Bol. Soc. Paran. Mat. (3s.) v. 2022 (40) : 1-10.
©SPM -ISSN-2175-1188 ON LINE ISSN-0037-8712 IN PRESS
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.41594

Existence Results for Nonlinear Problems with ¢- Laplacian Operators and Nonlocal
Boundary Conditions
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ABSTRACT: Using Leray-Schauder degree theory, we study the existence of at least one solution for the
boundary value problem of the type

(p(u)" = ft,u,u')

u/(0) = u(0), u(T') = bu'(0),
where ¢ : R — R is a homeomorphism such that ¢(0) =0, f:[0,7] x R x R — R is a continuous function, T’
a positive real number, and b some non zero real number.

Key Words: Boundary value problem, Leray-Schauder degree, Brouwer degree, nonlocal boundary
conditions, Fixed point theorem.

Contents
1 Introduction 1
2 Notation and terminology 2
3 Fixed point formulations 2
4 Main results 5
5 Examples 9

1. Introduction

The purpose of this article is to obtain some existence results for the nonlinear boundary value problem

of the form ) [ )
u')) = f(t,u,u
{ f(O) = u(0), o/(T) = bu/(0), (1.1)

where ¢ : R — R is a homeomorphism such that ¢(0) =0, f : [0,7] x Rx R — R is a continuous function,
T a positive real number, and b some non zero real number. By a solution of (1.1) we mean a function
u: [0,T] = R of class C* with ¢(u’) continuously differentiable, which satisfies the boundary conditions
and (p(u'(t))) = f(t,u(t),u'(t)) for all t € [0,T].

In particular, regular periodic problems with ¢— or p-Laplacian on the left hand side were considered
by several authors, see e.g. del Pino, Mandsevich and Murtda [5] or Yan [9].

Recently, V. Bouchez and J. Mawhin in [2] have studied the following boundary value problem:

{ (p(u)) = f(t,u)
u(T) = bu(0),

where ¢ : R — (—a,a) is a homeomorphism such that ¢(0) = 0, f : [0,7] x R — R is a continuous
function, a and T are positive real numbers and b some non zero real number. The authors obtained the
existence of solutions using topological methods based upon Leray-Schauder degree [7].

The main aim of this paper is to study the existence of at least one solution for the boundary value
problem (1.1) using Schauder fixed point theorem or Leray-Schauder degree. For this, we reduce the
nonlinear boundary value problem to some fixed points problem. The first consequence of this reduction
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is that this operator is defined in C'. Second, it is completely continuous. Next, adapts a technique
introduced by Ward [8] for the search of a priori bounds for the possible fixed points required by a
Leray-Schauder approach. The main contribution of this paper is the extension of some results found in
[3] to a more general type of boundary conditions. Such a problem does not seem to have been studied
in the literature.

The paper is organized as follows. In Section 2, we establish the notation and terminology used
throughout the work. In Section 3, we formulate the fixed point operator equivalent to the problem (1.1).
In Section 4, we give the main results of this paper. For these results, we adapt the ideas of [1,2] to the
present situation. Finally, in section 5, we give some examples to illustrate the results obtained.

2. Notation and terminology

We first introduce some notation. For fixed T, we denote the usual norm in L' = L([0,T],R)
by [|-||,:- By C = C([0,T],R) we indicate the Banach space of all continuous functions from [0, 7]
into R with the norm |-||_ and by C' = C*([0,T],R) we designate the Banach space of continuously
differentiable functions from [0, 7] into R endowed with the usual norm ||u|; = [jul| + ||v/]| -

We introduce the following operators:

the Nemytskii operator Ny : C' — C
Ny(u)(t) = f(t, u(t), o' (1)),

the integration operator H : C — C!

the following continuous linear operators:
Q:C =0, Q1) =4 J u(s)ds,
P:C—C, P(u)(t) =u(0),
and finally, we introduced the continuous function
B,y :R—=R, B,p(z)=pbz)— o).
For u € C, we write

Um = minu, upy = maxu, v = max{u,0}, v~ = max{—u,0}.
(0,17 [0,T7]

3. Fixed point formulations
Let us consider the operator
M, :C' = C1,
w QUNp(w) — 228 i (! [p(Pu) + H(Np(u) — Q(Np(w) + 2240 ) 4 plu)

where I denotes the function which maps ¢ on t and ¢! is understood as the operator ¢! : C — C

defined by =1 (v)(t) = ¢~ (v(t)). It is clear that p~! is continuous and maps bounded sets into bounded
sets.
Using the theorem of Arzela-Ascoli we show that the operator M; is completely continuous.

