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On Graded Quasi-primary Submodules of Graded Modules Over

Graded Commutative Rings

Khaldoun Al-Zoubi and Rweili Alkhalaf

abstract: Let G be a group with identity e. Let R be a G-graded commu-
tative ring and M a graded R-module. In this paper, we introduce the concept
of graded quasi-primary submodules of graded modules over graded commutative
rings. Various properties of graded quasi-primary submodules are considered.
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1. Introduction and Preliminaries

Throughout this paper all rings are commutative with identity and all mod-
ules are unitary. Graded primary ideals of a commutative graded ring have been
introduced and studied by Refai and Al-Zoubi in [20]. Graded primary submod-
ules of graded modules over graded commutative rings have been introduced and
studied in [1,3,11,13,19]. Graded prime submodules of graded modules over graded
commutative rings have been introduced and studied in [2,5,6,7,9,10,22,23]. Also
graded primary-like submodules of graded modules over graded commutative rings
have been introduced and studied by K. Al-Zoubi and M. Al-Dolat in [4]. Here we
introduce the concept of graded quasi-primary submodules of graded modules over
graded commutative rings and give a number of its properties (see sec. 2).

First, we recall some basic properties of graded rings and modules which will
be used in the sequel. We refer to [14], [16], [17] and [18] for these basic properties
and more information on graded rings and modules. Let G be a group with identity
e and R be a commutative ring with identity 1R. Then R is a G-graded ring if
there exist additive subgroups Rg of R such that R =

⊕
g∈G Rg and RgRh ⊆ Rgh

for all g, h ∈ G. The elements of Rg are called to be homogeneous of degree g where
the Rg’s are additive subgroups of R indexed by the elements g ∈ G. If x ∈ R,
then x can be written uniquely as

∑
g∈G xg, where xg is the component of x in Rg.

Also we write, h(R) =
⋃

g∈G Rg. Moreover, Re is a subring of R and 1R ∈ Re. Let
I be an ideal of R. Then I is called a graded ideal of (R,G) if I =

⊕
g∈G(I ∩Rg).
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Thus, if x ∈ I, then x =
∑

g∈G xg with xg ∈ I. An ideal of a G-graded ring need
not be G-graded.

Let R be a G-graded ring and M an R-module. We say that M is a G-graded
R-module ( or graded R-module ) if there exists a family of subgroups {Mg}g∈G

of
M such that M = ⊕

g∈G
Mg (as abelian groups ) and RgMh ⊆ Mgh for all g, h ∈ G.

Here, RgMh denotes the additive subgroup of M consisting of all finite sums of
elements rgsh with rg ∈ Rg and sh ∈ Mh. Also, we write h(M) = ∪

g∈G
Mg and the

elements of h(M) are called to be homogeneous. Let M = ⊕
g∈G

Mg be a graded

R-module and N a submodule of M . Then N is called a graded submodule of
M if N = ⊕

g∈G
Ng where Ng = N ∩ Mg for g ∈ G. In this case, Ng is called the

g-component of N .
Let R be a G-graded ring and M a graded R-module.

A proper graded ideal I of R is said to be a graded maximal ideal of R if J is a
graded ideal of R such that I ⊆ J ⊆ R, then I = J or J = R (see [21].)

A proper graded ideal p of R is said to be a graded prime ideal if whenever
rs ∈ p, we have r ∈ p or s ∈ p, where r, s ∈ h(R) (see [21].) We denote the set of
all graded prime ideals of R containing p by V g

R(p).
The graded radical of I, denoted by Gr(I), is the set of all x ∈ R such that for

each g ∈ G there exists ng > 0 with x
ng
g ∈ I. Note that, if r is a homogeneous

element, then r ∈ Gr(I) if and only if rn ∈ I for some n ∈ N (see [21].)
A proper graded ideal p of R is said to be a graded primary ideal if whenever

r, s ∈ h(R) with rs ∈ p, then either r ∈ p or s ∈ Gr(p) (see [20].)
A proper graded submodule P of M is said to be a graded prime submodule if

whenever r ∈ h(R) and m ∈ h(M) with rm ∈ P , then either r ∈ (P :R M) = {r ∈
R : rM ⊆ P} or m ∈ P (see [7].) In this case, P is called graded p-prime, where
p = (P :R M).

