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ABSTRACT: Our aim in this paper is to study the existence of renormalized solu-
tion for a class of nonlinear p(x)-Laplace problems with Neumann nonhomogeneous
boundary conditions and diffuse Radon measure data which does not charge the sets
of zero p(.)-capacity.
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1. Introduction

In this paper, we consider the following nonhomogeneous and nonlinear Neu-
mann boundary value problem:

—Apyu + ulP@ 2+ a(u)|VuP®) =5 in Q

(P;Uf) au
|VU|P($)—28_77 + ’Y(U) =g on aQ,

where Q C IRV (N > 3) is a bounded open domain with Lipschitz boundary 92, n
is the outer unit normal vector on 9, «,~ are real functions defined on IR or IRY,
g € LY(09) and p is a diffuse measure such that g = p|Q. We note that in [1] the
authors treated the problem (P,) where the right hand side u = f € L'(Q).
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The operator —A, ;) u is called p(z)-Laplacian which become p-Laplacian when
p(z) = p is a constant. It possesses more complicated nonlinearities than the p-
Laplacian. As the exponent which appear in (P,) depends on the variable z, the
functional setting involves Lebesgue and Sobolev spaces with variable exponent
LP) and W'P()| The study of PDEs with variable exponent has experienced a
revival of interest over the past few years (see for example [10,13,25] and references
therein). The interest of study problem involving variable exponent is due to the
fact that they can model various phenomena which arise in the study of elastic me-
chanics, electrorheological fluids or image restauration (for more details see [10,13]).

In the present paper we use the framework of renormalized solutions. This no-
tion was introduced by DiPerna and Lions in [12] for the first order equations and
has been developed for elliptic problems with Dirichlet boundary conditions and
with L'(©Q) data in [17]. In [11] the authors gave a definition of a renormalized
solution for elliptic problems with general measure data and proved the existence
of such a solution. Observe that for elliptic equations with boundary Dirichlet
conditions and L'-data, this notion is equivalent to the notion of entropy solutions
(see [1,2,3,18]) and to the notion of solutions obtained as limit of approximations.
As far as elliptic equations with L!-data and Dirichlet boundary conditions are
concerned we refer to [1,2,3,7,18] among a wide literature.

The concept of renormalized solutions in the context of variable exponent was
studied for the first time by wittbold and Zimmerman in [23] where they considered
an homogeneous Dirichlet boundary condition. In our paper, we consider an inho-
mogeneous Neumann boundary condition and diffuse Radon measure which bring
some difficulty to treat. In fact, the Neumann boundary condition that appears in
(P,) is quitely different from the one used in [19]. In order to get our main result,
we define the space T1P®) (Q) which will help us to take into account the boundary
condition. This space in the context of variable exponent was for the first time
introduced by Ouaro and Tchousso (see [20]).

We define M;(X) as the space of bounded Radon measure in X, equipped with
its standard norm |[.[n, (x)-

We mention that Sobolev capacities are needed to understand point-wise behav-
ior of Sobolev functions. They also play an important role in studies of solutions
of partial differential equations (see [13]). In the context of variable exponent, the
p(.)-capacity of any subset B C X is defined by

Capyy(B.X) = int ([ (up®) 4 [Vulr) da)
ue Sp(')(B) X
with
Spy(B) ={u € Wol’p(z)(X) :u > 11in an open set containing B and « > 0 in X}.
If
Sp(.)(B) = @, we set C’app(.)(BvX) = 400
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E: Wh@(Q) o W™ (Uy),

where Uy is the open bounded subset of IRY which extend € via the operator F
such that:

(i) E(u) = u a.e. in Q for each u € WHP(®)(Q),

(ii) ||E(u)||W01,p<x>(UQ) < cl[ullw1.p) (), where ¢ is a constant depending only on
Q.

We introduce the set

Sﬁg(')(ﬂ) ={pne Mg(')(UQ) : p is concentrated on Q}.

