P < g}.
=1

Let p=min{p;; i =1...,n} and p = max{p;; ¢ = 1...,n}. Put

Jo S, eoere Flat,. .. t,) da

A = liminf

£—+o0 EB
and (
F(x,&q,...,¢,)dT
B .= lim sup fB(zO’D/Q) = -
(€1seeerE) = (400, F00) i1 Hi(€)

Tp

— pi
where H;(¢;) = %Mz (23') with

fori=1,...,n, and

n L p

S = ( (ﬁm(yapla---apn)pi)Fi) .

i=1
Our main result is the following theorem.
Theorem 3.1. Assume that
(A1) F(x,ty,...,tn) >0 for all © € B(xo, %) and (t1,...,t,) € R™;
(42)

2ND(1 + N/2)

A
= DNaN2(2N 1)

SB.

(3.1)
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Then, for each X €A1, Ao where,

DNgN/2(9N _ 1)1
A = T )— and Ao : S
2NI'(1+ N/2) B

= Z,

and for every nonnegative arbitrary function G : 0 x R™ — R which is measurable
in 0 and of class C*(R™) satisfying the condition

G — T Jo SUD(1, . t,)EK(€) Gz, ty, ... ty)dz

Jm e < 400, (3.2)

for every p € [0, ug 5[ where,

1-)SA
/’LG,)\ T SGOO
and for every v € [0,min(Sy,,...,Sp,)[, the problem (1.1) has an unbounded se-

quence of weak solutions in F.

Proof: Our goal is to apply Theorem 2.1. For this, fix A, 4 and G satisfying our
assumptions. Now, set Q(x,t1,...,t,) = F(x,t1,...,tn) + §G(2,t1,...,t,) for all
(2,t1,...,tn) € Q x R™. Take X = F and define in X two functionals J and I by

setting, for each u = (uq,...,u,) € X, as follows
n 1 ~ n v . pi/p:
J(u) = —M,; (/ [Vu; pidz) — — </ g [P d:c) ,
; Di Q ; Pi \Ja

and
I(u) = / F(z,ui(x), ... up(z))de + % / G(z,ur(x),. .., up(x))da.
Q Q
It is well known that I is a Gateaux differentiable functional and sequentially weakly

upper semi-continuous whose Gateaux derivative at the point u = (uy,...,u,) € X
is the functional I'(u) € X*, given by

I'(u)v = Z/Q Fu,(z,u1,. .. up)vde + % Z/Q Gy, (T, ug, ... up)vide
i=1 i=1

for every v = (v1,...,v,) € X, and I’ : X — X* is a compact operator. Moreover,
J is a Gateaux differentiable functional which Gateaux derivative at the point
u=(ug,...,u,) € X is the functional J'(u) € X*, given by

n pi—1
J'(u)(v) = Z [Ml (/ |Vui|pidx)] / |V, [P~ Vu,; Vogde
, Q Q
v x pi/pr—l "
— Z — (/ |u; [P dz> / Jug [P~ 2uvsda
—1 Pi Q Q
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for every v = (v1,...,v,) € X. Furthermore, the fact that M; is continuous and
monotone for ¢ = 1,...,n, by (M) and Theorem 2.2 we get that .J is sequentially
weakly lower semi-continuous for v € [0, min(S, , ..., Sp, )| and it is also a coercive

functional. Now from the definition of J and (2.1), for every u = (u1,...,u,) € X
we have

n Vuzp
Jw) >mv,p1,...,pn ZH | (3.3)

=1 Pi

Put T, = J—AI. By the assumption (M), it is standard to see that T € C*(X,R),
and a critical point of Ty corresponds to a weak solution of problem (1.1). So, our
end is to apply Theorem 2.1 to J and /. Now, we wish to prove that v < 400
where, 7 is defined in Theorem 2.1. Let {£,} be a real sequence such that &, > 0
for all k € N and &, = 400 as k — oo and

su F(xz,ty,...,t,)dx
— limint fQ Pty,...t )eK(g)p (z,t1 )
§—+o0 =
for all k € N. Put r, = % for all k£ € N. By taking (2.1) into account, we have
S fusa)P g ol )™ fo [Vl da
a3 11" 57 (s o
e€Q = pi p i = piSpi
1 I\Vuz
< — 34
mln{Spl,...,Spn} Z Pi (34
for each u = (uy,...,u,) € X. Since &, is a positive sequence, r;, > 0 for all k € N.

