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A Number of Limit Cycle of Sextic Polynomial Differential Systems
via the Averaging Theory
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ABSTRACT: The main purpose of this paper is to study the number of limit cycles
of sextic polynomial differential systems (SPDS) via the averaging theory which is
an extension to the study of cubic polynomial vector fields in (Nonlinear Analysis
66 (2007), 1707-1721), where we provide an accurate upper bound of the maximum
number of limit cycles that SPDS can have bifurcating from the period annulus
surrounding the origin of a class of cubic system.
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1. Introduction

The main open problem in the qualitative theory of real planar differential
systems is the determination and finding the distribution of their limit cycles,
where the famous Hilbert’s sixteenth problem and its weak form (for more de-
tail see [7]) and the limit cycles number which bifurcates from periodic orbits of
a nonlinear or linear differential system with a center has been dealt extensively
recently using many different methods, the method of inverse integral factor in
([6]), Hopf methods combined with homoclinic bifurcation theory in [12], Lya-
punov constants in [4], function of Melnikov in [13] and an averaging theory in
[2], [8] and [9]. A previous used method to produce limit cycles is by perturbing
a system that has a center, in such a method that limit cycles bifurcate in the
perturbed system from some of the periodic orbits of the period annulus of the
center of the unperturbed system, see [11]. In the last recent work [5], the au-
thors proved the maximum number of limit cycles which can be bifurcated from
the period annulus surrounding the origin of a class of cubic polynomial differential
systems using the averaging method. More precisely, they demonstrated that the
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perturbations of the period annulus of the center located at the origin of the cubic
polynomial differential system

where f(x,y) = 0is a conic and f(0,0) # 0 by using the arbitrary cubic polynomial
differential systems provide at least 6 limit cycles bifurcating from the periodic
orbits of the period annulus, then, in [10] the authors found a bound for the
number of limit cycles which bifurcate from the period annulus of the center, under
piecewise smooth cubic polynomial perturbations. Their results explained that
the piecewise smooth cubic system can have at least one more limit cycle than
the smooth one, Moreover in [1] the author improved the result of the maximum
number of limit cycles of quartic and quintic polynomial differential systems which
bifurcate from the period annulus surrounding the origin of system (1.1) by using
the first order of averaging theory method.

In this paper, we are interested to study the number of limit cycles which can
be bifurcated from the period annulus surrounding the origin of a class of cubic
polynomial differential system of the form introduced in [5] , when it inside the
class of all sextic polynomial differential systems having the origin as a singular
point is perturbed, i.e., for all € sufficiently small, we extend the work of Jaume
Gine and Jaume Llibreb [5] by studying the number of limit cycles of the following
system

i =—yf(z,y)+e (Zizl P (z, y)) ;
j=af(z.y) += (i Q).

which bifurcate from the period annulus surrounding the origin of system (1.1),
where P, and Q) homogeneous polynomials of degree k. Thus we can write

b, = Z pijz'y’
itj=k

(1.2)

and .
Qr=Y_ qz'y’.

i+j=k

The main results of this paper is to prove the following theorem:

Theorem 1.1. For all |¢| is sufficiently small, the maximum number of limit cycles
of the sextic polynomial differential system (1.2) bifurcating from the periodic orbits
of the system (1.1) using the first order of averaging theory method and with respect
to the conic f(x,y) =0 given by one of the following two cases:

(a) Seven limit cycles for a one double invariant real straight line defined as:

flz,y) = (x+a)>*=0, a>0.
(b) Fourteen limit cycles for Parabola curves defined as:

f(xvy):ziainZ()va?éo'
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2. The first order averaging method

We introduce in this section the first order of averaging theory method for
computing limit cycles up to first order e which has been extensively given in [3].