This definition is independent of the open set Ug.
Note that for u € WP@)(Q) N L>®(Q) and p € 93?5(')(9), we have

< p, B(u) >=/udu.
Q

On the other and as p is diffuse, there exist f € L'(Ug), and F e (LP' O (Ug))N
such that

p=f—div(F) in D' (Ug).
Therefore, we can also write
<, E(u) >= fE(u)dx +/ FVE(u)dx.
Uq Ua
2. Preliminaries

As the exponent p(x) appearing in (P,) depends on the variable =, we must work
with Lebesgue and Sobolev spaces with variable exponents, under the following
assumptions on the data:

(2.1)

p(.) : Q = IR is a continuous function such that
I <p- <py < Hoo,

where p~ := ess inf p(z) and pT := esssup p(z).
€N €N

We define the Lebesgue space with variable exponent LP()(Q) as the set of all
measurable functions u : €2 — IR for which the convex modular

Pp(a) (1) = / Jul"*) da
Q
is finite. If the exponent is bounded, i.e., if p™ < 400, then the expression
||u||p(z) = inf{\A>0: pp(z)(u//\) <1}
defines a norm in LP(')(Q), called the Luxembourg norm. The space

(LP(Q), |- lpe)
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is a separable Banach space. Moreover, if 1 < p~ < pt < 400, then LP(””)(Q) is
uniformly convex, hence reflexive, and its dual space is isomorphic to L” (””)(Q),

1 1
where —— +

p(z)  p'(v)

= 1. Finally, we have the Holder type inequality:

/ uvd x
Q

for all u € LP®)(Q) and v € LY (*)(Q).
Let

1 1
< (= ool 1ol (2.2)

W@ (Q) = {u € LP*)(Q) and [Vu| € LP@(Q)},

which is a Banach space equipped with the following norm
H“Hl,p(z) = H“Hp(m) + ||vu||}’(1)‘

The space (WP(®)(Q),[|.||1 p(x)) I8 a separable and reflexive Banach space.
An important role in manipulating the generalized Lebesgue and Sobolev spaces
is played by the modular p,,, of the space LP®)(Q). We have the following results :

Proposition 2.1. (see [15,25]) If up,u € LP*)(Q) and pt < +oo, then the
following assertion hold:
()
[ullpey <1 (resp. =1;>1) & pppy(u) <1 (resp. =1;>1);
(i)
- +

[ullp@) > 1= ||U||§(f) < Pp(a) (1) < [lullp ey

[ullp@) < 1= llullpy < Pp) (W) < llully,);
(iii)

llunllpzy — 0 < pp(i)(un) —0;
lun |l p(zy — +o0 pp(m)(un) — +00;

()
Pp(a) U/ ||l p(zy) = 1.

For a measurable function u :  — IR, we introduce the following notation:

php(ac)(@:/ Jul ") dz+/ VulP® da.
Q o

Proposition 2.2. (see [22,2/]) If u € WEPE)(Q), then the following assertion
hold:

(1)
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[ull1,p) <1 (resp. =1;>1) & py pp)(u) <1 (resp. =1;>1).
(ii)
- +
lull1p@) > 1= ||U||ff(x> < P1p(a) (1) < ||U||ff(m);
ullip) < 1= ull} pay < P1p) (@) < Nl o
(N —1D)p(z) .
—————= ifp(x) < N
N —p(x) )
oo, if p(x) > N.
Proposition 2.3. (see [2/]) Let p € C(Q) and p~ > 1. If ¢ € C(0R) satisfies the
condition
1< g(x) <p%(x), V2 €09,

then, there is a compact embedding WP (Q) < L1@)(90Q).

In particular, there is a compact embedding WP (Q) — LP*)(9Q).

Let us introduce the following notation: Given two bounded measurable functions
p(x),q(x) : Q@ = IR, we write

q(z) < p(z) if ess inf (p(z) —q(2)) > 0.
Lemma 2.4. Let £,n € RN and let 1 < p < co. We have

1 pil P p—2 _
pl&l plnl < [EPT6 (€ —m).

Lemma 2.5. (Lebesgue generalized convergence theorem,)
Let (fn)new be a sequence of measurable functions and [ a measurable function
such that

fn— [ ae in Q.

Let (gn)new C LY(Y) such that for all n € IN,|f,| < gn a.e. in Q and g, —

g in LY(Q). Then:
/fndz%/fdx.
Q Q

In the sequel, we need the following two technical Lemmas (see [14,26]).

Lemma 2.6. Let (vp)new be a sequence of measurable functions in Q. If v,
converges in measure to v and is uniformly bounded in LP(')(Q) for some 1 <<
p(.) € L>®(Q), then v, converges strongly to v in L*(Q)

Lemma 2.7. Let (X, M, p) be a measure space such that (1(X) < +o0. Consider
a measurable function v : X — [0, +00] such that

p({z € X :v(x) =0}) =0.
Then, for every € > 0, there exists 6 > 0 such that

w(A) < e for all A € M with / ydp < 0.
A
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We end this section by recalling the result of decomposition of measure.