Thus by taking (3.3) and (3.4) in to account, we have

C {UGX maXZM < Sm(p,p1,...,pn) Tk, for eacher}. (3.5)

Hence, taking into account that I(0,...,0) = J(0,...,0) = 0, for every k large
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enough, one has

(Supverl(]—oo,rk[) I(v)) — I(u) < SUPye j—1(]—00,mk]) I(v)

o(rg) = inf

ueJ =1 (J—o00,rk[) re — J(u) - %
S [o5ubg, e, Q@ ti,. .. tn)dx
- &
B S [q SUD (4.t )€K (€L) (F(z,t1, ... tn) + £G(z,t1, ... 1)) d
&
- S [o 5D, ter(e,) Flo,ti. .. ty)da
- &
N I SfQ Sup(tl,...,tn)eK(fg) Gz, tq,... ,tn)d:r.
A &

Moreover, it follows from Assumption (A2) that

—_— Jo SUD(r, . eyerc(e) F(@,tr, .o tn)de

< 5
=+ fﬁ oo

which concludes

f‘Q Sup(t17~~~,tn)EK(fk) F(IE, tl, . ,tn)de

lim < +o00. (3.6)
k—+o00 g%
Then, in view of (3.2) and (3.6), we have
lim fQ SUP(ty,....tn)EK (£,) F(z,ty ... t,)dz
k—o00 L
k
su G(z,t1,...,ty)dx
+ % lim fﬂ p(tlm’t")eK(&k; (@ ) < +09,
k—o0 gz

which implies

fQ Sup(tl,...,tn)GK(fk) (F(‘Ta tlv s 7tn) + %G(xvtla cee 7tn)) dz
k—+o0 é'%

< +o00.

Therefore,
< liminf :
= iminietne)

I3
<S lim Jo SUD(t, )€K (€,) (F(z,t1, .p. b)) F RG(x . ty)) da
k——+o00 é’z
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Since

fQ SUP(¢,,..., tn)EK (&) Q(xvtla' ,tn)dl'

&
fQ SUD(r, . yerc(en) F (@t ty)da
&k
N Efﬂ SUD(4,...t0 )€K (£,) G(z,t1,...,t,)dx
A & ’

taking (3.2) into account, one has

fQSllp(tl VVVVV tn)EK(E) Q(Z’,tl,...,tn)dﬂC

. 1
lim inf <A+Ea... 3.8
T ; <a+h (35)
Thus
v <liminf @(ry) < SA+ SEGOO < +00.
k—+oo )\
Now, we consider a sequence {(vy,,--., 7, )}t=1 € R", i = 1,...,n, such that

Vi; > 0forall k; € Nand foralli=1,...,n, and

lim - +00
(ki kn )= (40051, +o0) Zzzl (71@1)
Now, we consider a sequence {(wg,,...,wr,)}7—; € X foralli=1,...,n defined
by
0 if x € Q\B(zo, D),
wi, = { 24(D — o — 20]) if @ € B(wo, D)\B(o, D/2), (3.9)
Vi if z € B(zo, 2).
One has

1~ L . p/p"
J(Whys - Wk, ) = Z;Mi (/Q |Vwk|pid$) Z— (/ wi[? dx)
1 - Pi

— \Pi
— pi B(z0,D)\B(z0,D/2) DV’

)
= (meas(B(xzg, D)) — meas(B(xy, D/2))) ZlMl(Q'Yki)Pi

Y2

=1

mV/2 N n Vki
- r (-0 L ()

= TN (DN — (D/2)N ZH Vii)- (3.10)
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On the other hand, since G is nonnegative, we observe

I(wkl,...,wkn):/F(z,wkl(z),...,wkn(z))dx2/ F(z, v, Y, )de.
Q

B(zo,%)
(3.11)
So, from (3.13), (3.10) and (3.11) we conclude

7rN/2 N _ Ny n
J(wkl,...,wkn) — )\I(wkl,...,wkn) S §(D1 +]V(/D2§2) ) ;HZ(’YM)

