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1. Motivation and main results

In [3, Theorem 1], it was established inductively and recursively that the family
of differential equations

G(n)(t) = G(t)

2n−1
∑

i=n

ai−n(n, x)(1 − 2t)−i/2, n ∈ N (1.1)

has the same solution
G(t) = ex(1−

√
1−2t ), (1.2)

where a0(n, x) = xn, an−1(n, x) = (2n− 3)!!x, and

aj(n, x) = xn−j

n−j−1
∑

ij=0

n−j−1−ij
∑

ij−1=0

· · ·
n−j−1−ij−···−i2

∑

i1=0

j
∏

k=1

(n− ij − ij−1 − · · · − ik − (j − (2k − 2))) (1.3)
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for 1 ≤ i ≤ n− 2. The function G(t) in (1.2) can be used to generate the reverse
Bessel polynomials pk(x) by

G(t) = ex(1−
√
1−2t ) =

∞
∑

k=0

pk(x)
tk

k!
.

The expression (1.3) was used in [3, Theorem 2].
In [4, Theorem 2.2], it was also established inductively and recursively that the

family of differential equations

F
(n)
λ (t) = Fλ(t)

n
∑

i=1

bi(n, λ)x
i(1 + λt)i/λ−n, n ∈ N (1.4)

has a solution
Fλ(t) = ex[(1+λt)1/λ−1], (1.5)

where b1(n, λ) = (1 − (n− 1)λ|λ)n−1,

bi(n, λ) =

n−i
∑

ki−1=0

n−i−ki−1
∑

ki−2=0

· · ·
n−i−ki−1−···−k2

∑

k1=0

i
∏

ℓ=2

(

ℓ−
(

n−
i−1
∑

j=ℓ

kj − i− 1 + ℓ

)

λ

∣

∣

∣

∣

∣

λ

)

kℓ−1

×
(

1−
(

n−
i−1
∑

j=1

kj − i

)

λ

∣

∣

∣

∣

∣

λ

)

n−∑i−1
j=1 kj−i

(1.6)

for 2 ≤ i ≤ n,

(x|α)n =

n−1
∏

k=0

(x + kα) =

{

x(x+ α) · · · [x+ (n− 1)α], n ≥ 1,

1, n = 0,

and the function Fλ(t) in (1.5) can be used [42] to generate partially degenerate
Bell polynomials Bn,λ(x) by

Fλ(t) = ex[(1+λt)1/λ−1] =

∞
∑

n=0

Bn,λ(x)
tn

n!
.

For more information about the Bell numbers and polynomials, please refer to [2,
7,9,12,19,20,31,37,39,41] and closely related references.

It is obvious to see that

1. the expression (1.6) is too complicated to be remembered, understood, and
computed easily;

2. the original proof of [4, Theorem 2.2] is long and tedious,



Coefficients in ordinary differential equations 75

3. the generating functions G(t) and Fλ(t) are connected by

F2(−t) =
1

G(t)
.

In this paper, we will provide nice and standard proofs for [3, Theorem 1] and [4,
Theorem 2.2] and, more importantly, discover simple, meaningful, and significant
form for aj(n, x) and bi(n, λ).

Our main results can be stated as the following theorem.

Theorem 1.1. For n ≥ 0, the function Fλ(t) defined by (1.5) satisfies

F
(n)
λ (t) =

Fλ(t)

(1 + λt)n

n
∑

k=0

(−1)k

k!

[

k
∑

ℓ=0

(−1)ℓ
(

k

ℓ

) n−1
∏

q=0

(ℓ− qλ)

]

[

x(1 + λt)1/λ
]k

(1.7)

and the function G(t) defined by (1.2) satisfies

G(n)(t) =
(−1)nG(t)

(1 − 2t)n

n
∑

k=0

1

k!

[

k
∑

ℓ=0

(−1)ℓ
(

k

ℓ

) n−1
∏

m=0

(ℓ − 2m)

]

(

x
√
1− 2t

)k
(1.8)

and

G(n)(t) =
G(t)

(1− 2t)n

n
∑

k=0

(

2n− k − 1

2(n− k)

)

[2(n− k)− 1]!!
(

x
√
1− 2t

)k
, (1.9)

where the empty product means 1 as usual.