Theorem 2.8. (see [19]) Let p(.) : X1 C X — [1,00] with 1 < p_ < p; < +00 be
a continuous function and p € My(X). Then

e M]Z(')(X) if and only if p € LY (X) + W_l’p/(')(X),

3. Basic Assumptions on the data and definition of a renormalized
solution

For the solution of the problem (P,), the following conditions are assumed:
(H1 ) f and g are positive functions such that f € L'(Q) and g € L1 (99).
(H2) « and ~ are increasing continuous functions defined on IR such that «(0) =
7(0) =
(H3) i € sm“ (@).

Now, we recall some notations and results.
For any k£ > 0, we define the truncation function 7T} by

Tk (s) :== max{—Fk, min{k, s}}.

For all u € WP(®)(Q), we denote by 7(u) the trace of u on JQ in the usual sense.
In the sequel, we will identify at the boundary u and 7(u).
Set

TP (Q) = {u : Q — IR, measurable such that Tj(u) € WHP)(Q), Vk > 0}.

Proposition 3.1. (see[6]) Let u € T'P(*)(Q). Then, there exists a unique mea-
surable function v : Q — RN such that VT (u) = UX{ju|<k}: for all k > 0. The
function v is denoted by Vu.

Moreover, if u € WHPE)/(Q) then v € (LP@)(Q)N and v = Vu in the usual sense.

We denoted by f]'tl;p(z)(Q) [4,5,20,21] the set of functions u € TP (Q) such
that there exists a sequence (up)neny C WHP(E)(Q) satisfying the following condi-
tions:

(A1) up — u ae. in Q.
(A2) VTi(un) — VTi(u) in (L1(Q2))N for any k > 0.
(As) There exists a measurable function v on 92, such that u, — v a.e. in 9.

The function v is the trace of w in the generalized sense introduced in [4,5]. In the
sequel the trace of u € ‘J'tl;p(z) (Q) on 92 will be denoted by tr(u). Ifu € WHPE)(Q),
tr(u) coincides with 7(u) in the usual sense. Moreover, for u € ‘J'tl,lp(z)(Q) and
for every k > 0, 7(T(u)) = Ti(tr(u)) and if ¢ € WHPE)(Q) N L>(Q) then
(u—y) € f]'tl;p(z)(ﬂ) and tr(u — @) = tr(u) — tr(p).

We can now introduce the notion of renormalized solution of (P,).
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Definition 3.2. A measurable function u : Q2 — IR is a renormalized solution of
problem (P,) if:
(i)

1
u € ‘Ttl;p(z)(Q), and lim — |VulP®) =0, (3.1)
h—+oo b Jipcuj<2n}

(i)
/|Vu|p(z)_2VuV(S(u)g0) d:c—i—/ lu|P@ =208 (u)p dx
Q Q

+ / ()| VP S (u)p i + /6 A(w)S(u)p do

:/QS(u)tde-f-/anS(U)(PdUa (3:2)

for every ¢ € WIPE)(Q) N L>®°(Q) and for any smooth function with compact
support S in IR.

4. Existence result

Now we announce the main result of this section.

Theorem 4.1. Let assumptions (H1)-(H3) hold true. Then there exists at least
one renormalized solution u of the elliptic problem (P,).

Proof. The proof of Theorem (4.1) is divided into several steps:

Stepl. The approximate problem Since p € Mlb)(')(UQ), recall that
pw=f—div(F) in SD,(UQ)

with f € L'(Ug) and F € (Lp/(')(UQ))N, again Ug is the open bounded subset of
RN which extend ) via the operator E.
We regularize p as follows: Ve > 0,Vz € ugq, we define

J-(@) = T (f (@) xa(a).

We consider Fr = xoF and p, = f. — div(FR).
For any € > 0, one has p, € Sﬁg(')(ﬂ) NL>(Q) and p, — pin Mg(')(UQ).
Furthermore, for any k > 0 and any & € T-7(#)(Q),

NN

| / (€] < kel ).

Now, we consider the approximated problem:
— Ayt + ue[P@ "2y, + Ty ((ue)|Vue|P@)) = p.  in Q
(Py.)