Lemma 3.1. The operator My : C* — C* is completely continuous.

Proof. Let A C C' be a bounded set. Then, if u € A, there exists a constant p > 0 such that

[ull, < p. (3.1)

Next, we show that M;(A) C C* is a compact set. Let (v,), be a sequence in M;(A), and let (u,), be
a sequence in A such that v, = M (u,). Using (3.1), we have that there exists a constant Ly > 0 such
that, for all n € N,
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[Nf(un)ll o < La,
which implies that

Hence the sequence (H(Ny(un) — Q(Nyf(uy)))), is bounded in C. Moreover, for t,¢; € [0,T] and for all
n € N, we have

[H(Ng(un) = Q(Ny(un)))(t) — H(Ny(un) = Q(Ny(un)))(t1)]

t Ny(un)(s)ds| + t Q(Ny(un))(s)ds
S Lyt =t 4 [t =t | [|Q(Ny(un))|l o

< 2Ly |t —ta],

which implies that (H(Ny(un) — Q(Ny(un)))), is equicontinuous. Thus, by the Arzela-Ascoli theorem
there is a subsequence of (H (N (u,) — Q(Nf(uy)))),,, which we call (H (N (un,) — Q(Nf(unj))))j, which
is convergent in C. Then, passing to a subsequence if necessary, we obtain that the sequence
B, 4(Puy,.)
(#1050, = QU )+ 2222 ) )
J

—1:C — C is continuous, it follows from

Mi(un,)' = ¢ [ (H(N (un,) = QUNy (un,))) + + @(P(un,))]

that the sequence (M (uy;)"); is convergent in C. Therefore, passing if necessary to a subsequence, we
have that (vy,); = (Mi(un,)); is convergent in C'. Finally, let (v,), be a sequence in Mi(A). Let
(zn)n € M1(A) be such that

is convergent in C. Using the fact that ¢

IB,, ;,(Pun )

lim ||z, —v,|l; = 0.
n—oo

Let (zn,); be a subsequence of (z,), such that converge to z. It follows that z € M;(A) and (vn,;);
converge to z. This concludes the proof. O

Lemma 3.2. u € C! is a solution of (1.1) if and only if u is a fized point of the operator M.

Proof. Let u € C', we have the following equivalences:

(p(u))" = Ny (u), w'(T) = bu'(0), w'(0) = u(0)

& (o) = Ny(w) = (QNp(w)) — Bt
Q(Ny(u)) — Ze2lO) — o 4//(0) = u(0)

p(u') = H (Nj(u) — Q(Ny(u))) + Lesll@) 4 o/(0)),
Q(Ny(u)) — Zerltl®) _ u<o>:u<o>

¢

= o7t [H(Ny(u) = QNy(u))) + 2200 1 o(u (0))].
QN (u)) — ‘P““”” =0, u/(0) = u(0)

e u=H (¢ [H(Ng(u) = QN () + L2 4 o(w/(0))] ) +u(0),
QN (u)) — Z22G5O) — 0, w/(0) = u(0)
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S u=H (o7 [HN;(w) - QN; () + =D 1 o(u(0))] ) +u(0),
Q(Ny(u)) — 2@ — g

& u=Q(N¢(u))
~ BB 4 1 (o7t [H(N; () = QUNp(w) + 24 1 o(Pu) | ) + Pu. -

Remark 3.3. Note that if u is a fixed point of My, we have the following equivalence: u'(T) = bu'(0) <
Q(Nj(u)) = Ze2lrlO).

In order to apply Leray-Schauder degree to the operator Mj, we introduce a family of problems
depending on a parameter A. We remember that for each continuous function f : [0,7] x R x R = R, we
associate its Nemytskii operator Ny : C' — C defined by

Ny(u)(t) = f(t, u(t), w'(1))-

For A € [0, 1], we consider the family of boundary value problems

(p(u)" = ANy (u) + (1 = M)Q(Ny(u)) (3.2)
' (0) = u(0), v/ (T) = bu'(0). '
Notice that (3.2) coincides with (1.1) for A = 1. So, for each A € [0, 1], the operator associated to (3.2)
by Lemma 3.2 is the operator M (), ), where M is defined on [0,1] x C* by
M\, u) = Q(Ny(w) — 2252 4 i (o1 [o(Pu) + \H(Np(w) — Q(Ny () + L2401 ) 4 P(u).