Theorem 2.1. Consider the following two initial value problems:
i =eR(t,x) +2G(t, z,¢€), 2(0) =z (2.1)

and
g=cef °(y),y(0) = xo, (2.2)

where x,y and xo € D which is an open domain of R, t € [0,00), € € (0,e0],
R and G are periodic functions with their period T with its variable t, and f°(y)
is the average function of R(t,y) with respect to t, i.e.,

)=+ / F(t,y)dt. (2.3)

Assume thatéR 92R o
(i). R, —, FICR G and — are well defined, continuous and bounded by a
r’ Ox x
constant independent by € € (0,e0] in [0,00) x D.
(ii). T is a constant independent of &;
(ii3). y(t) belongs to D on the time scale 1/e. Then the following statements

hold

1
(a)-On the time scale —, we have
5

x(t) —y(t) = O(g), ase — 0.
(b)- If p is an equilibrium point of the averaged system (2.2), such that

afo
e £0, (2.4)

then system (2.1) has a T-periodic solution ¢(t,e) — p as e — 0.

(c)- If (2.4) is a negative. Therefore, the corresponding periodic solution ¢(t, <)
of equation (2.1) according to (t,x) is asymptotically stable for all € sufficiently
small, if (2.4) is a positive, then it is unstable.

3. Proof of Theorem 1

This proof is based on the first order of averaging theory method, we can write
system (1.2) by using the polar coordinates (r,6) where x = rcos, y = rsin#, it
can be easily gotten

6
”

£ Y (cos 0Py (cos ), sin ) + sin 0Qy,(cos 0, sin ) r*,
k=1

6
n o . cos 0Qy, (cos 0,sin 0) —sin O Py (cos 0,sin0) _ —1
0 = f(rcosf,rsind) (1 +5k§_1 Flrcos0rsm0) r ,
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where
Py (cosf,sinf) = i cos’ @ sin 0
? pz] bl
i+j=k
Qr(cosz,sinz) = E qij cos’ 0 sin’ 6.
it+j=k

Therefore, we have

oP 0,sind ind 0,sin 6
52 cos 0Py (cos 0, sin0) + sin 0Q(cos 0,sin ) .

°G(r,0,¢). 1
f(rcosf,rsinf) 't +etG(r,0,¢) (3.1)

ﬁi 6
)~ &

k=1

Using the notations introduced in theorem 2, we must calculate

6 2
fO (7’) _ i Z Tk cos 0Py, (cos 0,sin 0)+sin 0Qy, (cos 0,sin 0) do
T on f(rcosf,rsinf) '
k=1 0

Therefore, we get

6
fOr)=>_ Cr(r)r,
k=1

where .
Cr(r) = Y (pijiyr;(r) + qijaij41(r))
ik
and

1 /Qﬂ P q
cos? Osin? O
Opg = — o8 TS df).
P,q cos 0,rsin 6
o' 0 f(r 7 sin 6)

The function f °(r) can be written as

it+1
PO =300 Nigaipagg)r, (3.2)
i=1 j=0
where o
pio if 7 =0,
Nij =19 Pim1j T Giv1—j -1 1 1 <5 <4,

qoi itj=i+1.
Now we prove the statements of theorem 1, in the first step, we compute the integral
f %(r), and the second step, the number of its simple zeros is studied.

3.1. Proof of statement (a) of Theorem 1 with (f=(x+a)?)

For the case of one double invariant real straight line, system (1.1) has a unique
period annulus defined as:

A:{(x,y):0<x2+y2<a2}
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Lemma 3.1. Under the previous assumptions and notations, we have:
2 . .
fjr—“ozmo — 2_20‘”*1»0 if n is an even number,
. . o 1 2 2
(1). ny10= 513 Jo “cos™ 1 0dl — 22, o — S an 10,
if n is an odd number
0 if n is an even number,
1). « = nil . .
() aons1 Sk2o (m1)FCE o if nois an odd number
=
o l k vk _ n+1
(iti). an—2141,20 = D po(—D*Clan—siyort10, 1=1,..., 2],
Proof. Putting x = rcos@, y = rsinf, we get for (i)
2 _ _
cos" 19 (rcosf + a)” cos™ 10 — 2ar cos™ 0 — a® cos™ 1 0
f(rcosf,rsinf) r2f (rcosf,rsinf)
n 2 n—1
_ L et 2a cos™ 0 _a® cos" 0
r2 r f(rcosf,rsinf) 12 f(rcosf,rsing)’
thus
2m 2m
B 1 ne1 2a cos™ 0
Qnt1,0 = 5 cos" " 0df — — —df
272 2rr Jo f (rcosf,rsinf)
a® m cos" 19
272 Jo f(rcos@,rsin@)
Therefore,
2 . .
f%amo — ‘:—zan,w if n is an even number,
Qn+1,0 = 1 2m n—1 2a a’ :
5757 Jo  COS 0do — SEQn0 — 77 0n—1,0 if n an odd number.
(i)
0 if n is an even number,
- n+1 n+1 ntl
& = (170052 0) 2 — 22: (_1)kck cos?¥ 9
f (TCOS 0,7sin6) f(rcos@,rsinf) — =0 2l f(rcosf,rsinf)’ '
if n an odd number,
then
0 if n is an even number,
n+1
Qo,nt+1 = 2 .
—1DkEC*k | agr o if n an odd number.
ntl >
k=0 2
(iii)
. _ 1
cos" 21 g gin? ¢ cos" 216 (1 — cos? 0)
f(rcosf,rsing) f (rcosf,rsind)