_9 Ou,

|vua|p(z) an + T% ('7(“5)) = T% (g) on 0f2.
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Lemma 4.2. There exists at least one weak solution u. for the problem (P,_) in
the sense that u. € WHPO)(Q) and for all v € WP (Q),

€

/|Vug|p(z)72Vu8Vv dm-i—/ g |P@) =20 d:z:—f—/Tl (a(ue) | Vue [P da
Q Q Q
+/ Ty (y(ue))v da:/vdue—i-/ Ty (g)vdo.
o0 ° Q o ©

Proof of Lemma 4.2 We define the following reflexive space
E = W'P@(Q) x LPE)(99).
Let X be the subspace of E defined by
Xo={(u,v) e E:v=1(u)}
In the sequel, we will identify an element (u,v) € X, with its representative u €

wirl)(Q).
We define the operator A, by,

< Acu,v >=< Au,v > +/ T1 (a(ue) | Vue [P da —|—/ T1(y(ue))v do,
Q ° o °

where

< Au,v >= / \VulP® 20V de —|—/ [uP@~2up da Vu,v € Xo.
Q Q

According to [1], the operator A. is bounded, coercive, hemi-continuous and it is
of type (M) from X, into X.
Thus, for F; € ' C X, defined by

< F.v >:/Udu6+/ T1(g)v do,
Q 09

we deduce the existence of a function u. € X such that :
< Acug,v >=< F.,v>, Vv e X,
i.e.

/ |V, [P =2V, Vo do —|—/ e [P 200 da —|—/ Ty (a(ue)|Vu [P d
Q Q Q

Jr/ T1(vy(ue))v dJ:/vduer/ T.(g)vdo.
o ° Q o °
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Step2. A priori Estimates
Assertion 1. (VT}(u.)),. is bounded in (LP@)(Q))N.
Proof: We choose Ty, (us) as a test function in (4.1) we obtain,

/ |V [P@ =2V, VT (ue) der/ e |P@) =20, Ty (u.) da
Q Q

(4.2)

o0
= fQ Tio(ue) dpe + faQ T% (9)Tk(ue) do.

The third and fourth terms in the left-hand side of the above equality are non
negative, then:

I T2 @) Vad# )T o+ [ T4 () Ti(w) do

/ |V [P@ =2V, VT (ue) der/ e |P®) =20 Ty (ue) da
Q Q

(4.3)
< kllgllr100) +/QTk(U€) dp,.
One has
/|u8|1’(m)—2uETk(uE) de = / |Tk(u8)|p(z) da
@ {Jue|<k}
+/ e [P =20 Ty (u. ) dae
{luc[>k}
{Juc|<k} {Juc|>k}
> / |Tk(u5)|P(I) dx Jr/ |Tk(u€>|p(z) dx
{|ua‘Sk} {‘u5|>k}
then
/ |u8|P(z)—2uETk(uE)d$ 2/ |Tk(u6)|p(z) de, (4.4)
Q Q
we have
/ T(ue) dpe - = / E(Ty(ue)) dp. (4.5)
Q Q

= < MeaE(Tk(ue)) >

FoE(Ti(u)) do + / Fo.VE(Ty (u.)) dz
Uq Uq

|

[ Ty (D@ ) dal < HIF o (4.7)
Q

(f)E(Ti(u.)) dz + /Q Fu.VE(xoTh(u.)) dz. (4.6)

o=

Firstly, we have
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Secondly, we have

|/F.VE(XQTk(u€)) dex| = |/ FNTy(ue) dz
Q {luc|<k}
< /|F||VTk(u€)|dz. (4.8)
Q

Using Young’s inequality, we get:
(VT (ue )|
(ps x 20+) 700
1 1
o pl p X 2P+

[IFIN T s = {py X 27) 7| F| do
Q

IN

\3\

———— | VT (u.) |p(””)dx

+

) S FP @ g

1
E'M/Q'W“”"’(” v

1 vy /
+—(py x 2P+) 7= / |FP @) d. (4.9)
p Q

IN

Combining (4.7) and (4.9), the equality (4.5) becomes

1

T, d < k 1 S — T p(z) g
/Q k(ue) dupe. < k|| fllL (Q)+p7 p+><2p+/9|v e (ue)] x

(py X 2P+) / IF[P @) dg. (4.10)
Q

1
+ ’
p

Then, according to (4.3), we get

/ Ve [P 2V u, VT (ue) der/ e |P@) =20, Ty (u.) da
Q Q

< k(I llzr o) + gl on) + 2 s [ VT (ue) @) dz - (411)

/

(g x 20) (1P do.
So, we set from (4.11);
/ VT ()P de + / To(u)P@ do < k(||f||y<m+||g||L1<aQ>>
Q Q

1

1 i ’
by x 277 / P ) da.
p Q
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Then
1

- p—(p+ x 2°+)

1 [ IVT(ue)|P® da+ | T (ue)|P®) da
Q o

1 vy ,
< k([fllzr@) + llgllro0) + p (py x 2P+)P= /Q|F|p @) g,

Therefore
1

- p—(p+ X 2P%)

