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On the Uniform Ergodic for a—times Integrated Semigroups

A. Tajmouati, A. El Bakkali, F. Barki and M. A. Ould Mohamed Baba

ABSTRACT: Let A be the generator of an a—times integrated semigroup (S(t))¢>0-
We study the uniform ergodicity of (S(t));>o and we show that the range of A
is closed if and only if AR(\, A) is uniformly ergodic. Moreover, we obtain that

(S(t))¢>0 is uniformly ergodic if and only if « = 0. Finally, we get that ta1+1 fot S(s)ds
converge uniformly for all o > 0.
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1. Introduction

Throughout, X denotes a complex Banach space, B(X) the Banach algebra of all
bounded linear operators on X, let A be a closed linear operator on X with domain
D(A), we denote by ker(A), R(A), p(A) and R(., A), respectively the kernel, the
range, the resolvent set and the resolvent function of A.

The family (S(¢))i>0 C B(X) is called Cy-semigroup [7] if it has the following
properties:

1. The map ¢t — S(t)z from [0, +oo[ into X is continuous for all z € X
2. S(t)S(s)=S(t+s),
3. S(0)=L

In this case, its generator A is defined by

D(A) ={z € X/ lim ML
t—0+ t
with
Ay — lig 2B
t—0+ t
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Now, we recall the notion of a-times integrated semigroup which is a generaliza-
tion of Cy-semigroup. Let 8 > —1 and f be a continuous function. The convolution
jp * f is defined for all t > 0 by

t (t é) )
e f(t) = Jo i f(s)ds it B> -1,
fo J(t—s) déo() if g =1,

where T is the Euler integral giving by T'(8 + 1) = f+°° wPe *dx, j_1 = 0y the
Dirac measure and for all 5 > —1

Jjg - ]0, +OO[ — R
t — L
T(B+1)
A strongly continuous (S(t)):>0 C B(X) is called an a-times integrated semi-
group where o > 0 [3], if S(0) =0 and for all ¢,s > 0

B HS(ert—r)"’l N S(s+t—r)nt dr .
S0, = [ S s e [ s i )

where n — 1 < o < n and S, ()(2) = (Jn—a-1 *5)(x) for all x € X.
By (x) the following equality hold for all ¢,s >0

Conversely, let a > 0 and let A be a linear operator on a Banach space X.
We recall that A is the generator of an a-times integrated semigroup [1] if for some
w € R, we have |w,+00[C p(A) and there exists a strongly continuous mapping
S : [0, +00[— B(X) satisfying

IS#)|| < Me* forallt >0 and some M >0

+oo
R\ A) = A\ / e MS(t)dt for all A > max{w,0},
0

in this case, (S(t))¢>0 is called the a-times integrated semigroup and the domain
of its generator A is defined by

t“x
Ia+1)

t

D(A) = {z€X : / S(s)Awds = S(t)z — 1.
0

From the uniqueness Theorem of Laplace Transforms, (S(t)):>0 is uniquely de-

termined. In particular, an integrated semigroup is also an 1-times integrated

semigroup.

An important example of generators of an a—times integrated semigroup is the
adjoint A* on X* for all & > 0, where A is the generator of a Cy-semigroup on
a Banach space X. In particular [3, Examples 3.8], we consider X = L!(R) and
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for all f € D(A) := {f € X : fis continuous and f' € X}, we define the linear
operator by

Af = — 7.
Since X* = L*°(R) and for all f € D(A*) = {f € X* : f continuous and f’' €
X*}, the adjoint A* of A is defined by

A f=f.
Then for all @ > 0, A* is a generator of an a-times integrated semigroup.

An operator T' € B(X) is called uniformly ergodic if the averages %ZZ;& Tk
converge in the uniform operator topology (see [4, Chapitre IT]).
In 1974, M. Lin showed in [5, Theorem] (called uniform ergodic theorem), that

Tn
when lim H —H = 0, the operator 7' is uniformly ergodic if and only if (I — T)X
n

n—oo
is closed. In [2] the authors proved that, if 1 is a pole of the resolvent function,
n

then % ZZ;& T* converge in norm if and only if lim — = 0.
n—oo n

A semigroup (S(¢))i>0 C B(X) is called uniformly ergodic if %fot S(s)ds con-
verge uniformly when ¢ — co. Also in [6, Theorem]|, M. Lin shows for a Cp—semi-
group (S(t))i>0 C B(X) satistying tlim H@H = 0, then the following conditions

- — 00

are equivalents:
1. (S(t))¢>0 is uniformly ergodic,
2. the infinitesimal generator A has a closed range,
3. L 22;01 R(1, A)* converge uniformly,

4. lim AR(\, A) exists in the uniform operator topology.