— i(_l)kckw =1 [n—H}

—~ L f(rcosf,rsinf)’



186 A. MENACEUR AND S. BOULAARAS

Thus,

1
n-+1

Op—2i41,21 = E (—D)*CFan—sryort1.0, L=1, ..., { 5 } .

k=0

This completes the proof. O
Remark 3.2. We note for any p, k with p+ 2k <6 that
ap2k+1 = 0.

Lemma 3.3. Under the previous notations, we have

g0 = % and aq,0 = —%, such that g = \/a? — r2.
g g
Proof. Assume that
z=e%and C={z: |z| =1},
we get
27 do 4 /
== | —————————dz
o f(rcosf,rsinf) i T22+2az+r)
c
and
m cos 0df 2 / 2241
== | ——————dz,
o f(rcosf,rsin) — i (rz2 + 2az +r)°
C
which whose poles are
2 = —a-‘r\im and 29 = —a—\(rm7

Since a > 0 implies that |z1| < 1 and |z2| > 1 and by using the residue theorem,
we get

2 do 2ma 2w cos 0d0 2

o f(rcos@,rsin@)_( a27r2)3, 0 f(rcos@,rsin@)__( a27r2)3.

Therefore, we have

050,0 - 3,04110 - ( a2 — 7»2)3

(V=)

This completes the proof. O

Based on Lemmas 1 and 2, we can deduce to calculate the following amounts
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then

@p,2

and we also have

2a a?
0 — —ai0— 00
r r

1 2a r a? a
r2 r g3 r2 g3

g3r2

= Qp,0 — Q20

_a (g3 + 2ar? — ag)
g° G312

—g3 —ar? + a®
g3r2

—2ag® — (3(127"2 — 2a4)

Q30 =

9313

2ag° — (7’4 — 3a?r? + 2a4)

)

¢33

(r2 + 6a2) g3+ (8a3r2 — 6a5)

Qa0 =

2g374 ’

(r2 — 6a2) g+ (4ar4 —10a3r? + 6a5)

Q29 =

and

2374

— (37’2 - 6a2) g° — (6a7’4 —12a3r% + 6(15)

Qo4 =

2g374 )

— (ar2 + 4(13) > — (5a4r2 — 4a6)

aso =

)

375

— (ar2 — 4(13) 9> — (3(127"4 — Ta*r? + 4(16)

Q32 =

3

9375

(3ar2 — 4a3) g3 — (r6 — 6a3r* + 9atr2 — 4a6)

)

g375

(3r4 +12a%r% + 40a4) 9>+ (48a5r2 — 40a7)

A0 =

8937“6 ’

(r4 + 124272 — 40@4) g3 + (32a3r4 — 724512 + 40a7)

Q4o =

8g3r6

187
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In addition, we have

(3r*=36ar?+40a" ) g°+(16ar® —72a%r* +96a°r> —40a")