Jo1,p()(Tk(ue)) < k(I fllzr@) + llgllza0)

1 re /
+—(py x 2P+) 7= / |FIP ®) dg.(4.12)
Q

Consequently,
Q1,p(,)(Tk(Ue)) < kci+c2 (4.13)

Where ¢; = const(f,g,p—,p+) and co = const(F,p_,p4). Thus

1

Tk (ue)ll1,p() < 14 (ke + c2) 7~ (4.14)

We deduce that for any k > 0, the sequence (T (ue))e>0 is uniformly bounded in
W1P()(Q). Then, up to a subsequence, we can assume that for any k& > 0, Tj(u.) —
vy, in WHPO(Q). Furthermore, by compact embedding, we have Ty(u.) — vy in
LPO)(Q) and a.e. in Q.

Assertion 2. (u.).>( converges in measure to some function u.
To prove this, we show that (u:)c>o is a Cauchy sequence in measure.
Thanks to (4.12), we conclude that

/ kP= dx < / kP®) dx < k(e + co).
{Juc|>k} {Juc|>k}

meas{|uc| > k} < k7P (¢ + c2).

It follows that

Therefore
meas{|us| >k} — 0 as k — 400 since 1 —p_ < 0. (4.15)

Moreover, for every fixed ¢ > 0 and every positive k > 0, it is clear that
{lue, —ue,| >t} C {Jue, | >k} U{lue,| > K} U{[Th(ue,) — Th(ue,)| > t},
hence

meas{|us, — uc,| >t} < meas{|u.,| >k} + meas{|u.,| > k}
+meas({|Tk(ue, ) — Th(ue,)| > t}). (4.16)

Let § > 0, using (4.15), we choose k = k(d) such that

meas{|ug, | > k} < g and meas{|ug,| > k} < g. (4.17)
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Since (Tg(ue))eso converges strongly in LP(*)(Q), then it is a Cauchy sequence
in LP@)(Q).
Thus, for all e1,e9 > no(t,d) we have

meas({|Tk(ue, ) — Th(ue,)| > t}) < 2. (4.18)
Combining (4.16), (4.17) and (4.18) we obtain

meas{|ues, — ue,| >t} <0 for all €1,2 > no(t, ). (4.19)

which prove that the sequence (u.).>0 is a Cauchy sequence in measure, and then
converges almost everywhere to some measurable function wu.

Therefore
Ti(ue) = Ti(u) in WLP(I)(Q)

Tio(us) = Ti(u) in LP®(Q) and a.e. in Q. (4.20)

Assertion 3. (Vuc)c>o converges in measure to the weak gradient of u
Proof: Indeed, let §,t, k, v be positive real numbers (it is assumed that v < 1) and
let € > 0. We have

{|Vue = Vu| >t} C {lue] >k} U{|u] >k} U{|VTi(u:)| > k}
U{IVTi(uw)| > k}U{|ue —u| >} UG

where
G ={|Vu. — Vu| > t, Ju| < k,|uc| <k, |[VTk(u:)| <k, |VTe(u)| <k, |u. —u| < v}

The same strategy used in the proof of Assertion 2 allows us to obtain for k suffi-
ciently large,

meas({|uc| > k} U{|u] > k} U{|VTk(us)| >k} U{|VTE(u)|] > k}) < g. (4.21)
On the other hand, the mapping
H:RYxRY - R

(€15C2) = (2(¢1) — P(C2))-(¢1 — Ca),

where ®(¢) = [¢[P(*)=2¢, is continuous.
The set

A ={(¢1,¢2) € R" x ]RN/K1| <k, |Gl <K, (¢ — Gl >t}

is compact and

(@(¢1) — @(¢2))-(C1 — C2) >0 V¢ # (o

Then, the mapping H attains its minimum on A, we denote it by 3.
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Therefore, we have 8 > 0 and
/ Bdr < / [®(Vue) — ®(Vu)][Vue — Vu] do
G G
< /G[q)(Vug) — O(VT(u)]. VT, (Tkto(ue) — Ti(u)) dz
< /Gq)(Vus).VT,,(TkJrl,(ug) — Ti(u)) dx

- [ BTV T () = Talw)
We take & = Ty (T (1) — To(u)) in (4.1) to obtain
/Q B(Ve). T To(Tsn (1e) — Th(u)) da + /Q e PO =20 T, (T o () — Ti(w)) da
< v(||T: (a(us)|vus|p(x))||Ll(Q) T (v(ue)l L o0) + [ 1lLr@) + gl o0)

+ . EFVE(xoTy(Titv(ue) — Ti(u))) da.