2. Proof of Theorem 1.1

The famous Faà di Bruno formula reads that

dn

d tn
f ◦ h(t) =

n
∑

k=0

f (k)(h(t)) Bn,k

(

h′(t), h′′(t), . . . , h(n−k+1)(t)
)

(2.1)

for n ≥ 0, where the Bell polynomials of the second kind Bn,k(x1, x2, . . . , xn−k+1)
for n ≥ k ≥ 0 are defined [1, p. 134, Theorem A] and [1, p. 139, Theorem C] by

Bn,k(x1, x2, . . . , xn−k+1) =
∑

1≤i≤n,ℓi∈{0}∪N∑n
i=1 iℓi=n∑n
i=1 ℓi=k

n!
∏n−k+1

i=1 ℓi!

n−k+1
∏

i=1

(xi

i!

)ℓi
.
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Applying u = h(t) = (1 + λt)1/λ and f(u) = ex(u−1) to (2.1) gives

F
(n)
λ (t) =

n
∑

k=0

dk ex(u−1)

duk
Bn,k

(

(1 + λt)1/λ−1, (1 + λt)1/λ−2(1 − λ),

(λt+ 1)1/λ−3(1− λ)(1− 2λ), . . . , (1 + λt)1/λ−(n−k+1)
n−k
∏

ℓ=1

(1− ℓλ)

)

=

n
∑

k=0

xkex(u−1)

(1 + λt)n−k/λ
Bn,k

(

1, 1− λ, (1 − λ)(1 − 2λ), . . . ,

n−k
∏

ℓ=0

(1− ℓλ)

)

= Fλ(t)
n
∑

k=0

xk

(1 + λt)n−k/λ

(−1)k

k!

k
∑

ℓ=0

(−1)ℓ
(

k

ℓ

) n−1
∏

q=0

(ℓ − qλ),

where we used the identities

Bn,k

(

abx1, ab
2x2, . . . , ab

n−k+1xn−k+1

)

= akbnBn,k(x1, x2, . . . , xn−k+1) (2.2)

and

Bn,k

(

1, 1− λ, (1− λ)(1 − 2λ), . . . ,

n−k
∏

ℓ=0

(1 − ℓλ)

)

=
(−1)k

k!

k
∑

ℓ=0

(−1)ℓ
(

k

ℓ

) n−1
∏

q=0

(ℓ− qλ), λ ∈ C, (2.3)

which is equivalent to

Bn,k(〈α〉1, 〈α〉2, . . . , 〈α〉n−k+1) =
(−1)k

k!

k
∑

ℓ=0

(−1)ℓ
(

k

ℓ

)

〈αℓ〉n, α ∈ C, (2.4)

in [1, p. 135], [21, First proof of Theorem 2], [22, Lemma 2.2], [25, Remark 6.1],
[26, Lemma 4], [29, Remark 1], [37, Lemma 2.6], and [38, Theorems 2.1 and 4.1].
The formula (1.7) is thus proved.

Similarly, applying u = h(t) =
√
1− 2t and f(u) = ex(1−u) to (2.1) yields

G(n)(t) =

n
∑

k=0

dk ex(1−u)

duk
Bn,k

(

− 1

(1− 2t)1/2
,− 1

(1− 2t)3/2
,

− 3

(1− 2t)5/2
, . . . ,− [2(n− k + 1)− 3]!!

(1− 2t)[2(n−k+1)−1]/2

)

=

n
∑

k=0

(−x)kex(1−u) (−1)k

(1− 2t)n−k/2
Bn,k((−1)!!, 1!!, 3!!, . . . , [2(n− k)− 1]!!)

= G(t)

n
∑

k=0

xk

(1− 2t)n−k/2

(−1)n

k!

k
∑

ℓ=0

(−1)ℓ
(

k

ℓ

) n−1
∏

q=0

(ℓ− 2q),
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where we used the identity

Bn,k((−1)!!, 1!!, 3!!, . . . , [2(n− k)− 1]!!) =
(−1)n

k!

k
∑

ℓ=0

(−1)ℓ
(

k

ℓ

) n−1
∏

q=0

(ℓ− 2q) (2.5)

in [25,27,29,46,42]. The formula (2.5) can also be derived from taking λ = 2 in (2.3)
or taking α = 1

2 in (2.4) and utilizing the identity (2.2). The formula (1.8) is thus
proved.

In [42, Theorem 1.2] and [40, Eq. (1.10)], it was derived that

Bn,k((−1)!!, 1!!, 3!!, . . . , [2(n− k)− 1]!!) =

(

2n− k − 1

2(n− k)

)

[2(n− k)− 1]!!. (2.6)

Substituting (2.6) into (1.8) concludes (1.9). The proof of Theorem 1.1 is complete.

3. Remarks

Finally, we list several remarks on our main results and closely related things.