A—01

In this paper, we are motivated by application to the ergodic theory for an
a—times integrated semigroup (S(t));>0 in B(X) where a« > 0. We prove that
when we assume the same conditions of M. Lin’s theorem [6] for an a—times in-
tegrated semigroup (S(t))i>0, the integral %fot S(s)ds converge uniformly if and
only if a = 0.

Moreover, we obtain that if R(A) is closed, then for all @ > 0, 1 ftS(s)ds
toz-l—l 0

converge uniformly when ¢t — oo.

2. Main results

The next lemma was investigated by W. Arendt [1, Proposition 3.3] in the case
of n—times integrated semigroup, n € N. This results has been generalized by M.
Heiber [3, Proposition 2.4] to the a—times integrated semigroup with a > 0 (for
interested reader we refer to [8, Lemma 2.1]).
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Lemma 2.1. [3, Proposition 2.4] Let A be the generator of an a—times integrated
semigroup (S(t))i>0 C B(X) where a > 0. Then for all x € D(A) and all t > 0 we
have

1. S(t)x € D(A) and AS(t)x = S(t)Ax.
2. S(t)x = F(Ott—il)x + fot S(s)Axzds.

3. Forallze X, fot S(s)xds € D(A) and

t te
A/O S(s)xds = S(t)x — mx.

Lemma 2.2. Let A be the generator of an a—times integrated semigroup (S(t))i>o
@ ’ = 0. Then for every A\ > max{w,0},

in B(X) where a > 0 satisfying . 1i£rn H
—+00

AR, A"l

n—-+oo n

=0.

Proof: We put T'(t) := A*S(t), since lims_, 4 oo H@

= 0, then we have

lim HEH —0.
t—+o00 t
Since -
R\ A)x = )\O‘/ e MS(t)zdt for all X > maz{w,0}.
0
Then

R\, A)x = / e MT(t)adt.
0

From [2, Lemma VIII.1.12], we have

1 (oo}
R\ Az = I / e M (H)adt for all A > maz{w,0}.
“Jo

(n—1
Fix € > 0, then there exists ¢y > 0 such that for all ¢t > %,
IT@)] < et.

Since || T(t)z|| is continuous on [0, o], then there exists K > 0 such that for all
te [O,to],
1T < K.

Therefore

AR\, A)™ A" to DN
AR, A"l S—K/ e—kttn—ldt+e_/ o Mgn gy
n n! 0 n! Ji
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Finally as for all A > 0,

)\n o0
_— e Mindt = l,
n' 0 A
consequently
IDRO A K | €
n “n X\
Hence we obtain when n — oo and € — 0,
AR, O _

n—+o0o n

d

Lemma 2.3. Let A be the generator of an a—times integrated semigroup (S(t))i>o0
in B(X) where a« > 0. Then we have the following assertions:

1. R(A) = ()\R()\,A) - I)X.

2,
T(a+1)
= {ze€X: AR\ Az =z}

Ker(A) = {zeX : Stz = x for allt > 0}

Proof: It is known that for all A > max{w,0} we have
(M — AR\, A) = 1

and for every x € D(A)
R\ AN — A)x = z.

1. Let y € ()\R()\, A) - I)X7 then there exists x € X such that
y=AR\, Az — x.
Since z = (A — A)R(\, A)zx, then
AR\, A)x —x = AR(\, A)x.

Therefore y = AR(\, A)z € R(A), hence (AR()\, A) - I)X C R(A).

Conversely, let y € R(A), then there exists x € D(A) such that y = Ax,
since

x = R\A)W — A

= AR\ A)z — R(\ A)Ax
= AR\ A)x — R\ A)y.



14 A. TasMoUATI, A. EL BAKKALI, F. BARKI AND M. A. OuLD MOHAMED BABA

Thus
RNAy = ARN Az —=z
()\R()\, A) - I)x.