Then
/Qd)(Vug).VTl,(TkJru(uE) — Tk (u)) dzx

< v(||T: (ou(ue) | Ve P 1o
T2 (y(u))l L2 o0) + [ f 12 @) + l9llro0)

* EVEXaTy(Thtv(ue) = Ti(u))) dx

- / e [P 20, T, (T (we) — Ti(w)) de
Q

Taking ¢ = £T%(uc) in (4.1), we get:

1 1
[ @V @) Tutue) do+ [ TG0 Tiwe) do
Q ° k o © k
1
< Al + gl o) + ; F-VE(XQETk(UE)) dx. (4.22)
Q

Since

.1 .
lim = Ti (2 = sign (i),

then, using the Lebesgue dominated convergence theorem as k — 0, we deduce
that

ooy 1 1
[ TV ) g i) do+ [T ()Tt do -
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||T% (O‘(uf)lv“€|p(l))||ﬁ(ﬂ) + ||T§ (v(ue))llzr 00 (4.23)

The sequence (E(xq 1Tk (ue)))e>0 is bounded in Wol’p(') (Uq). Indeed, (xq 1Tk (ue)e>0
is bounded in WP()(Q) and we use the inequality

||E(u) ) < cllullwise ), forall u e wirt Q).

||W017p(w)(UQ

We also have

1 1 )
E(XQETk(Us)) = XQETk(UE) a.e in Ug

and )
XQETk(us) — xosign(us) a.e in Ug as k — 0.
Hence )
E(XQETk(UE)) — E(xgsign(ue)) a.e in Ug as k — 0.
Then,

1
VE(XQETk(Ue)) — 0 in (LFY (Ua))Y
Finally, we get

, 1
lim . FNE(xo7 Ti(ue)) dr = 0. (4.24)

Therefore by passing to the limit as & — 0 in (4.22) and using (4.23) and (4.24),
we get

1T (@(ue) Vel P 1) + 1 T2 (v (ue))l 200y < 11121y + gllzon).

It follows that
[ T T (T ) = () e < v
[ P T T () = Tiw) da
+ [ PYBOT T () = Tiw) do (4.25)
.
Now, let us show that

lim lim FVE(xqTy(Trtv(ue) — Ti(u))) de = 0. (4.26)

v—0 =0 Uq

The sequence (E(xoTy (Thiv (te) — Ti(1))))es0 is bounded in Wy (Ug).
We have

E(XoTy(Trtv(ue) = Ti(w))) = XoTv (Thtv (us) — Ti(u)) ae in Ug
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and
X To (T (1) — Ti(w)) = XoTo(Thaw (1) — Ti(w)) a.e in Ug as & — 0.
Hence
E(xoTy (Tt (ue) = Ti(u))) = E(XQTy (Thtv (v) — Ti(u))) ae in Ug as e — 0.
Then
VEXaTy (Tt (ue) = Tu(w))) = VE(XQT, (Tito (1) — Tr(w))) in (LY (Ug ).

Since F' € (Lp/(')(UQ))N, we deduce that

lir% FVE(xoTv(Titv(ue) — T (w))) de = FVE(xoTy(Tito(u) — Ti(w))) dz.
E—> U U

! ! (4.27)
we have

VE(xqT,(Titv(u) — Ti(u))) de — 0 a.e in Ug as v — 0,
and as v < 1 we have
FE(XTy (Tt (u) = Ti(w))) < [FLIE(XQT1 (Tht1 (u) = Ti(u)))]-
Using Holder inequality, we get
|FIE(X QT (Tat1 (u) — Ti(w)))] € L' (Ua).

Thanks to the Lebesgue dominated convergence theorem, we have

lim FVE(xqTy(Trtv(u) — Ti(u)))dx = 0,
e—0 Uq

consequently, letting v — 0 in (4.27) yields

lim lim FVE(xoTy(Thtv(ue) — Ti(u)))dz = 0.

v—0e—0 Uq

Since

/ 1 [P T, (T (1) — To(w)| e < v / 1 [P i
@ @ (4.28)
< V(gp/(.)(|u€|p(z)*1) + gp(_)(l)) < v(meas(Q) + gp(v)(us)).