Remark 3.1. The equation (1.1) can be reformulated as

G(n)(t) = G(t)
2n−1
∑

i=n

ai−n(n, x)

(1 − 2t)i/2
, n ∈ N.

This means that the function G(n)(t)
G(t) is a linear combination of the base

(

1√
1− 2t

)n

,

(

1√
1− 2t

)n+1

, . . . ,

(

1√
1− 2t

)2n−1

.

The equation (1.8) shows that the function G(n)(t)
G(t) is a linear combination of the

base

(

1√
1− 2t

)2n

,

(

1√
1− 2t

)2n−1

, . . . ,

(

1√
1− 2t

)n+1

,

(

1√
1− 2t

)n

.

These two bases are not equivalent to each other. Therefore, we surely disclose that
the equation (1.1) is wrong and, consequently, main results in [3] are all wrong.

Remark 3.2. Comparing (1.4) with (1.7) reveals that

bk(n, λ) =
(−1)k

k!

k
∑

ℓ=0

(−1)ℓ
(

k

ℓ

) n−1
∏

q=0

(ℓ − qλ).

This form for bk(n, λ) is apparently simpler, more meaningful, and more significant
than the expression (1.6).
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From (2.5) and (2.6), it follows that

k
∑

ℓ=0

(−1)ℓ
(

k

ℓ

) n−1
∏

q=0

(ℓ− 2q) = (−1)nk!

(

2n− k − 1

2(n− k)

)

[2(n− k)− 1]!!. (3.1)

Consequently, we obtain

bk(n, 2) = (−1)n−k

(

2n− k − 1

2(n− k)

)

[2(n− k)− 1]!!.

Remark 3.3. The equation (1.7) can be rewritten as

F
(n)
λ (t) =

Fλ(t)

(1 + λt)n

n
∑

ℓ=0

[x(1 + λt)1/λ]ℓ

ℓ!

×
[

n−1
∏

q=0

(ℓ− qλ)

]

n−ℓ
∑

m=0

(−1)m
[x(1 + λt)1/λ]m

m!

=
e−x

(1 + λt)n

n
∑

ℓ=0

[x(1 + λt)1/λ]ℓ

ℓ!(n− ℓ)!

[

n−1
∏

q=0

(ℓ − qλ)

]

Γ
(

n− ℓ+ 1,−x(1 + λt)1/λ
)

,

where Γ(a, x) =
∫∞
x ta−1e−t d t denotes the incomplete gamma function which has

been investigated in [10,30,34] and closely related references.

Remark 3.4. Applying (3.1) to (1.7) results in

F
(n)
2 (t) =

F2(t)

(1 + 2t)n

n
∑

k=0

(−1)n−k

(

2n− k − 1

2(n− k)

)

[2(n− k)− 1]!!
[

x(1 + 2t)1/2
]k
.

Remark 3.5. We leave a question to readers: what are the inversion formulas of
the equations from (1.7) to (1.9)?

Remark 3.6. The motivations in the papers [5,6,8,11,13,14,15,16,17,23,24,28,29,
31,32,33,35,36,37,46,43,44,45,47,48,49] are same as the one in this paper.

Remark 3.7. This paper is a slightly modified version of the preprint [18].
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22. F. Qi, V. Čerňanová, X.-T. Shi, and B.-N. Guo, Some properties of central De-
lannoy numbers, J. Comput. Appl. Math. 328 (2018), 101–115; Available online at
https://doi.org/10.1016/j.cam.2017.07.013.

23. F. Qi and B.-N. Guo, A diagonal recurrence relation for the Stirling numbers of the
first kind, Appl. Anal. Discrete Math. 12 (2018), no. 1, 153–165; Available online at
https://doi.org/10.2298/AADM170405004Q.

24. F. Qi and B.-N. Guo, Explicit formulas and recurrence relations for higher order
Eulerian polynomials, Indag. Math. 28 (2017), no. 4, 884–891; Available online at
https://doi.org/10.1016/j.indag.2017.06.010.

25. F. Qi and B.-N. Guo, Explicit formulas for special values of the Bell polynomials of the
second kind and for the Euler numbers and polynomials, Mediterr. J. Math. 14 (2017), no. 3,
Article 140, 14 pages; Available online at https://doi.org/10.1007/s00009-017-0939-1.

26. F. Qi and B.-N. Guo, Several explicit and recursive formulas for the general-
ized Motzkin numbers, Preprints 2017, 2017030200, 11 pages; Available online at
https://doi.org/10.20944/preprints201703.0200.v1.