A proper graded submodule P of a graded R-module M is said to be a graded
primary submodule if whenever r ∈ h(R) and m ∈ h(M) with rm ∈ P , then either
m ∈ P or r ∈ Gr((P :

R
M)) (see [11].)

The graded radical of a graded submodule N of M , denoted by GrM (N), is
defined to be the intersection of all graded prime submodules of M containing N .
If N is not contained in any graded prime submodule of M , then GrM (N) = M
(see [11].)

A proper graded submodule N of M is said to be a graded primary-like submod-
ule if whenever r ∈ h(R) and m ∈ h(M) with rm ∈ N , then either r ∈ (N :R M)
or m ∈ GrM (N) (see [4].)

We say that a graded submodule N of M satisfies the gr-primeful property if
for each graded prime ideal p of R with (N :R M) ⊆ p, there exists a graded prime
submodule P of M containing N such that (P :R M) = p (see [4].)

2. Results

Definition 2.1. Let R be a G-graded ring and M a graded R-module. A proper
graded submodule Q of M is said to be a graded quasi-primary if whenever r ∈ h(R)
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and m ∈ h(M) with rm ∈ Q, then either r ∈ Gr((Q :R M)) or m ∈ GrM (Q).

The following Lemma is known (see [15, Lemma 1.2 and Lemma 2.7), we write
be it her for the sake of references.

Lemma 2.2. Let R be a G-graded ring and M a graded R-module. Then the the
following hold:

1. If N is a graded submodule of M , then (N :
R
M) = {r ∈ R : rM ⊆ N} is a

graded ideal of R.

2. If N is a graded submodule of M , r ∈ h(R), x ∈ h(M) and I is a graded ideal
of R, then Rx, IN and rN are graded submodules of M.

3. If N and K are graded submodules of M, then N +K and N ∩ K are also
graded submodules of M .

4. If {Ni}i∈I is a collection of graded submodules of M , then N = ∩
i∈I

Ni is a

graded submodule of M .

Lemma 2.3. Let R be a G-graded ring and M a graded R-module. If Q is a
graded quasi-primary submodule of M satisfying the gr-primeful property, then
p = Gr((Q :R M)) is a graded prime ideal of R and we say that Q is a graded
p-quasi-primary submodule of M.

Proof: Suppose that ab ∈ Gr((Q :R M)) and b /∈ Gr((Q :R M)) for some
a, b ∈ h(R). We show that a ∈ (GrM (Q) :R M). Let m =

∑
g∈G mg ∈ M. Hence∑

g∈G(ab)
nmg ∈ Q for some n ∈ Z. Since Q is a graded quasi-primary submodule

of M, anbnmg ∈ Q and bn /∈ (Q :R M) for all g ∈ G, we get anmg ∈ GrM (Q) for
all g ∈ G. Thus anm ∈ GrM (Q). This shows that an ∈ (GrM (Q) : M). Since Q
satisfies the gr-primeful property, by [4, Theorem 3.5], we have an ∈ (GrM (Q) :R
M) = Gr((Q :R M)) and so a ∈ Gr((Q :R M)). Thus Gr((Q :R M)) is a graded
prime ideal of R. ✷

Recall that a graded R-module M over G-graded ring R is said to be a graded
free R-module if it has an R-basis consisting of homogeneous elements (see [18].)

Lemma 2.4. Let R be a G-graded ring, M a graded free R-module and I a graded
ideal of R. Then GrM (IM) = Gr(I)M .

Proof: Let r ∈ Gr(I)∩h(R). Then rn ∈ I for some n ∈ Z. Let P be a graded prime
submodule of M such that IM ⊆ P and m ∈ M. Then rnm ∈ IM ⊆ P . Since P
is a graded prime submodule of M , we conclude that rm ∈ P. Thus rM ⊆ P this
implies that rM ⊆ GrM (IM). Thus Gr(I)M ⊆ GrM (IM). Conversely, note first
that if I = R, then GrM (IM) = Gr(I)M = M. Assume that I 6= R. Note that
Gr(I)M = (∩Q∈ΩQ)M = ∩Q∈Ω(QM) where Ω is the collection of graded prime
ideals of R such that I ⊆ Q. By [11, Proposition 2.6(ii)], QM is a graded prime
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submodule of M and IM ⊆ QM. Hence GrM (IM) ⊆ QM for all Q ∈ Ω. Thus
GrM (IM) ⊆ ∩Q∈Ω(QM) = Gr(I)M. Therefore GrM (IM) = Gr(I)M. ✷

A proper graded ideal I of a G-graded ring R is said to be a graded quasi-
primary ideal if ab ∈ I for a, b ∈ h(R) implies a ∈ Gr(I) or b ∈ Gr(I).