Using the same arguments as in the proof of Lemma 3.1, we show that the operator M is completely
continuous. Moreover, using the same ideas as above, the system (3.2) (see Lemma 3.2) is equivalent to
the problem

u= M\ u). (3.3)

In order to prove the existence of at least one solution of (1.1), we introduce the family of problems

{ (p(u))" = AQ(Ny (w))
Jo [t u(t), o' (0)dt = o(bu(0)) — (u(0)), u'(0) = u(0).

We also introduce the homotopy Z : [0,1] x O — C* defined by

B%Z(,PU) H <<,0_1 {)\IB%;(Pu) n go(Pu)}) 7

where Z(1,-) = M(0,-). By the same argument as above, the operator Z (see Lemma 3.1) is completely
continuous.

(3.4)

Z(Au) = P(u) + Q(Ny(u)) —

Lemma 3.4. If (\,u) € [0,1] x C! is such that u = Z(\,u), then u is a solution of (3.4).
Proof. Let (A, u) € [0,1] x C! be such that u = Z(A, u). It follows that
Jo Ftu(@), ' (®)dt = p(bu(0)) — ¢(u(0))

and

for all ¢ € [0, T]. Applying ¢ to both members and differentiating, we deduce that
(plu (1)) = AR 2OD = \Q(Ny(u)

for all t € [0,T].
On the other hand, using (3.5) for ¢t = 0, we obtain u/(0) = w(0). This completes the proof. O
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4. Main results

In this section, we present and prove our main results. These results are inspired on works by Bereanu
and Mawhin [1] and Manésevich and Mawhin [6]. We denote by degp the Brouwer degree and for degr g
the Leray-Schauder degree, and define the mapping G : R? — R? by

T
G :R? » R?, (z,y) — <7B@;(x) - %/ flt,x + yt,y)dt, —x + y) . (4.1)
0

Theorem 4.1. Assume that Q is an open bounded set in C' such that the following conditions hold.
1. If (\,u) € [0,1] x C*t is such that u = Z(\,u), then u ¢ 99.
2. The Brouwer degree
degB(Ga Qn RQ? O) # 07

where we consider the natural identification (x,y) ~ x + yt of R? with related functions in C*.
3. For each X € (0,1] the problem (5.2) has no solution on 0.

Then (1.1) has a solution.

Proof. Using hypothesis 1 and that Z is completely continuous, we deduce that for each A € [0,1], the
Leray-Schauder degree degrs(I — Z(,+),Q,0) is well-defined. The homotopy invariance implies that

degrs(I—Z(1,-),Q,0) = degrs(I — Z(0,-),$,0).
On the other hand, we have
degrs(I— Z(0,-),Q,0) = degrs(I— (P + QNy — 222+ HP), 0,0).
But the range of the mapping
B P(u

u — P(u) + Q(Ny (u) — 2= + H(P(u))
is contained in the subspace of related functions, isomorphic to R2. Thus, using a reduction property of
Leray-Schauder degree [4,7]

B,y P
degrs(I— (P + QN — “’TZ’ + HP),0,0)
By P
T

= degp(G,QNR?,0) # 0.

On the other hand, using the fact that M is completely continuous, that Z(1,-) coincides with the
operator M(0,-) and by hypothesis 3, we deduce that for each A € [0,1], degrs(I — M(A,-),,0) is
well-defined and by the homotopy invariance, we have

degrs(I— M(1,-),9Q,0) = degrs(I - M(0,-),Q,0).
Hence, degrs(I — M(1,-),€Q,0) # 0. This, in turn, implies that there exists u € Q such that M;(u) = u,
which is a solution for (1.1). O
The problem (1.1) can be studied by requiring some special conditions on f(t,z,y).
Theorem 4.2. Assume that the following conditions hold.

1. There exists a function h € C' such that
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£t 2ay)| < A(t) for all (t,2,y) € [0,T] x B2,
2. There exists My < My such that for all u € C?,

o Ftut), o (£)dt — Byp(w/(0) £ 0 if uly, > Mo,

Jo w/(t)dt — By p(u'(0)) # 0 if uhyy < M.
3. The Brouwer degree
degi(G, B, (0) N RZ,0) 0,
where p >maz{Ry, Ro} with Ry =r1(2+T) and Re=r2(2+T) where
ri =maz{|e~ (L +2[hll)], e (=L —=2]AlL)[}
and

ro =maz{ |~ (L + ||| 1)

;e (=L = IRl )

I

for L =maxf|o(Ma)|, [o(My)l}.