Q24 = 84310 )
— (151" =60a*r>+40a" ) g* — (40ar®—120a°r* +120a° r> — 404" )
Qpe6 = 8g310 ,
_ (=3ar*—8a%r?—24a°)g°4+(—28a°r?4244%)
aro = Ag3r7 )
_ (—ar*—8a®r?424a°)¢® +(—20a*r* +44a°r* —244%)
a52 = a7 s
_ (=3ar*424a®r?—240°) g% +(—12a*r® +48a* r* —60a°1> +244°)
CY3,4 - 4g3T7
(15ar* —40a°r>4244°)¢°
16 = 1g317
T (—4r84+37a%r% —84a*r* 4764512 —244%)
49377 :

Using (3.2), we get

(a4r4 + a9r? + ao) g3 + (b8r8 + bgr® + byrt + abyr? — a?’ao)
8g3r

for) =
where

ap = 48(—X60+ Ae2 — A6+ As6)a’ +40(As0 — As 2+ Asa — Asg)a’
+32 (—)\470 + A2 — )\474) a® 424 ()\3,0 —A32 + )\3,4) a® +
+16 ()\2,2 — )\2,0) a+8 ()\1,0 - )\1,2) ,

az = 16(—Xs0 — Ae2 + 364 — Hhe6) @’
+12 ()\510 + )\512 — 3>\574 + 5/\5,6) a’2
+8 (—)\470 — )\472 + 3)\4,4) a+4 ()‘310 + )\312 - 3)\3’4) ’

as =2 (=360 — X6,2 — 36,4 + 15X6,6) @+ (BA5,0 + As.2 + 354 — 15As56)

by = 8(=Theo+ 1162 — 15764 + 19X66) a®
+8 (65,0 — 5.2 + 12054 — 15X56) a*
+8 (=510 + Thao — 9aa) @® +8(4X30 — 532 + 6A3.4) a?
+24 (= X200+ A22)a+8(2M10 — A1 2),

b4 = 8 (75)\672 =+ 12)‘6,4 — 21)\6,6) a4 + 8 (4)\572 — 9)\574 + 15)\5,6) a3
+24 (— A2 +2Xs4) a® +8 (2232 — 3A3.4) a — 8Aa 2,
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bg = 24 (*/\674 + 3/\6,6) a’+8 (2/\574 — 5/\5,6) a — 844,
bg = 78A616

and

2

a? —r2.

g:

In fact, there are only seven independent parameters between the a; and b; with
respect to p;j,¢;; and a. In order to bound the number of zeros of numerator of
£ 9, it is sufficient to bound the number of zeros of

k(r) = (asr® + aor® + ao)2 (g3)2 — (bsr® + ber® + bar + abor® — a3a0)2
we can obtain

k(r) = r?[(=b3)r' + (—aj — 2bgbs) r'? + (3a3a® — 2azaq — b — 2bsbg) r'°

3a4a + 6agasa® — 2bybga — (a2 + 2apaq + 2b4b6))
ay 245 — 6asasa* + 2agbsa ) 70
(3(12 + 6a0a4) a® — 2bsbga — (b4 + 2a0a2)) 6
2asa4a° + ( 3a2 — 6a0a4) a* + 2apbga’® + 6agasa® — 2bsbsa — a%) T
(a2 + 2a0a4) ab — 6agasa* + 2agbsa® + (3&0 - b2) ) r?
2apasa’ + (2a0b2 — 3a0) 4)]

r
+
+
+
+ 4
+

(-
(
(
(
(
+(

Hence, f9(r) has at most seven simple zeros. Therefore, statement (a) in
Theorem 1 holds.

3.2. Proof of statement (b)of Theorem 1 with ( f=x-a-y?)
For the case of the parabola, system (1.1) has a unique period annulus as
A= {(x,y) 10 < 2?2 492 <T%}
where
r = min{\/m:x—a—yQZO}

la| ifa>—1/2,

V—Ia—1/2 ifa < —1/2.
Lemma 3.4. We have

1 r’+a L
__an 0+ —5—n-1,0 if n is an even numbers,
T

I

Qp41,0 =

5 if n is an odd number.
27r
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Proof. Putting x = rcosf, y = rsinf, we get

cos" 19 _ cos" Tt g
f(rcosf,rsinf) (rc050+%)27(7“2+a+i)

