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1. Motivation and main results

In [3, Theorem 1], it was established inductively and recursively that the family
of differential equations

2n—1
GM(t)=G(t) > ain(n,z)(1-2t)"7? neN (1.1)
has the same solution
G(t) = e* (V1720 (1.2)
where ag(n,x) = 2", ap—1(n,x) = (2n — 3)!lz, and
n—j—ln—j=l-i;  n—jloij——iz
TR VD SR s
ij=0  i;_1=0 i1=0

[[n—ij—ijor = =i — (G — 2k —2))) (1.3)
k=1
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for 1 <4 < n—2. The function G(¢) in (1.2) can be used to generate the reverse
Bessel polynomials py(x) by

0 k
G(t) = er(1=vI=21) _ Zpk(x)%
k=0 ’

The expression (1.3) was used in [3, Theorem 2].
In [4, Theorem 2.2], it was also established inductively and recursively that the
family of differential equations

n

F\(t) = Fa(t) Y bi(n, N2 (1+ M)A, neN (1.4)
i=1
has a solution
FA(l) = ez[(1+xt)1/*—1], (1.5)

where by (n,A\) = (1 — (n — DA N)p—1,

n—i n—i—ki_1 n—i—ki_1—-—ka
bi(n, ) = S
ki—1=0 k;_2=0 k1=0

7 1—1
( - <n2kj¢1+£>/\
=2 =0

x<1_(n_§kj_i>A

A)
ke—1

A) (1.6)
n—31"1 kj—i

fOI‘2§’[;§n7
n—1
(elo)n = [ (& + ko) = 70T (= Lal n=d,
! kZO b n_o’

and the function Fy(¢) in (1.5) can be used [42] to generate partially degenerate
Bell polynomials By, x(x) by

a1 1] N "

By(t) =e = Bual) .

n=0

n!

For more information about the Bell numbers and polynomials, please refer to [2,
7,9,12,19,20,31,37,39,41] and closely related references.
It is obvious to see that

1. the expression (1.6) is too complicated to be remembered, understood, and
computed easily;

2. the original proof of [4, Theorem 2.2] is long and tedious,
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3. the generating functions G(t) and F)(¢) are connected by

Fy(—t) = %

In this paper, we will provide nice and standard proofs for [3, Theorem 1] and [4,
Theorem 2.2] and, more importantly, discover simple, meaningful, and significant
form for a;(n,z) and b;(n, \).

Our main results can be stated as the following theorem.

Theorem 1.1. Forn >0, the function Fx\(t) defined by (1.5) satisfies

nooo ok k n—1
F (1) = (11*::(;2)” y ) [Z(M(’;) H(Eq)\)] (14 AV (17)

k=0 =0 a=0
and the function G(t) defined by (1.2) satisfies
. n 1 k n—1
G™ () = 1 —~ 2t - z;) o [Z - (g) go(e - 2m)] (zv/T—2t)"  (1.8)

and

G (1) = Lt)) ;O <2” —k k)1> 20— k) -1 (avI—20)",  (19)

(1—2¢)" 2(n —

where the empty product means 1 as usual.

2. Proof of Theorem 1.1

The famous Faa di Bruno formula reads that
mf o h(t Z FE (M) B (W (1), B (t),..., A0 @)) - (2.1)

for n > 0, where the Bell polynomials of the second kind B,, (21, Z2, ..., Tp_j+1)
for n > k > 0 are defined [1, p. 134, Theorem A] and [1, p. 139, Theorem C] by

n—k+1 0

TL' ZT; i
Bpr(1, @2, .., Tp_pr1) = Z W H (z_')

1<i<n,£;€{0}UN i=1
Zl 1 ili=n
li=k

i=1
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Applying u = h(t) = (1 + Xt)V* and f(u) = e*“Y to (2.1) gives
n dk e:n(ufl)

F)(\") (t) = Z 7 Bn,k ((1 + )\t)l/Afl, (1 + )\t)l/A72(1 . )\),
k=0

n—k
A+ DMYATL =N (1= 2X),.., (14 ) AU TT (1 - m)