Then problem (1.1) has at least one solution.

Proof. Let (A, u) € [0,1] x C! be such that u is a solution of (3.2). Using (3.3), we have that
= M(\u) = Q(Ny(w)) — 2250 4 11 (o7 [o(Pu) + MH(Ny(u) — Q(Np(w) + 24E0]) o p(u).

By evaluation of u at 0, we obtain

Jo f u/(t))dt — By p(u(0)) = 0.
Differentiating u and using the fact that u (O) = u(0), we deduce that
Jo ' (t))dt — By, p(u'(0)) = 0.

Now by hypothesis 2 it follows that
ul, < My and v}, > M.

Then, there exists w € [0,7T] such that M; < u/(w) < My. Moreover,

t

Jote! () ds = X [Ny (u)(s)ds + (1= N) [ Q(Np(u))(s)ds
for all ¢ € [0, T]. By hypothesis 1, it follows that
lo(u' ()] < le(u' (W) +2[|hll s < L+2]A]l L1,
where L =max{|¢(M2)]|,|¢(M1)|}. Hence,
[0/l <71,

where 7y =max{|¢ " (L +2||hl[;.)],[¢ (=L — 2||[|;.)|}. Using the fact that u’(0) = u(0), we obtain

[u(t)] < Ju(0)| + fo [/ (s)|dt <ri+rT (te€l0,T]),
and hence
ully = llullo + W'l <1 4+mT+r =r(2+7T) = Ri.

Let (A\,u) € [0,1] x C! be such that u = Z(\,u). Using Lemma 3.4, u is a solution of (3.4), which
implies that
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it ut), o ())dt — By (! (0)) = 0.

Using hypothesis 2, it follows that there exists 7 € [0,T] such that My < v/(7) < Ms. Moreover,
[ ()] < oot (7)) + A S QN () (s)ds
for all ¢ € [0, T]. Now by hypothesis 1, it follows that
lo(u' ()] < L+ [l 1
Hence,
[0/l <72,

where 7y =max{|¢ " (L + [|h[|;.)|, |7 (=L — [|h]|;1)|}. Now for t € [0,T]

[u(t)] < [u(0)] + fy [u(s)] dt <z +roT,
and hence

lully = llulloe + W'l <72+ 12T 412 =r2(2+T) = Ra.

Defining Q@ = Bp(0) in Theorem 4.1, where Bp(0) is the open ball in C' center 0 and radius
p >max{R1, Rz}, we can guarantee the existence of at least a solution of (1.1). O

In the next lemma, we adapt the ideas of Ward [8] to obtain the required a priori bounds.
Lemma 4.3. Assume that f satisfies the following conditions.
1. There exists ¢ € C such that
ftw,y) = et)
for all (t,z,y) € [0,T] x R x R.
2. There exists My < My such that for all u € C?,

S Ftult), o/ (0)dt #0 if ul, > Mo,

S Ftut), o/ (6)dt #0 if uh, < M.
Ifb=1 and (\,u) € [0,1] x C is such that w = M (X, u), then
o]l <,

where
r=max {|¢~" (L+2|lc||)],|¢™" (=L =2]c || )]}

L = max {[p(Ma)|, |p(Mi)l}.

)

Proof. Use the same arguments as in the proof of Theorem 4.2 and the following inequality

[f(t,ut), o' (8)] < ft,u(t), () +2¢ (t) for all ¢ € [0,T].

Now we can prove an existence theorem for (1.1).

Theorem 4.4. Let f be continuous and satisfy conditions (1) and (2) of Lemma 4.3. Assume that the
following conditions hold for some p > r(2+1T).
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1. The equation
G(z,y) = (0,0),

has no solution on OB,(0) NR?, where we consider the natural identification (z,y) ~ x + yt of R?
with related functions in C1.

2. The Brouwer degree
degp(G, B,(0) NR?,0) # 0.

Then problem (1.1) with b =1 has a solution.
Proof. If b =1 and (\,u) € [0,1] x C! is such that u = Z(\, u), by evaluation of u at 0, we have that

T
/ F(t,u(t),u/(t)dt = 0. (4.2)
0
Moreover, u is a function of the form u(t) = x + yt, y = x. Thus, by (4.2)

I f(ta + yt,y)dt =0,

which, together with hypothesis 1, implies that u = « + ta ¢ 0B,(0).