—)\/ F(z, vy, 7, )de.
B(zo,D/2)

Now, we consider the cases B < +o0 and let

7.‘_N/2 (DN _ (D/Q)N) 1
TE]O, T+ N/2) BX[

From this, there exists (v1.,...,v,.) € R™ such that

/2 (DN — (D/2)N) -
/B(zo Q)F(z57k17"'77kn)dz> ( F(1+N/2) BT)ZHZ(’YIH)

)2 1=1

forall k; >v;_,i=1,...,n, and so

n <N/2 (DN _ N n
Ta(weys - wg,) < ZHi(%i) —A < ﬁﬁ Jr]\,(/gf) )B - T) ZHi(Vki)

i=1

=2 (DN — (D/2)") g
- [1A< N(ES ) BTNZHZ-(V,“.).

Since

N/2 (DN — (D/2)N)
1—)\< T 1 N/2) B—T><0

and taking (3.3) and (3.10) into account one has

lim I,\(wkl, ce ,wkn) = —0OQ.
k—-+oo

If B= 400, fix M > %, from this there exists vy; such that

/( D)F(-Ta’Ykla'--a’Ykn)dx > MZHl(’Ykz)
BZ(),T

i=1
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for all k; > v;,,, i =1,...,n, and moreover

N2 (DN — (D/2)N)
T H;(
)\(wk17 7wkn) < 1—\(1 +N/2 ; sz

—)\/ F(x,vp, -7, )de
B(z0,D/2)

< (1=AM) ZHi(Vki)-

i=1

Since 1 — AM < 0, and arguing as before, we have

lim I,\(wkl,...,wkn):—oo.
(k1yeeskn) = (400,...,400)

Taking into account that

st 1<)

and that T does not possess a global minimum, from part (b) of Theorem 2.1, there
exists an unbounded sequence {uy} = {(u1,,...,un,)} of critical points which are
the weak solutions of (1.1). So, our conclusion is achieved. Hence, the functional I5
is unbounded from below, and it follows that I5 has no global minimum. Therefore,
Theorem 2.1 assures that there is a sequence {u;,} = {(u1,,,...,un,, )} C X of
critical points of I such that lim,, oo ®(t;,) = 400, which from (3.3) it follows
that lim,, o ||tm|| = +00. Hence, we have the conclusion. Moreover, since G is
nonnegative, we have

. Q(x,&q,...,¢,)dr
lim sup fB( 0-D/2) - (.6 > B. (3.12)
(€1,--160) = (00,...,+00) > i1 Hi(&s)

Therefore, from (3.8) and (3.12), and from Assumption (A3) and (3.7) one has

- DNgNEEN 1) 8 !
A €lvy,v2[C ONT(1+ N/2)B”’ A[ ]0_[.

For the fixed )\, the inequality (3.7) assures that the condition (b) of Theorem 2.1
can be used and either /5 has a global minimum or there exists a sequence {u,} =
{(u1,,,..-,un, )} of solutions of the problem (1.1) such that lim, e ||t = +o00.
The other step is to verify that the functional J — AI has no global minimum. Since
2NT(1+ N/2)
DNgN/2(2N — 1)
2NF(1+N/2) I fB(sz/Q) F(:L',&l,...,fn)dl'
= im sup 7 )
DNWN/Q(QN -1 (&1,--,€n)—(+00,...,+00) Zi:l H;(§;)

<

1
A




A NONLOCAL ELLIPTIC SYSTEM OF (p1,...,pn)-KIRCHHOFF TYPE 211

and
1_ 2T+ N/2) Jo(eo.0/2) F @ Vkys o7k, )do (3.13)
A DNN/2(2N —1) Z?:1 H;(vk) -
for each k£ € N large enough. O

Remark 3.2. Under the conditions

Jomaxg, . t)exe Flet, .. tn) dz

lim inf =0
s ¢z ’
" J (0,61, €,)d
F(x,&q,....¢&,)dx
lim sup B(z0.D/2) - - = +o00.
(€1 1ens )= (400, 400) > Hi(&))

Theorem 3.1 assures that for every X > 0 and for each u € [0, é[ the problem
(1.1) admits infinitely many weak solutions. Moreover, if G = 0, the result holds
for every A >0 and p > 0.