Theorem 2.5. Let R be a G-graded ring, M a graded free R-module and I a graded
ideal of R. Then IM is a graded quasi-primary submodule of M if and only if I is
a graded quasi-primary ideal of R.

Proof: (⇒) Let IM be a graded quasi-primary submodule of M. Since (IM :R
M) = I, I is a graded proper ideal of R. Assume that ab ∈ I and b /∈ Gr(I)
for some a, b ∈ h(R). By Lemma 2.3, GrM (IM) = Gr(I)M. This yields that
b /∈ (GrM (IM) :R M). Since IM is a graded quasi-primary submodule of M,
abM ⊆ IM and b /∈ (GrM (IM) :R M), we conclude that a ∈ Gr((IM :R M)) =
Gr(I). Therefore I is a graded quasi-primary ideal of R.

(⇐)Assume that I is a graded quasi-primary ideal of R. It follows that Gr(I)
is a graded prime ideal of R. Since (IM :R M) = I, IM is a proper graded
submodule of M . Now, Let rm ∈ IM ⊆ Gr(I)M and r /∈ Gr((IM :R M))
= Gr(I) for some r ∈ h(R) and m ∈ h(M). Since Gr(I) is a graded prime
ideal of R by [11, Proposition 2.6(ii)], we conclude that Gr(I)M is a graded prime
submodule of M . Since Gr(I)M is a graded prime submodule of M , rm ∈ Gr(I)M
and r /∈ Gr(I) = (Gr(I)M :R M), we have m ∈ Gr(I)M and hence m ∈ GrM (IM)
by Lemma 2.3. Therefore IM is a graded quasi-primary submodule of M . ✷

Let R be a G-graded ring and M a graded R-module. Let p be a graded prime
ideal of R and N a graded submodule of M . Then N(p) = {m ∈ M : rm ∈ N for
some r ∈ h(R)\ p} is a graded submodule of M containing N with the property
that for each graded ideal q of R with q ∩ (h(R)\ p) 6= ∅, (qN)(p) = N(p) (see [24,
p. 694)].)

Theorem 2.6. Let R be a G-graded ring, M a graded R-module and Q a graded
submodule of M satisfying the gr-primeful property. Then Q is a graded p-quasi-
primary submodule of M if and only if Gr((Q :R M)) = p is a graded prime ideal
of R and Q(p) ⊆ GrM (Q).

Proof: (⇒) Assume that Q is a graded p-quasi-primary submodule of M. By
Lemma 2.2., Gr((Q :R M)) = p is a graded prime ideal of R. Let m ∈ Q(p). Then
rm ∈ Q for some r ∈ h(R)\ p. Since Q is a graded p-quasi-primary submodule,
rm ∈ Q and r /∈ p = Gr((Q :R M)), we have r ∈ GrM (Q). Thus Q(p) ⊆ GrM (Q).

(⇐) Assume that Gr((Q :R M)) = p is a graded prime ideal of R and Q(p) ⊆
GrM (Q). Let rm ∈ Q and m /∈ GrM (Q) for some r ∈ h(R) and m ∈ h(M). Then
m /∈ Q(p). Since rm ∈ Q and m /∈ Q(p), r ∈ p = Gr((Q :R M). Therefore Q is a
graded p-quasi-primary submodule of M. ✷
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Lemma 2.7. Let R be a G-graded ring, M a graded R-module and Q a graded
quasi-primary submodule of M . Then Q(p) ⊆ GrM (Q) for every p ∈ V g

R((Q :R
M)). In particular, if Q(p) is a graded prime submodule of M for some p ∈
V g
R((Q :R M)), then Q(p) = GrM (Q).

