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Some Remarks on Contraction Mappings in Rectangular b-metric
Spaces

Zoran D. Mitrovi¢, Reny George and Nawab Hussain

ABSTRACT: In this paper, we give a short proof for Reich contraction in rectangular
b-metric spaces and almost rectangular b-metric spaces with increased range of
the Lipschtzian constants and illustrate this with a suitable example. Our results
generalize, improve and complement several ones in the existing literature.

Key Words: Fixed points, b-metric space, Rectangular metric space, Rectan-
gular b-metric space.

Contents
1 Introduction and Preliminaries 147
2 Main Result 148
3 A possibly more general theorem 153

1. Introduction and Preliminaries

In the paper [5] George et al. introduced the concept of rectangular b-metric
space, (see also [3,4,9]) which is not necessarily Hausdoff and which generalizes the
concept of metric space, rectangular metric space and b-metric space (some results
in b-metric spaces can be seen in [1,2]). Later many fixed point results were proved
in a rectangular b-metric space (see [3,4,9]).

Definition 1.1. [5] Let X be a nonempty set and the mapping d : X x X — [0, c0)
satisfies:

(ROM1) d(x,y) = 0 if and only if © = y;

(ROM2) d(x,y) = d(y,z) for all x,y € X;

(RbM3) there exists a real number s > 1 such that d(z,y) < s[d(x,u) + d(u,v) +
d(v,y)] for all z,y € X and all distinct points u,v € X\{z,y}.

Then d is called a rectangular b-metric on X and (X,d) is called a rectangular
b-metric space (in short RbMS) with coefficient s.

Definition 1.2. [5] Let (X, d) be a rectangular b-metric space, {xn} be a sequence
m X and x € X. Then

(a) The sequence {x,} is said to be convergent in (X,d) and converges to x, if for
every € > 0 there exists ng € N such that d(z,,x) < € for all n > ng and this fact

s represented by lim x, =x or x, — x as n — 0.
n—o0
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(b) The sequence {x,} is said to be Cauchy sequence in (X,d) if for every e >0
there exists ng € N such that d(xy,, Tnip) < € for all n > ng,p > 0.

(c) (X,d) is said to be a complete rectangular b-metric space if every Cauchy se-
quence in X converges to some x € X.

The main result in the paper [5] is the following theorem (analogue of Banach
contraction principle in rectangular b-metric space).

Theorem 1.3. Let (X, d) be a complete rectangular b-metric space with coefficient
s>1andT : X — X be a mapping satisfying:

d(Tz, Ty) < Ad(z,y) (1)
for all x,y € X, where X\ € [0, %] Then T has a unique fized point.
George et al. (Open problems on page 1012 in [5]) raised the following problems.

Problem 1. (Open Question 1) In Theorem 1.3, can we extent the range of A to
the case % <A<1?

Problem 2. (Open Question 2) Prove analogue of Chatterjee contraction, Reich
contraction, Ciric contraction and Hardy-Rogers contraction in RbMS.

In [7], the author has given a positive answer to the Open Question 1 of [5].
The purpose of this paper is to obtain analogue of Reich’s contraction principle
(see [8]) in RbMS and thus give a partial solution to the Open Question 2 of [5].
We have also obtained an analogue of Reich’s contraction principle and Banach
contraction principle in an almost rectangular b-metric space, which is possibly a
more generalised version of rectangular b-metric space. Our results improve the
results of [4], [5] and [7] in the sense that the range of Lipschitzian constants used
have been significantly increased in our results and also we have proved the results
in a more generalised concept of almost rectangular b-metric space..

2. Main Result

The following theorem is the analogue of Reich’s contraction principle in rect-
angular b-metric space.

Theorem 2.1. Let (X,d) be a complete rectangular b-metric space with coefficient
s>1and T : X — X be a mapping satisfying:

d(Tz,Ty) < ad(z,y) + Bd(z, Tx) + vd(y, Ty) (2.1)

for all z,y € X, where a, 8,7 are nonnegative constants with o+ 3+~ < 1 and
min{f,v} < % Then T has a unique fized point x* and lim, .o T"z = x*, for all
re X.