((r cos 9—1—%)2— <r2+a+i)) cos™ L g—rcos™ 9+(r2+a) cos™ 1o
r2 f(rcosf,rsin0)

1

- n—1lp_ 1 cos” 0 r’+a cos" 14
r2 Cos 0 r f(rcosf,rsinf) + r2  f(rcosf,rsinf)

Hence

1 2 . .
_ ) —rano+ Trﬁ“an_l,o, if n is even
anJrl,O -

o _ 2 . .
27T1T2 2T cos™ 1pdo — %Oén,o + =,y 0 if nis odd

Lemma 3.5. Under the previous assumptions and notations,we have

app=——— and « —GJF—K
0.0 = To57 L0 = g
where )
(91 +92) ifa>—,
H ="hg and G = 21 )
(91— 92) ifa< —
with
(g1 —g2) h, ifa>—1/2
K = ,
(g1 +g2)h, ifa < —1/2
such that

g1 = Vida+2-—2h,go =V4da+2+2h
h = V4r2+4a+1#0and g=+Va?—1r2#0.

Proof. Letting z = ¢ and C = {z : |z| = 1}, we can obtain

m do 4/ z
- = 5 dz
o f(rcos,rsinf) ZC (rz2+z4+7r)" —4r2+4a+1)z2
and
2 cos 0df 2 2241
= - dz

3

0 f(rcos@,rsin@)ic/(r22+z+r)2(4r2+4a+1)22

with whose poles are

Athtg - htg
z1g=————and 234 = ———,
r r
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where

g1 = Vda+2 —2h and g2 = V4a + 2 + 2h.

Using the residue theorem |zo| < 1,|z3] < 1,[21| > 1 and |z4| > 1 for all a > 3,
|z1] < 1,|z4] <1, |22| > 1 and [23] > 1 for a < 5}, we obtain

)

o do g tge)ifa>F
o f(rcosf,rsin®) —77(91 = 92) if a <

and

2 cos 0do — wrgllor +92) + (91 — g2)h] if a > =,
o f(rcosf,rsinf) J—hg[(gl—g2)+(91 +g2)h] if a < L.

Thus, we have

q G+ K
apo=—=—=and a3 o =
Y} YT Tl
This completes the proof. O
Based on Lemmas 3 and 4, we can get
e 1
Qo = 5 / b — a0+ “F a0
2mr=s Jo r

_ i_l G+K +T2+a _i
T2\ 4rH r? 2H

(2r*4+2a+1)G+ K —4H

4Hr?

Qp2 = Qpo— Q20
-G (2r+2a+1)G+ K —4H
2H AHr?

(2a+1)G + K — 4H
4H7r? ’

r’+a
azo = *;Oéz,oJr 2 QL0

1 ( (2r2+2a+1)G+K4H>

4H7r?
+7’2+a G+ K

2 4rH

(312 +3a+1)G+ (r*+a+1)K —4H
B 4Hr3 ’

r

r
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Q12 = Q10— Q30
G+K (3?+3a+1)G+ (P +a+1)K—4H
arH 4H73
(2r2 +3a+1)G+ (a+ 1)K —4H
4H73 ’

In addition, we can find

((2a+ 3)r? + (2(12 +4a + 1)) G

@22 = AH 7
N (r’+ 2a+1)K— (2r>+ (4a+4)) H
4Hr4
S _(27’2+ (2a2+4a+1))G
o AH
(2a+1)K + (2r* —4a —4) H
* 4Hr4 ’

(57* 4+ (10a +5)r? + (5a® + ba+1)) G

a0 = 1H 7
(r*+(2a+3)r* + (a* +3a+1)) K — (10r* + (8a +4)) H
* 4H7r5
(2r' + (Ta+4)r* + (50> + 50 + 1)) G
a2 LH 7
((a+2)r*+ (¢ +3a+1)) K — (6r> +8a+4) H
* 4Hr5 ’
((4a+3)r*+ (5a* +5a+ 1)) G
L LH 7
(r*+ (> +3a+1)) K — (2> +8a+4) H
N 4Hr5 ’
ago = hlw [(4r° 4 (12a 4 18) r* + (12a® + 36a + 12)) G

e

+ (4a® + 180 + 120+ 2) G

+ (6r* + (12a + 8) r* + (6a* + 8a + 2)) K

— (157" + (20a + 28) r* + (8a® + 24a + 8)) H]
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1
aup = g [((da+10)r" + (8¢% + 28a + 10) %) G