Now, we give an application of Theorem 3.1.

b

p1,p2 <2 and F : Q x R?2 = R be the function defined by

Example 3.3. Let n = N = 2, Q = {(z1,22) € R% 27+ 23 <1} C R? 1 <

F(.Tl,l'g,tl,tg)
F* (@1, w2) (8} + 13)e Vi T

=4 x (1 — sin(In(/£2 + t%))) if (w1, 22,11, t2) € Q x (R%\ {(0,0)}),
0 if (w1, w2, t1,t2) € Q x {(0,0)}

where, f*:Q — R is a nonnegative continuous function. Since

lim inf sup F(x1,x9,t1,t2) =0
£=400 |4 P14ty |P2 <t

and
e lminf (e, ,65) = (6 + eV
1562 0,100
we have
lim fffsz SUP|¢, |1 1|t |p2<e L'(21, T2, b1, ta)dardas 0
H s -
and
li ffzf-i—mgg% F(xlax2;€1a§2)d$1dx2 n
im sup = +o00.
(€1.62)—(+00,+00) &'+ &5

Hence, by using Theorem 3.1, the problem (1.1) with

G(x1, T, b1, tg) = e@TH02)—(H+13)
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for all (z1,72,t1,t2) € Q x R, for every
()‘a My V) 6]0’ +OO[>< [0’ +OO[>< [0’ min(Spl ’ SP2)[
has an unbounded sequence of weak solutions.

Remark 3.4. Assumption (A2) in Theorem 3.1 could be replaced by the following
more general condition

(A'2) there exist two sequence {0k}, = {(Op1,...,0kn)} C R™ and {n,} C
R with n;, > 0 for every k € N and Y1 Hi(0r;) < & for all k € N and
limp—s 400 N, = +00 such that

b
m fa Sup(tl,---,tn)EK(’f}k) F(ZC, tl, ceey tn)dx — fB(IU,D/Q) F(.’L', ekl, ceey ekn)dw

Foee T = Hi(Ok)
. . fB(zoﬁD/Q)F(z,él,...,fn)dz
imsup = .

(1 s )= (00,1 11+00) >oio1 Hi&;)

Indeed, clearly, by choosing 0y = 0 for all k € N from (A’2) we obtain (A2).

Moreover, if we assume (A’2) instead of (A2) and choose r, = % for allm € N,
by the same arguing as inside in Theorem 3.1, we obtain

SUDyed—1(]—co,re]) Y (V) = Jo F(2, wy, (2), ... wy, (x))dz
Tk = D pi]/\il (Jo [Vwp[Prda) + 320, o (Jo lwrs p:dw)pi/pj
_ Josup, ey Fl@ ..o ty) do — fB(Z07D/2) F(x,0p1,...,0k)ds
B LY Hi0)

p(ri) <

where, wy(t) is the same as (3.9) but v, replaced by 0. We have the same conclu-
sion as in Theorem 3.1 with the interval |A1, \2| replaced by the interval

1

JB(eg,D/2
lim (zg,D/ )n
k—+oo T Hi(Oki)

A =

)

Shmk fQ SUDP(4, ..., tn,)eK(nk)F(zvth""tn) dm_IB(mO,D/Z) F(x,0k1,...,0kn)dz
—+0o0

me—S iy Hi(0k:)

Here, we point out a simple consequence of Theorem 3.1.

Corollary 3.5. Assume that Assumption (A1) holds. Furthermore, suppose that

.. sup F(x,t1,...,tn) dz
(B1) liminfe 4o Joupe .. tn)g(g(g&) S

. Fiton b2y F@ e, )da
(B2) hmSup(fl,...,fn)—>(+oo,...,+oo) - D/i?)b:l H;(£,) > 1.
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Then, for every nonnegative arbitrary function G : QxR™ — R which is measurable
in Q and of class C*(R") satisfying the condition (3.2) and for every p € [0, pg ;|
where

1—-SA
/’[/G,l = SG ’
and for every v € [0,min(Sy,,...,Sp,)[, the system
[0 (o [l d)] ™ gy = v o) ™7 i =2
+Fu (xyur, o un) + pGa, (ur, .o ), in Q,
u; =0, on 99
fori=1,...,n has an unbounded sequence of weak solutions in E.