Proof: Let xp € X be arbitrary. Define the sequence {x,} by x,+1 = Tz, for all
n > 0. From condition (2.1) we have that

d(anrlvxn) S Oéd(SCn,SCn,1> + ﬂd(xnvanrl) + ’Yd(znflvxn)-
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Therefore,

Q

+7
15

Put A = %‘g We have that A € [0,1). It follows from (2.2) that

d(Tpt1,Tn) < d(p, Ty—1)- (2.2)

d(Tpt1,Tn) < AN'd(x1,x0) for all n > 1. (2.3)

If z,, = x,41 then x, is fixed point of T'. So, suppose that x,, # x,41 for all n > 0.
Then x,, # x4k for n >0,k > 1. Namely, if z,, = x4, for somen >0 and k > 1
we have that 2,41 = Zp4r11. Then (2.2) implies

d(szrly-rn) = d(xn+k+1yxn+k) < Akd(szrlv'rn) < d(anrlv:Cn)?

a contradiction.
From conditions (2.1) and (2.3) we obtain

d(xmv xn) ad(xmfla znfl) + ﬂd(xmfla zm) + ’Yd(xnfla zn)
ad(Tm—1,Tn—1) + BN d(zo, 21) + YA d(w0, 1)

Qd(Tm—1,Tn—1) + (BN + AN D d(z0,21)

IA A

From this, we have
d(Xm, ) < kd(Xpm-1,2n—1) + (K™ 4+ k™)d(z0, x1), (2.4)
where, k = max{a, 8,7, A}. From (2.4) we further obtain
(@, xn) <K d(@m—rp, Tp—r) + r(E™ + k™)d(xg, 21), (2.5)
for all » € {1,...,min{m,n}}.

Since lim k™ = 0, there exists a natural number ny such that
n—oo

0<k™-s<1. (2.6)

So, from (2.5) we obtain the following inequalities

AT, Trmtng) < K"d(20, Tng ) + m(E™ + EMT0)d (20, 11), (2.7)
d(anrnov .CCn) < knd(xnm 330) + n(kn+n0 + k")d(:co, 331), (28)
A(Zintngs Trtng) < k™0d(Tom, Tn) + no (K™ + k") d(z0, 21). (2.9)

Since (X, d) is rectangular b-metric space, from condition (RbM3) we have

(T, Tn) < 8[A(Tm, Tmtno) + ATmtngs Tntng) + ATntng, Tn)l- (2.10)
From (2.10), together with (2.6), (2.7), (2.8) and (2.9) we obtain

(K™ + k™)d(x0, Tng)
1 — knos
[K™(m + (m + np)k™) + k™ (n + (n 4 ng)k™)]d(xo, 1)

s 1— knog ’

d(Xpm,xn) < s
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Since lim,,—,» k™ = 0 and lim,,_, o, nk™ = 0, we have that {x,} is a Cauchy sequence
n (X,d). By completeness of (X, d) there exists ™ € X such that

lim z, = «*. (2.11)

n—oo

Now we obtain that z* is the unique fixed point of T'. Namely, there exists k € N
such that for all n > k we have

dz*,Tz*) < s

[d(z*, zpn) + d(xpn, Tpt1) + d(@pt1, Ta™)]
sld(x”, xn) + d(@p, Tpy1) + d(Tay, Ta™))
sld(x”, xn) + d(Xn, Tpy1) + ad(zy, ™)
Bd(n, Tny1) +yd(z®, Ta")).

+ IA

and

d(Tz*, z*)

IN

sld(Ta”, xpt1) + d(@ng1, Tn) + d(@n, 7))

sld(Tz", Txy) + d(zpt1, Tn) + d(@n, 7))

slad(z*, xy) + Bd(x*, Ta™) + vd(xpn, Tni1)
d(@nt1,Tn) + d(zn, 7).

+ IA

Since lim d(z*,x,) = 0, lim d(xn,zp+1) = 0 and min{g,7} < %, we have
n—o0 n—o0o
d(z*,Txz*) =01. e, Ta* = z*.
For uniqueness, let y* be another fixed point of T. Then it follows from (2.1)
that

dz*,y*) = d(Tz",Ty") < ad(z",y") + pd(z*, Tz") + vd(y*, Ty")
= ad(z*,y") <d(z*,y")

is a contradiction. Therefore, we must have d(z*,y*) = 0, i.e., z* = y*. |

Remark 2.2. Every metric space is a rectangular b-metric space, but the converse
is not true in general (see [5]). We obtain that Theorem 2.1 provides a generaliza-
tion of Reich Principle Contraction.