+ (4a® + 184 + 12a + 2) G
+ (2r* + (8a +6)r* + (6a° +8a +2)) K
— (37" + (12a + 20) r* + (84 + 24a + 8)) H]

[((4a+14)r* + (12a® 4 36a + 12) r*) G

8 = 78H6
+ (4a® 4+ 18a* + 124 + 2) G

+ (2r" + (12a + 8) r* + (6a° + 8a + 2)) K

+ (r* 4 (—20a — 28) r® — (8a® + 24a + 8)) H],

1
0T RHT
+ (14a® + 28a” + 14a + 2) G

+
+ (2r% + (6a + 12) r* + (6a* + 24a + 10) r*) K
(a + 124 +10a+2)K

— (357" 4 (56a + 36) r* 4 (244 + 32a + 8)) H| ,

[(14r° + (42a + 28) r* + (42a® 4 56a + 14) r*) G

[(4r° + (22a 4 18) r* + (320° + 46a + 12) r*) G

@z = TRET
14a® + 28a® + 14a 4+ 2) G

(

((2a+6)r* + (4a® + 18a+ 8) r*) K

(a + 12a? +10a+2)K

— (157" + (40a + 28) r* + (240 + 32a+ 8)) H] ,

+
+
+

[((8a+10)r* + (224 + 36a + 10) *) G

1
34 = SHr7

(14a3 +28a* 4+ 14a+ 2) G

+ (2r* + (20° + 12a + 6) 1° + (2a° + 12¢° + 10a + 2)) K

-3

r + (24a + 20) 1 + (24a® + 320 + 8)) H],

e = 781; = [(4r* + (12a* + 260 + 8) r*) G
+(14a + 28a? +14a+2)G

+(6a+4 r® + (20 + 12a® + 10a + 2)) K
+(r*

—8a —12)r* — (24a® + 32a + 8)) H]|

193
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and for any p, k with p + 2k < 6: apopy1 =0.
Using (3.2), we get

1
0 = — (A H+BG+CK
) = e (AH BG4 CE)
1 .
{ Srhg (Ayhg + By (91 4 g2) + Cr (91 — g2) h) ifa > —1,
- 1
—— (Ayhg + B, (g1 — Cr h) ifa < -3
87’hg( 9+ Br(91—-92) +Cr(91+92) h) if a < —3
where
A, = agrt 4+ asr? + ag,
B, = byr® + by +b,r* + by,
Cr = ¢+ cart + c,m* + gag + bo
with
ay = 15/\570 4+ 3)\512 — )\514 — >\5,6 — 35)‘6,0 + 15)‘6,2 — 3>\6,4 — /\6,Ga
as = (20)\570 + 12)\512 + 4)\574 + 20)‘5,6 - 56)\670 + 40A612 - 24)‘6,4 + 8)\6,6) a
+(12)\3,0 —4MX39 —4X3.4 — 2040 + 12Xy 0 — 4Ny 4 + 28X5,0 + 2052
—|—12)\574 + 28)\5,6 — 36)\670 + 28)\6,2 — 20)\6,4 + 12)\6,6);
ayg = (8/\570 4+ 8)\512 =+ 8)\574 =+ 8/\576 — 24)‘6,0 + 24/\6,2 — 24)‘6,4 =+ 24/\6,6) a?
+(8)\370 — 8)\372 + 8)\3,4 — 16)\470 + 16)\4,2 — 16)\474 + 24)\5,0 + 24)\572
+24X5.4 + 24056 — 32X6,0 + 326,20 — 32X6 4 + 32)\6,6)a
+(8A10 —8A12 —8X2 0+ 822 +8X30 — 8A32 + 834 — 8As 0 + 82
—8A4a +8X50 +8A52+ 854 +8X5.6 — 8X6,0 + 8A6,2 — 8,4 + 8X6.6),
be = —4X50 + 1460 — 46,2,
by = (—12)\570 — 4)\5,2 — 4)\5,6 + 42)‘6,0 — 22)\6,2 + 8)\674) a