So, letting v — 0 in (4.28) and using the fact that Q is bounded and g, (uc) is
finite, we deduce that

lim / e |P@ YT, (Thyy (ue) — Th(u))] daz = 0. (4.29)
Q

v—0
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According to the Assertion 1, the sequence (T4, (uc))e>0 is uniformly bounded in
Wlﬂp(-)(Q).
Then

Tryo (i) = Ty (u) in WHPO(Q)

and
VT, (Tt (1) — T(w)) = VT (T (u) — Ti(w)) in (L7 (@)Y

consequently,

lim [ ®(VTi(u)). VT, (Teyr(ue) — Ti(u)) do = /@(VTk (w). VT, (Titr(u) — Ti(u)) dz

e—0
¢ ! (4.30)
Since
1ii%VT,,(Tk+,,(u) —Ti(u))=0

and as v < 1, we have:
|®(V Tk (). VT (Thpw () — Ti(w))] < [VTh(u) [P VT Ty (u) — Ti(w))| € L'(Q)

Thus, by the Lebesgue dominated convergence theorem we obtain

tim, | O(VTy(w). VT (T (1) — Ti(w)) dz = 0

Let p>0and v < ﬁ be fixed such that

I/Q@(VTk(u».VTV(THU(u) — Ty (u)) dx| < i’ (4.31)
then, there exists €1 > 0 such that for all € < &1,
[ T @) 9T (T ()
Ty(u)) do — /Qd)(VTk(u)).VTI,(THV(u) () de| < ¢ (432)
Combining (4.31) and (4.32), we obtain
|/Q(I>(VT1€(U)).VTV(T]€+V(UE) — Ty(u)) dz| < g,w <e1. (4.33)

Also, there exists €5 > 0 such that for all € < &9,
ver b [ JueP L (T ) — Tulw)] do
Q

+ / FVE(xqTo(Tso (ue) — Th(u)))dz < g (4.34)
Ua
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Then, using (4.33) and (4.34), we get:

/Gﬂdxég.

Thus, by applying the Lemma 2.7, we obtain

meas(G) < 2. (4.35)

Wl

Moreover, by using the Assertion 2, we deduce the existence of €35 > 0, such that
meas({|uc —u| > v}) < &, Ve <es. (4.36)
Therefore, for g = min(eq,e9,¢e3), it follows that
meas({|Vue — Vu| > t}) <4, Ve < g (4.37)

So, Vu. converges in measure to Vu.

Assertion 4. (ug)->0 converges a.e on JS) to some function ¥.

Proof: we know that the trace operator is compact from W11(Q) into L(99),
then there exists a constant ¢4 > 0 such that

| T (ue) = Th(u)|| 2100y < cal|Tr(ue) — Th(uw)|[wr(q)-

Therefore
Ty (ue) — Ty (u) in L'(99Q) and a.e in 09,

we deduce that, there exists A C 92 such that T} (ue) converges to Tj(u) on 02\ A
with 0(A) = 0, where o is the area measure on 0.

For every k > 0, let Ay = {z € 9Q : [T)(u(x))| < k} and B = GQ\UAk.

k>0
We have

C C
o(B) =4 [ Mwldo < ATl < Pl  (139)

we know that for all k > 1, 0y ,y(Tk(uc)) < kM where M is a positive constant
that does not depends on €.
Then

/ Ty (ue) | da + / VT (ue) PP de < kM (4.39)
Q Q
we now use the Fatou’s lemma in (4.39) to get
/ | T (u) [P d + / VT (u) [P da < kM
Q Q

which is equivalent to
01,p(x) (Th(u)) < kM. (4.40)
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According to(4.40), we deduce that

1 1
[Tk (w)|lwrve ) < c(k?= + k7).

Therefore, we get by letting & — 400 in (4.38) that o(B) = 0.
Let us now define in OS2 the function ¥ by

Ha) = Tr(u(x)) if z € Ag
we take © € 90\ (A U B), then there exists & > 0 such that z € Ay and we have
ue () = (@) = (ue(x) = Ti(uc(2))) + (Th(ue(2)) — Ti(u(z))),

since © € Ay, we have |Ti(us(2))| < k from which we deduce that |u.(x)] < k.
Therefore,

ue(z) — I(x) = T (ue(z)) — Ti(u(z)) — 0, as e — 0.
This means that u. converges to ¥ a.e on 0f.
Assertion 5. u is a renormalized solution of the problem (P,)
Proof: Since the sequence (VTj(ue))es>0 converges in measure to V7 (u), then by

(4.14) and
Lemma 2.3 we get

VTi(ue) — VTi(u) in (LY(Q)N, ¥k > 0 (4.41)

Consequently, Assertion 2, 4 and (4.41) give u € ‘.Ttl’p(')(Q).