27. F. Qi and B.-N. Guo, Some properties and generalizations of the Catalan, Fuss, and
Fuss–Catalan numbers, Chapter 5 in Mathematical Analysis and Applications: Selected
Topics, First Edition, 101–133; Edited by Michael Ruzhansky, Hemen Dutta, and
Ravi P. Agarwal; Published by John Wiley & Sons, Inc. 2018; Available online at
https://doi.org/10.1002/9781119414421.ch5.

28. F. Qi and B.-N. Guo, Some properties of the Hermite polynomials and their squares
and generating functions, Preprints 2016, 2016110145, 14 pages; Available online at
https://doi.org/10.20944/preprints201611.0145.v1.

29. F. Qi and B.-N. Guo, Viewing some ordinary differential equations from
the angle of derivative polynomials, Iran. J. Math. Sci. Inform. 15 (2020),
no. 2, in press; Preprints 2016, 2016100043, 12 pages; Available online at
https://doi.org/10.20944/preprints201610.0043.v1.

30. F. Qi and S.-L. Guo, Inequalities for the incomplete gamma and related
functions, Math. Inequal. Appl. 2 (1999), no. 1, 47–53; Available online at
http://dx.doi.org/10.7153/mia-02-05.

31. F. Qi, D. Lim, and B.-N. Guo, Explicit formulas and identities for the Bell polynomi-
als and a sequence of polynomials applied to differential equations, Rev. R. Acad. Cienc.
Exactas F́ıs. Nat. Ser. A Mat. RACSAM 113 (2019), no. 1, 1–9; Available online at
https://doi.org/10.1007/s13398-017-0427-2.

32. F. Qi, D. Lim, and B.-N. Guo, Some identities related to Eulerian polynomials and involving
the Stirling numbers, Appl. Anal. Discrete Math. 12 (2018), no. 2, 467–480; Available online
at https://doi.org/10.2298/AADM171008014Q.

33. F. Qi, D. Lim, and A.-Q. Liu, Explicit expressions related to degenerate Cauchy numbers
and their generating function, In: J. Singh, D. Kumar, H. Dutta, D. Baleanu, and S. Puro-
hit (eds), Mathematical Modelling, Applied Analysis and Computation, ICMMAAC 2018,
Springer Proceedings in Mathematics & Statistics, vol. 272, Chapter 2, pp. 41–52, Springer,
Singapore; available online at https://doi.org/10.1007/978-981-13-9608-3_2.

34. F. Qi and J.-Q. Mei, Some inequalities of the incomplete gamma and related
functions, Z. Anal. Anwendungen 18 (1999), no. 3, 793–799; Available online at
http://dx.doi.org/10.4171/ZAA/914.

35. F. Qi, D.-W. Niu, and B.-N. Guo, Simplification of coefficients in differential equations
associated with higher order Frobenius–Euler numbers, Tatra Mt. Math. Publ. 72 (2018),
67–76; available online at https://doi.org/10.2478/tmmp-2018-0022.

https://doi.org/10.1016/j.cam.2017.07.013
https://doi.org/10.2298/AADM170405004Q
https://doi.org/10.1016/j.indag.2017.06.010
https://doi.org/10.1007/s00009-017-0939-1
https://doi.org/10.20944/preprints201703.0200.v1
https://doi.org/10.1002/9781119414421.ch5
https://doi.org/10.20944/preprints201611.0145.v1
https://doi.org/10.20944/preprints201610.0043.v1
http://dx.doi.org/10.7153/mia-02-05
https://doi.org/10.1007/s13398-017-0427-2
https://doi.org/10.2298/AADM171008014Q
https://doi.org/10.1007/978-981-13-9608-3_2
http://dx.doi.org/10.4171/ZAA/914
https://doi.org/10.2478/tmmp-2018-0022


Coefficients in ordinary differential equations 81

36. F. Qi, D.-W. Niu, and B.-N. Guo, Simplifying coefficients in differential equations associated
with higher order Bernoulli numbers of the second kind, AIMS Math. 4 (2019), no. 2, 170–175;
available online at https://doi.org/10.3934/Math.2019.2.170.

37. F. Qi, D.-W. Niu, and B.-N. Guo, Some identities for a sequence of unnamed
polynomials connected with the Bell polynomials, Rev. R. Acad. Cienc. Exactas F́ıs.
Nat. Ser. A Math. RACSAM 113 (2019), no. 2, 557–567; Available online at
https://doi.org/10.1007/s13398-018-0494-z.