Let b = 1 and (\,u) € [0,1] x C* be such that u = M(\,u). Using Lemma 4.3, we have that
lull, < r(2+T). Thus we have proved that (3.2) has no solution in dB,(0) for b = 1 and (X, u) € [0,1]xC*,
hence the conditions of Theorem 4.1 are satisfied, the proof is complete. O

Our next theorem is a generalization of Theorem 4.2 with b < 0. We need first define the following
operators. The differential operator
D :dom(D) = C, uw~— v,

where
dom(D) = {u € C} : p(u) € C'},

and
Cp ={ueC":u(T)=bu'(0), u(0)=u(0)}.

The operator
D, : dom(Dy) — C, uws (p(u)),

where dom(Dy) = {u € C: p(u) € C*}.
The operator

D, =D,D :dom(D) = C, uw~ (pu)).

When b < 0, —p(-) and ¢(b -) are simultaneously increasing or decreasing. In this case, B, () =
@(b -) — ¢(-) is injective. Thus, the operator D, has an inverse given by

ue H (('071 {90 (B«;j; (foT U(S)ds)) + f(f u(S)dsD + B;j) (fOT u(s)ds).
Hence,

(o(u')" = Ng(u), u'(T) = bu'(0), u'(T) = bu'(0)
< (D,D)(u) = Ny(u), u € dom(D)
s u=(D,D)"'Ns(u), ueC

Hence our problem is finding a fixed point of the operator
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I':=(D,D)"'Ny:C' = dom(D).
— — T B T
wes H (7 [0 (B} (S Nr)(s)ds)) + o Ny(u)(s)ds] ) + B} (Jo' Ny(u)(s)ds).

In the next theorem, we adapt the ideas of Bouches and Mawhin [2] to obtain the existence of at least
one solution of (1.1).

Theorem 4.5. If there exists a function h € C' such that
F(t )] < bt
for all (t,x,y) € [0,T] x R2, then problem (1.1) with b < 0 has a solution.
Proof. Let us consider v = I'(u) := (D,D) !Ny (u). Then,
V'(T) = bv'(0), v/(0) = v(0)
and
Nj(u) = (D D)(v) = (o())

Because v € C! is such that v'(T) = bv'(0), there exists 7 € [0,T] such that v'(7) = 0, which implies
e(v'(1)) = 0 and

t

(' ()] < (w(v’(S)))’ds

< [ vyt |w</ﬂmw@w%mw
<Al (¢ €10,T]),
which implies
vl < B,
where 8 =max{|o~! (|A];1)|, |¢~' (= ||h]l;1)|}. Using the fact that v'(0) = v(0), we deduce that

t T
o1 < O]+ [ [W(e)lds <o)+ [ v(s)]ds < 5+ 5T
0 0
for all t € [0,T], and hence
[vlly = ol + Vlloo < B+ BT + B =B2+T).
Because the T" is completely continuous and bounded, we can use Schauder’s Fixed Point Theorem to

deduce the existence of at least one fixed point in Bga41)(0). The proof is complete. O

5. Examples

In order to illustrate the above results, we consider some examples.

Example 5.1. Let us consider the problem

( ) -2 = 5.1
{u>=wm W(T). o1
Let My = —1 and My = 1. If we suppose that u,, > My or u},; < M, then

M2

SIS _Dar > (22T >0, [T 1dt < (S

)T < 0.
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On the other hand, if we choose p > (1+2T)Y/3(24+T) and c(t) = —1 for all t € [0,T], we have that the
equation

1 T
G(a,b) aT—i—bTQ—bT—f/ f(t,a+bt,b)dt,b—a—bT | = (0,0)
0

1 [T eb
aT—i—bT?—bT—f/ (%—1)dt,b—a—bT = (0,0)
0

b
(aT+bT2—bT—%+1,b—a—bT> = (0,0)

has no solution on OB,(0) NR2. Then we have that the Brouwer degree
degp(G, B,(0) NR?,(0,0))
1s well defined and, by the properties of that degree, we have
degp(G, B,(0)NR%,(0,0)) = Y sgnla(z) #0,
2€G=1(0,0)

where (0,0) is a regular value of G and Jg(x) =detG' (z) is the Jacobian of G at x. So, using Theorem
4.4, we obtain that the boundary value problem (5.1) has at least one solution.

Example 5.2. We consider the following boundary value problem

!/ 2
—2 —u
<|u'|p u') =5 +t?cosu’ +2

u(0) =4/ (0), v (T) = bu'(0),

(5.2)

where p € (1,00), T is a positive real number, and b < 0. Then, by Theorem 4.5, we obtain that (5.2)
has at least one solution.
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