T

Let ¢ € WHP()(Q)NL>°(Q) and let S be a smooth function with compact support
in IR, we take ¥ = S(uc)p as a test function in (4.1) to get
[ IV Vv (St do+ [ " S (e do
Q Q
T @@ VuP)Swpde + [ Tio@)Stueds G4
[5}9)
= Jo S(ue)p dp. + [o0 T1(9)S(ue)ep do,

The function S has compact support, then there exists a positive real number &
such that
supp(S) C [k, k] which leads to

/ Ve [P@2Vu V(S (us)g) de = / |V Tk (1) |P®) 2V T (1) S (ue ) Ve da:
Q Q

+ / VT (ue) [P S (ue)p dar.
Q

(4.43)
Since

VT (1) PO 2V Ty () — |V T () P2V Ty (u) weakly in (LF @ (Q))N
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and S(u:.)Ve — S(u)Ve strongly in LP(*)(Q).
Hence

99

/ Ve |P@ =2V T (ue) S (ue ) Vi da — / VT (w) [P 2V T (1) S (1) Vi da
Q Q

and as
VT3 (ue)|P®) = |VTh(u) [P in L)

it follows that
IV Tk (u) PP S (u) o de — | |VT(w)[P) S (u)p da.
Q Q

Then

/ Ve [P 2Vu V(S (u:) @) d —>/ [VulP@=2TuV (S (u)p) de.
Q Q

In the same way, it is easy to see that
/Q|u5|p(l)_2u8$’(u6)g0 dx — /Q [uP® =208 (u)p dz
and
[ TP bt b [ sV i

Moreover, we have u. converges to u on 0.
So, by continuity of ~, it follows that

/ Ty (v()S(u) g do — | (w)S(u)p do.
o0 o0
Let us prove that

| stwpdn ~ [ s dn.

We have

/QS(“E)SDst < gy E(S(ue)p) >

fEE(S(UE)(p)dZE—F/ FrVE(S(us)p)dx
Uq Uq

Ua

:/T%(f)(s(ug)w)d:wr/ FVE(xoS(ue)p)da.
Q

Ua

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

| TixaBS@es + [ (o) VES(ue e

(4.49)
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Thanks to the Lebesgue dominated convergence theorem, we have
/T; ()S(ue)pdr — /fS(u)godx. (4.50)
Q ° Q

Since the sequence (xS (u:)p)->0 is bounded in WP (Q), by using the property
(ii) of the operator E, we deduce that (E(xqS (ue)@))e>0 is bounded in Wol’p(') (Ugq).
Moreover, we have

E(xaS(us)p) = xoS(ue)p a.e in Ug

and
XaS(ue)e = xqSu)p in Ug as € — 0,

which implies that
E(xqS(us)p) — E(S(u)p) in Ug as € — 0.
Consequently,
VE(xoS(us)e) = VE(xoS(u)p) in (L0 (Ua))".
Thus, by using the fact that F' € (Lp,(')(UQ))N, we deduce that

11_}1% F.VE(XQS(uE)cp)dz:/ FVE(xqS(u)p)dz. (4.51)
€ Ua U

Hence, by passing to the limit in (4.49) and using (4.50) and (4.51), we obtain

lim [ S(ue)dp, = fS(u)gadz+/ FVE(xqSu)p) dx
Q Ua

e—0 Jo

= | 1EGS@eds+ [ EVEGS@es
Uq Uq
= < B(Swy) >

= S(u)pd.
Q

By using again the Lebesgue dominated convergence theorem, we get
lim T1(9)S (ue)pdx = / g9S(u)pdo. (4.52)
€20 /o © a0

Using (4.42), (1 4.44), (4.45), (4.46), (4.47) and (4.52), we get

/|Vu|p(z)72VuV(S(u)<p) dx—i—/ [uP@ =208 (u)p da
Q Q

+/Qa(u)|Vu|p(””)S(u)<pdx+/ y(u)S(u)p do

[519)

_ /Q S(u)pdp + / 95 (u)pdo.

o0
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Now, we claim that

1
lim — / |Vu[P@dz = 0. (4.53)
h=+ooh J < juj<2n}

Indeed, by taking ¢ = Sp(u.) = Th(u: — Th(ue)) in (4.1), where
S — h.sign(S) if h < |S] < 2h
Sh(ue) =< h.sign(S) if |S] > 2h (4.54)
0 it [S| < h,

we get
/ IV S ()7 < / Sn(uz)dp, + / 191 () do
Q Q o0

passing to the limit as € — 0, we obtain

/ VS, (w)P@ < / Sp(u)dp + / 1915 (u)do
Q Q o0

Then, it follows that
1

lim / V.S () [P®) < 0,
hJq

h—o0

which completes the proof of Theorem 4.1.
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