Remark 2.3. Additionally, if for each y € X the function v — d(z,y) is lower
semicontinuous from Theorem 2.1 then for x* for which x* = lim,_, T"xq the
next estimate holds

sk™
1 — knos

where ng € N such that 0 < A" -b? < 1 and k = max{a, 3,7, %‘g—}

d(z*, x,) < [d(x0, zn,) + (n+ (n+ no)k")d(x0, 21)], (2.12)

Example 2.4. Let X =[0,2], d(z,y) = (x —y)? forallz,y € X and T : X — X
be defined by
Tx = { E

€1[0,1
1,2].

T
x e (1,

wRN[R

Then
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1. From inequality

at+b+e 2< a? +b% + 2
3 - 3 ’

for all a,b,c € [0,00), we obtain that (X, d) is a complete rectangular b-metric
space with coefficient s = 3.

2. There exist a, B,y > 0,% <a+4+f+v<1l,mn{f} < % (a=p

2
=7=7)
such that T satisfies the contraction condition (2.1) in Theorem 2.1.

From Theorem 2.1 we obtain the following variant of Banach contraction prin-
ciple in b-rectangular metric spaces.

Theorem 2.5. [7] Let (X,d) be a complete rectangular b-metric space with coef-
ficient s > 1 and T : X — X be a mapping satisfying:

d(Tx,Ty) < ad(x,y) (2.13)

for all x,y € X, where « € (0,1). Then T has a unique fized point x* and
limy, oo T"x = 2%, for allx € X.

In the next Theorem we show inequality

S

1—As

d(z*,x0) < [d(z0, Txo) 4 d(Txo, T?20)], (2.14)

if A< 1
In the rectangular b-metric space (X,d), let B[z, 7] denote the closed ball with
centre x and radius 7.

Theorem 2.6. If (X,d) is a complete rectangular b-metric space with coefficient
s>1and T : X — X is a contraction mapping, then T has a unique fized point

¥, and for any ro € X the sequence T"xy converges to x*. If 0 < As < 1, then
x* € Blxg,r], where r = == [d(wo, Txo) + d(Txo, T?x0)).

Proof: We show that T : Blxg,r] — Blxzg,r|. Let © € Blxo,r]. Then

d(Tz,z0) < s[d(Tz,Txo) + d(Txo, T?x0) + d(T™, x0)]
< s[Md(z,w0) + d(Txo, T?x0) + d(T?x0, 20)]
A
< sl _SAS [d(z0, Tzo) + d(Two, T?x0)]
+ d(mo, T.To) + d(T.To, mo)]

S
T [0, Two) + d(Txo, T220)] = 1.

By the Theorem 2.5, the result follows. O
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Example 2.7. Let X =R, d(z,y) = (v —y)? for allz,y € X and T : X — X be

defined by Tx = \/gac Then (X,d) is a complete rectangular b-metric space with

coefficient s = 3. Corollary 2.5 is applicable taking \ = % On the other hand,

Theorem 1.3 is not applicable since condition (1.1) implies 3 < X and X € [0, 1]
implies A < %
Remark 2.8. Theorem 2.5 provides a complete solution to an open problem 1

raised by George et al. in [5].

Also, from Theorem 2.1 we obtain the Kannan theorem [6] in b-rectangular
metric spaces.

Corollary 2.9. Let (X, d) be a complete rectangular b-metric space with coefficient
s>1andT : X — X be a mapping satisfying:

d(Tz,Ty) < Bd(x, Txz) + vd(y, Ty) (2.15)

for all x,y € X, where B, nonnegative constants with 5+~ < 1 and min{g,~v} <
%. Then T has a unique fized point.

From Corollary 2.9 we obtain the next generalization of Theorem 3.2 in [5].

Corollary 2.10. Let (X,d) be a complete rectangular b-metric space with coeffi-
cient s > 1 and T : X — X be a mapping satisfying:

d(Tz, Ty) < Nd(z,Tz) + d(y, Ty)] (2.16)
for all x,y € X, where \ € [O,min{%, % ). Then T has a unique fized point.