Since (A — A) and ()\R()\, A) - I) commute on D(A), we get

y = (M-ARN Ay
= (M- A)(AR(A,A)J):E
()\R A A) - )(M — Az
()\R A A) - I)z,
where z = (\I — A)z, hence R(A) C (AR(\, A) — )
Then we conclude that R(A) = (/\R(/\ A) — )

2. Firstly, let € Ker(A), then by Lemma 2.1, we obtain
a t
St)yr = 7:c+/ S(s)Axds
®) MNa+1) 0 (5)
tot
— 7.
I'a+1)

Hence z € {z e X : S(t)x = o H)xfor all t > 0}.
Conversely, let € X such that for all ¢ > 0

t(l

S(t)x = mx.

Then by Lemma 2.1, we obtain

t +o
A/O S(s)xds = S(t)x — mx =0.

Hence for every t > 0,
t
A/ S(s)xds = 0.
0

Thus we conclude that fo s)xds € Ker(A), hence x € Ker(A). Therefore

Ia+1)
Let x € Ker(A). Since R(\, A)(A — A)x = x, then

Ker(A)={ze X : S{t)z = x for all t > 0}.

AR\, A)z = .



ON THE UNIFORM ERGODIC FOR a—TIMES INTEGRATED SEMIGROUPS 15

Conversely, let € X such that AR(\, A)x = z, then x € D(A).
Since (A — A)R(\, A)x = x, we deduce that
ARN, A)x = AR(M\, A)x —x = 0.

Hence

Az AAR(N, A)z)

= MR\ A)x
0.

Therefore we conclude that = € Ker(A) and finally

Ker(A) ={x € X : A\AR(\, A)x = z}.

Now, we give a new characterization of Ker(A).
Corollary 2.4. Let A be the generator of an a—times integrated semigroup

(S(t))e>0 in B(X) where o > 0 such that hm H—H

If « > 1, then A is one to one.

Proof: Let (S(t))¢t>0 be an a—times integrated semigroup in B(X) where o« > 0
t
such that lim ‘?H = 0. Let = € ker(A), then

t—o00

t(l

t)yx = —x ; for all t > 0.
S(t)x I‘(a—i—l)z’ orallt>0
Therefore we obtain
o |72 = i |yl =
Which means that if « > 1, then z = 0. O

Theorem 2.5. Let A be the generator of an «a—times integrated semigroup
(S(t)i>0 in B(X) where o > 0 such that hm HS(t)H 0. Then the following

conditions are equivalents:

1. R(A) is closed,

2. AR(\, A) is uniformly ergodic, A € p(A).
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Proof: (1) = (2) Assume that R(A) is closed, then by Lemma 2.3, we obtain
Y =R(A4) = (AR(\, A) — 1) X.
Hence, by Lemma 2.1, we obtain

L IRROL A

n—-+oo n

=0.

Therefore, by [5, Theorem], we conclude that AR(X, A) is uniformly ergodic.
(2) = (1) By the uniform ergodic theorem for the operator AR(\, A), we obtain

X = (I—AR(\A)X @ Ker(I — AR(A, A)).

Since (I—AR(X, A)) X is closed, then by Lemma 2.3, we deduce that R(A) is closed.
O

We show in the next proposition that an a—times integrated semigroup (S (¢))¢>0
in B(X) is uniformly ergodic if and only if oo = 0.

Proposition 2.6. Let A be the generator of an a—times integrated semigroup

(S(t))i>0 C B(X) where o > 0 such that tlim H& = 0. If R(A) is closed, then
= —00

(S(t))e>0 is not uniformly ergodic.

Proof: Assume that R(A) is closed. Then, by Theorem 2.5 AR(X, A) is uniformly
ergodic. So

X=(I-XAR\A))X®{reX: AR\ Az =ua}.
Hence by Lemma 2.3, we obtain
X =R(A) @ Ker(A).

Now, assume that (S()):>0 is uniformly ergodic and 0 < o < 1, let = € Ker(A),
then by Lemma 2.2
tOt
St)r = =——=a.
W7 = a7 "

Therefore we obtain

H% /t S(s)xds
0

Hl /t s* y
= |- | =———uxds
tJo T(a+1)

tOt
Hl"(a—f—Q)xH'

Hence (S(t)):>0 is not uniformly ergodic.
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Let a > 1. Then by Corollary 2.4, A is one to one. Hence by the ergodic
decomposition and Lemma 2.3, we obtain

X = R(A) ®ker(A)
= R(A4).
Hence A is bijective and A~! is defined for all X. Then by the Closed Graph

Theorem, we obtain A~! is continuous.