Remark 3.6. Theorem 2.3 is an immediately consequence of Corollary 3.5 when
n=0.

We here give the following consequence of the main result.

Corollary 3.7. Let F; : Q x R® — R be a function such that Fy(xz,t1,...,t,) is
measurable in x for all (ti,...,t,) € RN and Fy(x,t1,...,t,) is Clin (¢ ... t,)
for a.e. x € Q. Assume that

JasuPey . tyer @ Fi (@t otn) do
33

(D1) liminfe, 4o < 4o00;

. f 0. Fi(z,&q,..., ¢, dx
(D2) hmsup(g1 ,,,,, £,)—(+00,...,400) Al D/Q)?Zl Hi(fli) = +o0.

Then, for every function Fj : Q@ x R™ — R such that F;(x,t1,...,t,) is measurable
inx for all (t,...,tn) € RN and Fj(x,t1,...,t,) is Ctin (¢, ..., t,) for a.e. z € Q,
satisfying

min inf F;(z, ;2§'§/€}20
{(z7£)e(Q\B($0,D/2))XRN J( g) i

and
. . . Fj(x,tl,...,tn) .
mln{hmmf—p; (t1,...,tn) € K(£),2<j< k} < 400,

E—+o0 67

for each
1
Ae |0, )
Sliminf o 1Pt P ) 0

for every nonnegative arbitrary function G : 0 x R™ — R which is measurable in )
and of class C'(R™) satisfying the condition (3.2), for every p € [0, pg 5[ where,

1—ASA;
/’LG,)\ = SG
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with,
Al i inf J‘Q Sup(t17~~~,tn)€K(£) Fl (SC, tl, . ,tn) dx
=+ 52 ’
and for every v € [0,min(Sp,,...,Sp, ), the system
v i—1 * pi/p; —1 *_
- [Mlk(fg |Vui|pldx)}p Ap,ui = v ([ luil?* dz) ™
FAY G (Fju (@ w1, tn) + pGl (2w, un), in Q,
u; =0, on 0f)
fori=1,...,n has an unbounded sequence of weak solutions in E.

Proof: Set F(t,&;,....&,) = Y Fj(t,&,....&,) for all (&,....6,) € R™
From the assumption (D2) and the condition

Fi(z,&,...,&,); 2§J’§ﬂ} >0

we conclude

fB(mg,D/2) F(z,&,...,&,)dz

lim sup _
(&1,--5&,) = (400,...,400) Zi:l Hz(gz)
k
- 1imsup Ej:l fB(mo,D/2) Fj(x’gl’aén)dx — too.
(E1seesEr) = (00, +00) Zi:l H;i(€)

Moreover, from the assumption (D1) and the condition

Fi(x, ty,...,t,
min{liminfM; (t1,... tn) € K(£),2<j< n} < +00,
§—+o0 &r
we obtain
su F(xz,ty,...,t,) do
lim inf fQ P(ty,..., tn)eK(g)p (2, t1 )
§—+o0 &
su Fi(x,t,...,t,) dx
< liminf fn p(tla---vtn)eK(f)p (7, 1 ) < 400,
£——+o0 f—
Hence, the conclusion follows from Theorem 3.1. O

Arguing as in the proof of Theorem 3.1, but using conclusion (c¢) of Theorem
2.1 instead of (b), one establishes the following result. For this we set

g 1= liminf 2Pt Pty o t) do

’ §*>0+ 62 )
Jp@on P&y &n)da
(€15:6,)—(0F,...,0%) S Hi(E)
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Theorem 3.8. Assume that Assumption (A1) holds. Furthermore, suppose that
(E1)

su Fi(x,tq,...,t,) dx

lim inf fQ Pty tn) €K () 1@t )

£E—0t 53

_ 2NT(1+ N/2) g limsup JB(e0.0y2) F1(@: 61, &,)da
DNN22N —1) 7 (¢, e )(0F,...00) > it Hi(&)

Then, for each \ €]As, \4[ where,

DNmN/2(2N —1) 1 S
Az 1= ™ )— and Ny == —,
2NT(1+ N/2) B, Ao

and for every nonnegative arbitrary function G : 2 x R™ — R which is measurable
in Q and of class C1(R™) satisfying the condition

Josuwp,texe Gla,ti, ... ty)de

Gy := %1_{110 Iz < 00, (3.14)
for every p € [0,7ig 5[ where,
B 1— ASA,
Hax = 7500
and for every v € [0,min(Sy,,...,Sp,)[, the problem (1.1) has an unbounded se-

quence of weak solutions in F.