From Theorem 2.1 we obtain the following variant of Reich-theorem in rectan-
gular b-metric spaces.

Corollary 2.11. Let (X,d) be a complete rectangular b-metric space with coeffi-
cient s >1 and T : X — X be a mapping satisfying:

d(Tz,Ty) < ad(z,y) + bld(x, Tx) + d(y, Ty)] (2.17)

for all x,y € X, where a,b are nonnegative constants with a +2b < 1 and b < <
Then T has a umque fized point =¥ and for each x € X the Picard sequence {T"z}
converges to = in (X, d).

Example 2.12. Let X = {0,1,3,3},d(z,y) = (z — y)* for all z,y € X and
T : X — X be defined by T(0) = 3,T(1) = T(2) = 1,T(3) = 0. Then (X,d)
is a complete rectangular b-metric space with coefficient s = 3. Corollary 2.11
is applicable with a = 0.4 and b = 0.299 and 1 is the unique fized point of T.
However, Corollary 2.4 of Ding et al [}] is not applicable as d(T0,T3) > ad(z,y)+
bld(x, Tx) + d(y, Ty)] for any a+2b < 3.

Remark 2.13. In view of above example we see that Theorem 2.1 and Corollary
2.4 are generalized versions of Corollary 2.11 of [/] in the setting of rectangular
b-metric spaces.
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3. A possibly more general theorem
In this section we prove Theorem 2.1 without assumption (RbM2).

Definition 3.1. Let X be a nonempty set. A mapping d : X x X — [0,00) is
called an almost-rectangular b-metric on X if d satisfies the conditions (RbM1)
and (RbM3) stated in Definition 1.1 and, in addition, satisfies

(ROM2’) d(xp,x) = 0= d(z,z,) — 0.

Theorem 3.2. Let (X,d) be a complete almost-rectangular b-metric space with
coefficient s > 1 and T : X — X be a mapping satisfying:

d(Tz,Ty) < ad(z,y) + Bd(x, Tx) + vd(Ty,y) (3.1)

for all x,y € X, where «, B,y are nonnegative constants with

1
a+ 2max{f,v} <1 and max{f,v} < -. (3.2)
s
Then T has a unique fixed point x* and lim, ., T"x = x*, for all x € X.

Proof: Define a new rectangular b-metric on X by

d(z,y) +d(y, z)

p(x,y) = D)

It is easy to check that p is a rectangular b-metric on X with coefficient s. Indeed,
the less obvious task is the verification of (RbM3). To check it, pick any z,y € X
and fixe distinct points w,v € X\{z,y}. Then, from

d(z,y) < sld(z,u) + d(u,v) + d(v,y)]

and
d(y,z) < s[d(y,v) + d(v,u) + d(u, )]
one has
o(z,y) = d(z, y) 42r d(y, z)
d(z,u) +d(u,z) = d(u,v) +d(v,u) d(v,y)+ d(y,v)
< s 5 + 5 + >

= slp(z,u) + p(u,v) + p(v,y)].

In addition, direct calculation shows

p(Tx, Ty) < ap(x,y) + max{F,v}p(z, Tx) + max{s,v}p(y, Ty)

for all x,y € X. Notice further that 3.2 implies

min{max{3, v}, max{s3,v}} = max{s,v} < %
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and
a+ max{S,v} + max{f,v} < 1.

A direct calculation using property (RbM2’) shows that (X, p) is complete. There-
fore, by Theorem 2.1 T" has a unique fixed point * € X such that lim,,_,, "z = z*
for all x € X. O

From Theorem 3.2 above, one obtains the following more general form of The-
orem 2.5.

Theorem 3.3. Let (X,d) be a complete almost-rectangular b-metric space with
coefficient s > 1 and T : X — X be a mapping satisfying:

d(Tz, Ty) < ad(z,y) (3.3)

for all x;y € X, where o € (0,1). Then T has a unique fized point x* and
limy, oo T"x = x*, for all z € X.

Remark 3.4. Observe the curious fact in these results: the function d does not
need to satisfy the symmetry condition (RbM2).
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