Assume that (S(¢)):>0 is uniformly ergodic, then there exists an operator P
such that lim |t~ L[S S(s)ds — P|| = 0, P> = P and X = P(X) ® Ker(P). Thus

we conclude that
P(X)=Ker(I — AR\ A)) = Ker(A) = {0}.

Therefore X = Ker(P) = R(A) and lim [[¢~! [ S(s)ds|| = 0.
For x # 0, we applied Lemma 2.1, we get

t to
A/O S(s)xds = S(t)x — mx

1, [ S(t) ot
-A = — .
. /0 S(s)xds P Tt 1)90

Then

Since A is invertible, we get

1 [t
lim (A—/ S(s)axds) = hm S )azds)
t—00 t 0 t—>oo
a—1
lim &x— lim ti
t—oo t—00 F(a + 1)
tafl

=+ P
It follows that )
A
lim — ¢ =
P R
which is absurd because @ > 1 and = # 0. Finally, we deduce that (S(¢));>0 is not
uniformly ergodic. a

Eventually, we give the following theorem.

Theorem 2.7. Let A be the generator of an a—times integrated semigroup (S(t))i>0
in B(X) where o > 0 such that tlim ‘@H =0. If R(A) is closed, then
— oo

1 t
tOtT /0 S(S)dS

converge uniformly for all o > 0.
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Proof: Assume that R(A) is closed and denoted by YV

From Lemma 2.1, we have for all z € D(A); AS(t)x = S(t) Az, hence S(t)Y C Y.
We denote by A; the generator of the restriction of S(¢) to Y, that is the restriction
of AtoYND(A). Since Y = (I — AR(\, A))X, the uniform ergodic theorem shows
that (I — AR(), A)) is invertible on Y.

If Ajy =0 for y € Y N D(A), then by

RN A)(M — A)x =z for all 2 € D(A)

we obtain
RO\ A)A - Ay = y.
Hence
AR\ Ay =
Then

y € Ker(I — AR(\, A)).

That implies y = 0, thus A; is one to one.
Since (I — AR(M, A))Y C R(A1), we conclude that

Y D R(A1) D (I — AR(M A)Y = (I — AR(A, A)X =Y = R(A).

Hence R(A;) =Y, so A]! is defined for all Y, and by the Closed Graph Theorem,
we obtain Al_1 is continuous.

Let z € Y there is an 2 € Y N D(A) such that Az = z and ||lz|| < [|A7Y]|2]].
By Lemma 2.1, we have

t +o
/o S(s)Arxds = S(t)x — mx.

If 0 < a < 1, we have the ergodic decomposition below

X:Y@{xEX:S(t):E:F(atiil):c it >0},
Therefore we obtain
’ ta1+1 /Ot S(s)zds|| = prore / s)Ajxds
B ta+1( a+1) )H
I

o x} * } Tatrl)” gl
(e L
< (Al + gl




ON THE UNIFORM ERGODIC FOR a—TIMES INTEGRATED SEMIGROUPS 19

For t — oo, we obtain the uniform convergence to 0 on Y.

Now, let z € {x € X : S(t)x
Therefore we obtain

1 t
’W/o S(s)zds

= o +1):c for all ¢t > 0}.

1 /t s< d
= zas
toz-i—l 0 F(Oé + 1)

1 SaJrl t
= ligern [(a F 1) (a+ 1)40“

1
= ||=/—=
I'a+2)
Hence, we get the convergence to gy on {z € X : S( Jr = (ta n*; t =0}
By the ergodic decomposition above, we conclude that ;= - fo s)ds converge uni-

formly for 0 < a < 1.

If a > 1, we find that Ker(A) = {0}.
By the ergodic decomposition and by Lemma 2.3,

X =R(A) @ Ker(A) = R(A).

Hence A~! is defined for all X and by the Closed Graph Theorem, we obtain A~*
is continuous. Then for z € X there exists x € D(A) such that Az = z and
]l < JAH] =]

Hence
1 t
‘ fot1 /0 S(s)zds|| = prem / s)Axds
- W( a+1) ol
< — R —
= latt xH * Ht T(a+ 1)””“
S(t) I .
A :

< (=l + lzzaanlhiame

For ¢ — oo, we obtain the uniform convergence to 0 on X. 0

Remark 2.8. As mentioned above, the uniform ergodicity implies the ergodic de-
composition of X = Ker(A) @ R(A). But The convergence obtained in the last
theorem does not imply this decomposition, which is means that the converse of
implication above that is no satisfy in general.
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