(=1
= 7Bnk LI=X(1=X(1-=-2N),..., (1—1¢N)
n—k/\ ’
= (1+Xt) / Py
n .’L'k (_1)k k n—1
= Fa(t) n—k/x fl Z(_l) ( ) H (€ = a),
— (1+ Xt)n=k/X — =0
where we used the identities
Bn,k(abxl, ab’zo, . .. ,ab”*kﬂxn_kﬂ) = ap” Buk(z1,22, .. Tp—gr1)  (2.2)
and
n—k
Bn,k<1,1—)\,(1—)\)(1—2)\),..., (1—[)0)
=0
)k k k n—1
¢
S (f) ITe-m. rec @
£=0 q=0
which is equivalent to
k k
Bonk((a)1, ()2, .., (a)n—kt1) Z ( ) aeC, (24)

n [1, p. 135], [21, First proof of Theorem 2],
[26, Lemma 4], [29, Remark 1], [37, Lemma
The formula (1.7) is thus proved.

Similarly, applying u = h(t) = /1 — 2t and f(u) = e*(*=%) to (2.1) yields

=0
[22, Lemma 2.2], [25, Remark 6.1],
.6], and [38, Theorems 2.1 and 4.1].

n dk z(1—u) 1 1
(" _ _
60) = 3 e~
3 - k+1) -3
(1 _ 2”5/2 e (1 _ Qt)[2(n—k+1)—1]/2
=Yoot OB (o a2 ) — 1)
= xT) € (172t)n7k/2 n,k ey Lt 00,00, n I
k=0

n k k n—1
:G(t);)(l*Q — k/2 Z ()H@?tz),

£=0
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where we used the identity

n k n—1
Ba((—D)! 1131 . [2(n— k) — 1)) = (7/{1') > (=1 <’;> [T«-29) 25)
’ =0 q=0

in [25,27,29,46,42]. The formula (2.5) can also be derived from taking A = 2 in (2.3)
or taking v = 3 in (2.4) and utilizing the identity (2.2). The formula (1.8) is thus
proved.

In [42, Theorem 1.2] and [40, Eq. (1.10)], it was derived that

By ((— 1)1, 11311, [2(n — k) — 1]1) = (2;(;’“ ;)1) 20—k — 11 (2.6)

Substituting (2.6) into (1.8) concludes (1.9). The proof of Theorem 1.1 is complete.
3. Remarks
Finally, we list several remarks on our main results and closely related things.

Remark 3.1. The equation (1.1) can be reformulated as

G () =Gt Y % nen.

=n

(n)
This means that the function Gft()t) is a linear combination of the base

=) =) - =)

(n)
The equation (1.8) shows that the function GG(t()t) is a linear combination of the

base

1 2n 1 2n—1 1 n+1 1 n
<\/1—2t> ’ <\/1—2t> o <\/1—2t> ’ <\/1—2t> '
These two bases are not equivalent to each other. Therefore, we surely disclose that

the equation (1.1) is wrong and, consequently, main results in [3] are all wrong.

Remark 3.2. Comparing (1.4) with (1.7) reveals that

k

1)k nt
() = S5 S () T - v

=0 q=0

This form for b (n, \) is apparently simpler, more meaningful, and more significant
than the expression (1.6).
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From (2.5) and (2.6), it follows that

i(q)e (k) ﬁ(z —2¢) = (—1)"k! <2” —k- 1> 2n—k)—1I.  (3.1)
prd 1 ey 2(n—k)

Consequently, we obtain

bi(n,2) = (—1)"* (2;‘(nfk)1) 2(n— k) — 1]I1.

Remark 3.3. The equation (1.7) can be rewritten as

F(n)( ) F/\( ) i [:C(l + At)l/)\]e

(L+ )" = 1
n—1 n—~¢
[z(1 + At)/ A
X (L —qN) (- ——
-] Sk

n

— 1+)\t1/kgn1
= i & g | Lo | et ),
0= q=0

where T'(a, z) = fzoo t*~le~tdt denotes the incomplete gamma function which has
been investigated in [10,30,34] and closely related references.

Remark 3.4. Applying (3.1) to (1.7) results in

F"M(t) = arzr + 2t . z(:) (2" ;k;)l) 2(n — k) — 1)1 (1 + 26)"/2]".

Remark 3.5. We leave a question to readers: what are the inversion formulas of
the equations from (1.7) to (1.9)%

Remark 3.6. The motivations in the papers [5,6,8,11,15,1/,15,16,17,23,24,28,29,
31,32,88,35,36,37,46,43,44,45,47,48,49] are same as the one in this paper.

Remark 3.7. This paper is a slightly modified version of the preprint [18].
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