Proof: Let p ∈ V g
R((Q :R M)). Since p is a graded prime ideal containing (Q :R

M), Gr((Q :R M)) ⊆ p. Let m ∈ Q(p) ∩ h(M). Then rm ∈ Q for some r ∈ h(R)\
p. Since Q a graded quasi-primary submodule of Mand r /∈ Gr((Q :R M)), we
have m ∈ GrM (Q). Now, assume that Q(p) is a graded prime submodule of M for
some p ∈ V g

R((Q :R M)). Since Q(p) is a graded prime submodule of M containing
Q,GrM (Q) ⊆ Q(p). ✷

Theorem 2.8. Let R be a G-graded ring, M a graded R-module and Q a graded
p-quasi-primary submodule of M satisfying the gr-primeful property. Then Q(p) is
a graded p-prime submodule of M if and only if Q(p) = GrM (Q).

Proof: (⇒)Assume that Q(p) is a graded p-prime submodule of M. Since Q ⊆
Q(p), we have (Q :R M) ⊆ (Q(p) :R M) = p. By Lemma 2.4, Q(p) = GrM (Q).

(⇐) Assume that Q(p) = GrM (Q). Let rm ∈ Q(p) and m /∈ Q(p) for some
r ∈ h(R) and m ∈ h(M). It follows that r ∈ p = Gr((Q :R M)). By [4, Theorem
3.5], r ∈ p = Gr((Q :R M)) = (GrM (Q) :R M) = (Q(p) :R M). Therefore Q(p) is
a graded p-prime submodule of M. ✷

Recall that a graded R-module M over G-graded ring R is said to be a graded
multiplication module (gr-multiplication module) if for every graded submodule N
of M there exists a graded ideal I of R such that N = IM. It is clear that M
is gr-multiplication R- module if and only if N = (N :R M)M for every graded
submodule N of M (see [12].)

Lemma 2.9. Let R be a G-graded ring, M a graded multiplication R-module and I
a graded ideal of R. If IM satisfies the gr-primeful property, then so dose Gr(I)M.
In this case Gr((IM :R M)) = Gr((Gr(I)M :R M)).

Proof: Let p be a graded prime ideal of R containing (Gr(I)M :R M). Since IM
satisfies the gr-primeful property and (IM :R M) ⊆ (Gr(I)M :R M) ⊆ p, there
exists a graded prime submodule P of M containing IM such that (P :R M) = p.
By [19, Corollary 3], P = qM for some graded prime ideal q of R containing
ann(M). Since IM ⊆ qM, by [8, Lemma 3.9], I ⊆ q. Hence Gr(I)M ⊆ qM = P
by [20, Proposition 1.2]. ThereforeGr(I)M satisfies the gr-primeful property. Also
the similar argument follows that GrM (IM) = GrM (Gr(I)M) and so we have the
second part. ✷

Theorem 2.10. Let R be a G-graded ring, M a graded multiplication R-module
and Q a graded submodule of M satisfies the gr-primeful property. Then the fol-
lowing statements are equivalent:
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1. Q is a graded quasi-primary submodule of M ;

2. (Q :R M) is a graded quasi-primary ideal of R;

3. GrM (Q) is a graded prime submodule of M ;

4. Q = qM for some graded quasi-primary ideal q of R with ann(M) ⊆ q.

Proof: (i) ⇒ (ii) Let rs ∈ (Q :R M) and s /∈ Gr((Q :R M)) for some r, s ∈ h(R).
By [4, Theorem 3.5], s /∈ Gr((Q :R M)) = (Gr(Q) :R M). Then there exists
m ∈ M such that sm /∈ GrM (Q) and rsm ∈ Q. Since Q is a graded quasi-primary
submodule of M, we have r ∈ Gr((Q :R M)). Therefore (Q :R M) is a graded
quasi-primary ideal of R.

(ii) ⇒ (iii) It is easy to check that Gr((Q :R M)) is a graded prime ideal
of R, since (Q :R M) is a graded quasi-primary ideal of R. By [19, Theorem 9],
GrM (Q) = Gr((Q :R M))M. It follows that GrM (Q) is a graded prime submodule
of M by [19, Corollary 3].

(iii) ⇒ (i) Let rm ∈ Q and r /∈ Gr((Q :R M)) for some r ∈ h(R) and m ∈
h(M). By [4, Theorem 3.5], r /∈ (GrM (Q) :R M) = Gr((Q :R M). Since GrM (Q)
is a graded prime submodule, rm ∈ Q ⊆ GrM (Q) and r /∈ (GrM (Q) :R M), we
have m ∈ GrM (Q). Therefore Q is a graded quasi-primary submodule of M .