38. F. Qi, D.-W. Niu, D. Lim, and B.-N. Guo, Explicit formulas and identities on Bell
polynomials and falling factorials, ResearchGate Preprint (2018), available online at
https://doi.org/10.13140/RG.2.2.34679.52640.

39. F. Qi, D.-W. Niu, D. Lim, and B.-N. Guo, Some properties and an applica-
tion of multivariate exponential polynomials, HAL archives (2018), available online at
https://hal.archives-ouvertes.fr/hal-01745173.

40. F. Qi, D.-W. Niu, D. Lim, and Y.-H. Yao, Special values of the Bell polynomials of the
second kind for some sequences and functions, HAL archives (2018), available online at
https://hal.archives-ouvertes.fr/hal-01766566.

41. F. Qi, X.-T. Shi, and F.-F. Liu, Expansions of the exponential and the logarithm of power
series and applications, Arab. J. Math. (Springer) 6 (2017), no. 2, 95–108; Available online
at https://doi.org/10.1007/s40065-017-0166-4.

42. F. Qi, X.-T. Shi, F.-F. Liu, and D. V. Kruchinin, Several formulas for special values of the
Bell polynomials of the second kind and applications, J. Appl. Anal. Comput. 7 (2017), no. 3,
857–871; Available online at https://doi.org/10.11948/2017054.

43. F. Qi, J.-L. Wang, and B.-N. Guo, Notes on a family of inhomogeneous linear ordinary
differential equations, Adv. Appl. Math. Sci. 17 (2018), no. 4, 361–368.

44. F. Qi, J.-L. Wang, and B.-N. Guo, Simplifying and finding ordinary differential equations in
terms of the Stirling numbers, Korean J. Math. 26 (2018), no. 4, 675–681; available online at
https://doi.org/10.11568/kjm.2018.26.4.675.

45. F. Qi, J.-L. Wang, and B.-N. Guo, Simplifying differential equations concerning degenerate
Bernoulli and Euler numbers, Trans. A. Razmadze Math. Inst. 172 (2018), no. 1, 90–94;
Available online at https://doi.org/10.1016/j.trmi.2017.08.001.

46. F. Qi and Y.-H. Yao, Simplifying coefficients in differential equations for generating function
of Catalan numbers, J. Taibah Univ. Sci. 13 (2019), no. 1, 947–950; available online at
https://doi.org/10.1080/16583655.2019.1663782.

47. F. Qi and J.-L. Zhao, Some properties of the Bernoulli numbers of the second kind and their
generating function, Bull. Korean Math. Soc. 55 (2018), no. 6, 1909–1920; Available online
at https://doi.org/10.4134/BKMS.b180039.

48. F. Qi, Q. Zou, and B.-N. Guo, The inverse of a triangular matrix and several identities of
the Catalan numbers, Appl. Anal. Discrete Math. 13 (2019), no. 2, in press; Available online
at https://doi.org/10.20944/preprints201703.0209.v2.

49. J.-L. Zhao, J.-L. Wang, and F. Qi, Derivative polynomials of a function related to the Apostol–
Euler and Frobenius–Euler numbers, J. Nonlinear Sci. Appl. 10 (2017), no. 4, 1345–1349;
Available online at https://doi.org/10.22436/jnsa.010.04.06.

https://doi.org/10.3934/Math.2019.2.170
https://doi.org/10.1007/s13398-018-0494-z
https://doi.org/10.13140/RG.2.2.34679.52640
https://hal.archives-ouvertes.fr/hal-01745173
https://hal.archives-ouvertes.fr/hal-01766566
https://doi.org/10.1007/s40065-017-0166-4
https://doi.org/10.11948/2017054
https://doi.org/10.11568/kjm.2018.26.4.675
https://doi.org/10.1016/j.trmi.2017.08.001
https://doi.org/10.1080/16583655.2019.1663782
https://doi.org/10.4134/BKMS.b180039
https://doi.org/10.20944/preprints201703.0209.v2
https://doi.org/10.22436/jnsa.010.04.06


82 F. Qi

Feng Qi,

School of Mathematical Sciences,

Tianjin Polytechnic University,

Tianjin, 300387,

China.

College of Mathematics,

Inner Mongolia University for Nationalities,

Tongliao, Inner Mongolia, 028043,

China.

Institute of Mathematics,

Henan Polytechnic University,

Jiaozuo, Henan, 454010,

China.

URL: https: // qifeng618. wordpress.com

E-mail address: qifeng618@gmail.com

https://qifeng618.wordpress.com

	Motivation and main results
	Proof of Theorem 1.1
	Remarks