Proof: Fix A €]A3, M\4] and let G is the function satisfying the condition (3.14).
Since, A < A4, one has p, 5 > 0. Fix 71 €]0, us 5[ and set vz := A3 and vy :=
%. If Gy =0, clearly, v3 = A3, vy = A\q and X €]vs, v4]. If Gg # 0, since
B < pgx, one has
A
— +nGy <1,
N + pGo
and so N
5 _
—— > A,
1+ %)\4500
namely, A\ < v4. Hence, recalling that A > A3 = vs3, one has X €]vs, vy[. Put
Q(z,t1, ... ty) = F(a:,tl,...,tn)—l—%G(ac,tl,...,tn) for all (z,t1,...,t,) € QxR™.
Since
fQ Sup(tl _____ tn)EK (&) Q(x,tl,. ,tn)dl' < fQ Sup(tl _____ tn)EK(£) F(Z’,tl,.. ,tn)dl'
p - p
fk gk
N 1 Jo SUD(4, ...t )€K (£,) G(z,t1,. .. ty)dz
A &

)
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taking (3.14) into account, one has

fQ Sup(tl VVVVV tn)EK(E) Q(lﬂ,tl,. .. ,tn)d
£E—0t fg

z 0
< 4o + $Go. (3.15)

Moreover, since G is nonnegative, from Assumption (E1) we have

Q x, € PRI )gn dZC
lim sup fB(zO’D/Q) - (@& ) > By.
(€1v€) = (0 00,0T) > Hi(€)

Therefore, from (3.15) and (3.16), we obtain

(3.16)

_ 1
C
A €]vs, vaC ; T5 g py2) Q€1 €, )da
IMSUP (e, g )—(0F,...,0+) H(E;)
1

g ])‘33)\4[-

S hm inf§%0+

We take X, J, I and Ty as in the proof of Theorem 3.1. We prove that § < +oo0.
For this, let {£,.} be a real sequence such that £, > 0 for all k € N and &, — 0T as
k — oo and

- Jo SUD(¢,,.. )€K (€,) F(x,ty,... ty)dz

D < +00.

P
Put r, = %’V for all n € N. Let us show that the functional Y5 has not a local
minimum at zero. For this, let {v;,..., vy, i—; fori=1...,n,such that v,, >0
forall k; e Nand ¢ =1,...,n, and a constant 7 such that

n 1
lim )2 =07
(kl,...,kn)—>(+m,_,_,+oo);(%z)

and
1 ___ 2T+ N/2) JB(eo.0y2) F(@ Ve - vp)d
= T
A DN7N/2(2N —1) E?:1 Hi(V1;)
for each n € N large enough. Let {(wy,,...,wy,)} be a sequence in X defined by
(3.9). So, owing to (3.10), (3.11) and (3.17) we obtain

(3.17)

Tx(wr) < ZHZ-(W,”-) —X/ F(z,75,--->7)dt < (1 — A7) ZHZ'(VM) <0
i=1 B(wo,D/2) i=1

for every k € N large enough. Since Yy (0) = 0, that means that 0 is not a local
minimum of the functional Y. Hence, the part (c) of Theorem 2.1 ensures that
there exists a sequence {uy} in X of critical points of T such that [Jug|| — 0 as
k — oo, and the proof is complete. O
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Remark 3.9. Applying Theorem 3.8, results similar to Remark 3.4, Corollaries
3.5 and 3.7 can be obtained.

In the sequel we give the following example as an application of Theorem 3.8.