F(—4X5.0 + 10As0 — 4hg2 — 1850 — 1050 — 4Xs5.4 — 14056 + 28)6.0
— 1862 + 10A¢.4 — 4X6.6),
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by = (—12X50—8X52 — 454 — 12056 — 32062 + 42X6,0 + 22064 — 12X66) @°
+(—=8X3,0 +4A32 +20Ms0 — 14)\g 0 + 8\sq — 365
—28Xs5.2 — 20)\5.4 — 3656
+56X6,0 — 4662 + 3664 — 2676 6)a
+(—4A1,0 +6A2,0 —4A22 —8A30 + 632 —4A34
+10M4,0 — 842 4+ 6y 4
—12X5,0 — 1052 — 8X5.4 — 12056 + 146 0 — 12062 + 106 4 — 8X6 6),

bo = (—4hso— 450 —AXss — g+ 1460 — 14060 + 140g 4 — 1426 ) a?
(—4As0 + 4hg2 — Aha + 10As0 — 10Ass + 10Ass — 18Xs.0 — 18Xs.2
—18X5,4 — 1856 + 28,0 — 2862 + 28X6.4 — 28)¢ 6)a”
+(—4A1,0 +4A12 + 620 — 622 — 8X3,0 + 8A32 — 8A34
41000 — 10A + 10A44
1220 — 12X50 — 12X — 12256 + 14X
14Xz + Mg — 14X66)a
+(=2A1,0 + 2A12 + 2020 — 2XA22 — 2X30 + 2X32
—2X3,4 +2X10 — 2)42
+2A14 —2X50 — 2X52 — 2X54 — 2X56 + 2X6,0
—2X6,2 +2X6,4 — 2X6.6),

c6 = 2X6,0,

ca = (6260 —2X6,2) @+ (2240 — 65,0 — 2A5.2 — 2X56 + 12260 — 6A6.2 + 2X6.4)
and

ca = (6Xg0—4Ns2 +2N64)a?
4 (4hao — 2A1s — 12250 — 8hs — AAsa — 12X56 + 24X6.0) a
(—18Xg2 + 12X 4 — 6Ag ) @
+(2X20 —4X30+2X32 + 6Ag0 —4Ns2 + 254 — 8Xs 0
—6A52 —4X54 — 8Xs56
+10X6.0 — 8Ae2 + 6A6.a — 4Ae.6)-

In fact, there are only ten independent parameters between the a;, b; and ¢;
with respect to p;;,q;; and a. In order to bound the zeros number of numerator of
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fO(r), it is sufficient to bound the zeros number of

K(r) = A2h?¢* — B, (g1 £g2) + Crh (g1 F 92)]2
= A2h?¢%* —4B2 (2a + 14 2g) — 4C?h? (2a + 1 F 2g) + 8B,C,.h*

since
(91 92)° =4 (20 +1+2g) g} — g} = —4h.

Finally, in order to bound the zeros number of the above expression, we should
bound the zeros of the following polynomial

L(r) = (A2h%¢® +8B,C.h* —4(2a+ 1) (B2 + C2h?))” — 64 (B2 — C2h?)° ¢°
- ((gQAi +8B,C, — 4C2 (20 +1))° — 64920;}) K
+ (128¢°B2C? — 8B?Z (2a + 1) (¢* A2 + 8B,C,. — 4C} (2a + 1))) h?
+(16B} (20 +1)" - 64923}
- h2[((92A§ +8B,C, —4(2a+1)C2)° - 6492(};}) h?
+128¢°B2C? — 8 (2a+ 1) B? (g*A2 + 8B,C, — 4 (2a + 1) C?) + 16B;],

we obtain
L(r) = (47‘2 + 4a + 1) (5287°28 + 096720 .. + 0or? + 60)

where §; are polynomials in a, p;; and g;;. Hence, f9(r) has at most 14 simple zeros.
Therefore, statement (b) in Theorem 1 holds.y.
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