(ii) ⇒ (iv) If we let (Q :R M) = q, it is clear.
(iv) ⇒ (iii) Assume that Q = qM for some graded quasi-primary ideal q of

R with ann(M) ⊆ q. By [19, Theorem 9] and Lemma 2.5, we have GrM (Q) =
Gr((Q :R M))M = Gr((qM :R M)) = Gr((Gr(q)M :R M)) = Gr(Gr(q))M =
Gr(q)M. Hence by [19, Corollary 3], GrM (Q) is a graded prime submodule of M .

✷

Theorem 2.11. Let R be a G-graded ring, M a graded multiplication R-module
and U a graded submodule of M. Let Q be a graded quasi-primary submodule of M
satisfying the gr-primeful property such that p = Gr((U :R M)) = Gr((Q :R M))
and U ⊆ N ⊆ Q. Then N is a graded p-quasi-primary submodule of M .

Proof: It is easy to see Gr((U :R M)) = Gr((N :R M)) = Gr((Q :R M)) = p.
This yields that (N :R M) is a graded p-quasi-primary ideal of R. Now we show
that N satisfies the gr-primeful property. Let p be a graded prime ideal of R
containing (N :R M). Then (Q :R M) ⊆ G((Q :R M)) ⊆ G((N :R M)) ⊆ p
by [20, Proposition 1.2]. Since Q satisfies the gr-primeful property, there exists a
graded prime submodule P of M containing Q and so N such that (P :R M) = p.
Therefore N satisfies the gr-primeful property. By Theorem 2.4, N is a graded
p-quasi-primary submodule of M. ✷

Lemma 2.12. Let R be a G-graded ring and M a graded R-module. If Q is a
graded p-quasi-primary submodule of M satisfying the gr-primeful property, then
GrM (Q) = GrM (Q+ pM).
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Proof: Clearly GrM (Q) ⊆ GrM (Q+ pM). Let P be a graded q-prime submodule
such that Q ⊆ P. Then (GrM (Q) :R M) ⊆ (P :R M) = q. By [4, Theorem 3.5],
we have p = Gr(Q :R M) = (GrM (Q) :R M) ⊆ (P :R M) = q. So Q + pM ⊆
P + qM ⊆ P. Hence Q+ pM ⊆ GrM (N) and so GrM (Q+ pM) ⊆ GrM (Q) by [23,
Theorem 2.12]. Therefore GrM (Q) = GrM (Q+ pM). ✷

Theorem 2.13. Let R be a G-graded ring, M a graded R-module and q a graded
maximal ideal of R. If Q is a graded q-quasi-primary submodule of M satisfying
the gr-primeful property, then GrM (Q) = GrM (Q+ qM) = Q+ qM.

Proof: By [4, Theorem 3.5], we have (GrM (Q) :R M) = Gr((Q :R M)) = q.
Since (GrM (Q) :R M) = q is a graded maximal ideal of R, by [9, Proposition
2.4(i)], we have GrM (Q) is a graded q-prime submodule of M . Thus Q + qM ⊆
GrM (Q + qM) = GrM (Q) by Lemma 2.6 . It follows that q ⊆ (Q + qM :R M) ⊆
(GrM (Q) :R M) = q. This yields that (Q + qM :R M) = q. By [9, Proposition
2.4(i)], we conclude that Q+ qM is a graded prime submodule of M containing Q.
Hence GrM (Q) ⊆ Q+ qM. Therefore GrM (Q) = GrM (Q + qM) = Q+ qM . ✷

Theorem 2.14. Let R be a G-graded ring and M a graded R-module. If Q is a
graded quasi-primary submodule of M and K a graded submodule of M such that
GrM (Q)∩GrM (K) = GrM (Q∩K), then K ⊆ Q or Q∩K is a graded quasi-primary
submodule of K.

Proof: Assume that K * Q. Then Q ∩ K is a proper graded submodule of K.
Let rk ∈ Q ∩K and r /∈ Gr((Q ∩K :R K)) for some r ∈ h(R) and k ∈ h(K). It
follows that rk ∈ Q and r /∈ Gr((Q :R M)). Since Q is a graded quasi-primary
submodule of M , rk ∈ Q and r /∈ Gr((Q :R M)), we conclude that k ∈ GrM (Q).
Hence k ∈ GrM (Q) ∩ GrM (K) = GrM (Q ∩ K). Therefore Q ∩ K is a graded
quasi-primary submodule of K. ✷
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