Example 3. 1() Let n = N = 2, Q = {(z1,22) € R? |z1| + |22] < 1} C R?,
b1 = 2: P2 =7 and F:QxR? — R be the function defined by

F(-TlaxQ)tlatQ)

etz (8 + 1) In(In( ;)

(t
_ ) x sin2(ln(1n(1n( ) ))))
48 +t3>1n*1 mh)]s i @t ) € O x B2\ {(0,0)}),
0 if(ml,mg,tl,tg)GQX{(0,0)}.
Thus
Vi inf fo Sup‘tl|%+‘tz‘% <¢ F(xlv T2, t1, t2>d$1d1'2
s -0
£
and
' ffmgﬂggé (a1, 22,8, &)dardas
lim sup 3 = = +o0.

(€1,€2)—(0F,0%) E2+&5
Hence, by using Theorem 3.8 the problem (1.1) in this case, with

G(w1, @2, t1,t2) = o7 + 25([t1] + |t2])®

for all (z1,2,t1,t2) € QxR2, for every (A, u,v) €]0, +00[x|0, %[x[O,min(Sg,S%)[

has an unbounded sequence of weak solutions.

Let n = 1. As an application of the results, we consider the problem

— [Mi ([, |Vu|p1dac)]p1_1 Apu=v([, |u|p1fcl113)pl/pl_1 |u|Pi 2y
FAf(z,u) + pg(z,w), in Q,
u =0, on 012,
(3.18)
where, My : RT™ — R is a continuous function satisfy in condition (M) and f,g
QxR — R are two L'- Caratheodory functions.
Now we let M : Wy "' — R be as in (3.1). Put

F(x,t)/otf(:c,f)df, for all (z,t) €e QxR

and

G(z,t) = /Otg(z,é)df, for all (z,t) € Q x R.

The following two corollaries are consequences of Theorems 3.1 and 3.8.
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Corollary 3.11. Assume that

(A1) F(z,t) >0 for all x € B(wo, %) and t € R;

(A2")
lim sup Jotso.np P&l - ONT(1 + N/2)(meas(2) 2 ~Lm (v, p1)
— P [2)imeasty)
§—+o0 M1 (%) 21 DN / (2 1)
x lim inf Josupj<e F, 1) do
E—+o0 e .
Th@n, fO’f’ each
\ ‘|DN7TN/2(2N1) X
N F(x,&q,..., N Az’
2NT(1+ N/2) p1 limSUpgﬁJroo IB(IO’D/%[\I((E?I) )
D

p1(meas(Q))Pr ~tm(v, p1)
fQ SUP |y <¢ F(z,t) dx
6171

2p1 liminfe, 4 o

for every L'-Carathéodory function g : Q x R — R whose G(t,r) = f(fg(t,g)dg for
every (t,z) € Q x R, is a nonnegative function satisfying the condition

o = lim fﬂsup‘tlggG(x,t)dx

< +00,
£—+o0 gpl +

for every p € [0, 1, [ where

Jo supjy<¢ F(a,t da

2P1 — Apq(meas(Q))P " tm(v, p1) liminfe 4 oo 5

p1(meas(Q))Pr—1m (v, p1)goo

Pgx =

and for every v € [0, S, [, the problem (3.18) has an unbounded sequence of weak
solutions in Wol’pl.

Corollary 3.12. Assume that the assumption (A1") holds. Furthermore, suppose
that

g 27 R<e F(@ 032 2V DD+ N/2)py (meas(@) (v, p1)
£—s0t £ DNgN/2(2N —1)

F(z,&)dx
x lim sup fB(zO’D/Q) (

()
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Then, for each

DNzN/2(2N 1) 1

N F(x,6)dz’
2 F(l + N/2> lim SUPe_ 0+ fB(:}/\U/I,\D(/(Zgﬁ )591 )f)
(B

A€

p1(meas(2))Pr~tm(v,p1)
Jo sup|y<¢ Fa,t)da |’
gpl

2Pt liminfe o+

for every L'-Carathéodory function g :  x R — R whose G(t,z) = fOE g(t,&)d¢ for
every (t,z) € Q x R, is a nonnegative function satisfying the condition

4o = lim Josupjy<¢ Gz, t)dx
0=

< +00,
€50 5171 +

for every p € (0,71, [ where

Jo supjy<¢ F(a,t) da

271 — Ap; (meas())P " m(v, pr) liminfe_ o+ SoT

Ko = p1(meas(Q))P1~Tm(v, p1)go

and for every v € [0, Sy, [, the problem (3.18) has an unbounded sequence of weak
solutions.
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