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Existence Results Involving Fractional Liouville Derivative
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ABSTRACT: In this paper we investigate the question of existence of nonnegative

solution to some fractional liouville equation. Our main tools based on the well

known Krasnoselskii’s fixed point theorem.

Key Words: Caputo fractional derivative, Green function, Guo-Krasnoselskii
fixed point theorem.

Contents
1 Introduction 93
2 Preliminaries 94
3 Proof of our main result 97

1. Introduction

The purpose of this work is to study the existence of nonnegative solution to the
following nonlinear boundary value problems of fractional differential equations:

{D&u@%:f@u@»,0<t<1, (11)
w'(0) =0, Au(0) — pu(l) =~yu(n), 0<n<1, ‘

where 1 < o <2, D, denotes the Caputo fractional derivative, f € C([0,1]xR,R),
A, v and y are positive real numbers such that

A >y + p (1.2)

The theory of fractional calculus may be used to the description of memory and
hereditary properties of various materials and processes. The mathematical mod-
elling of systems and processes in the fields of physics, chemistry, aerodynamics,
electro dynamics of complex medium, polymer rheology, etc. As a consequence,
the subject of fractional differential equations is gaining more importance and at-
tention. There has been significant development in ordinary and partial differential
equations involving both Riemann- Liouville and Caputo fractional derivatives. For
details and examples, one can see the monographs [2,3,8,9] and references therein.
Bai and Lii [1] investigated the following nonlinear fractional boundary value prob-
lem

{ Dg,u(t) = f(tu(t), 0<t<1, 1<a<?, (1.3)

u(0) = u(l) =0,

2010 Mathematics Subject Classification: 34B15, 34B25, 34B18.
Submitted March 13, 2018. Published June 20, 2018

Typeset by Bsﬁstyle.
93 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.42010

94 A. GHANMI AND M. ALTHOBAITI

where 1 < a < 2. By means of Guo-Krasnoselskii fixed point theorem and Leggett-
Williams fixed point theoremm, the authors prove the existence and multiplicity
of positive solutions to problem (1.3).

Zhao et al. [10] studied the following nonlinear fractional differential equations

{ D u(t) = f(t,ut), 0<t<l, 1<a<2,

w(0) = u(1) = 0, (1.4)

where 1 < a < 2. By the properties of the Green function, the lower and upper
solution method and fixed point theorem, the authors prove the existence of mul-
tiple positive solutions to problem (1.4).

In this paper, analogy with boundary-value problem for differential equations of
integer order, we firstly derive the corresponding Green function. Consequently,
problem (1.1) is reduced to a equivalent integral equation. Finally, using some
fixed-point theorem, the existence of nonnegative solutions are obtained.

We define . ;
% =1lim sup M and fp = lim inf M,

z—0 g<t<1 X z—00<t<1 T

(1.5)

where 6 denotes either 0 or co. The main result of this paper is the following:

Theorem 1.1. Assume that f € C([0,1] x [0,00),[0,00)), then, there exist tow
positive constants m and M such that the fractional boundary value problem (1.1)
has at least one nonnegative solution in one of the following tow cases:

(i) 0 < fO< M and m < foo < 00. oF

(i) 0 < f° <M and m < fo < o0.

This paper is organized as follows. In Section 2, , we present some preliminaries
that will be used to prove our results. The proof of Theorem 1.1 is given in Section
3.

2. Preliminaries

For the convenience of the readers, we first present some useful definitions and
fundamental facts of fractional calculus theory, which can be found in [2,3,9].

Definition 2.1. The Caputo fractional derivatives of order o > 0 of a continuous
Junction u : (0,00) — R is given by

o« 1 Eou(s)
" T T(n—a) /0 ({1 21)

where n = [a] + 1, [a] denotes the integer part of the real number « and provided
that the right side integral is pointwise defined on [0, 00).

Definition 2.2. The Riemann-Liouville standard fractional integral of order a > 0
of a continuous function u : (0,00) — R is given by
1 t
ISu(t) = — [ (t—s)* tu(s)d 2.2
peult) = e [ (6= uteds, (22)

provided that the right side integral is pointwise defined on [0, 00).
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Lemma 2.3. letn—1<a <n (n€N). Then,

o DSu(t) = u(t) + co + it + cat® + - 4 g t" (2.3)
for somec; e R, 1=0,1,...,n— 1.
Lemma 2.4. let o« > > 0. Ifu(t) € C(0,1) N L(0, 1), then,

Dy, I ult) =I5 u(t).
Lemma 2.5. let n — 1 < a <n (n € N). The fractional differential equation
Dg,x(t) =0 has a solution
z(t) =co+crt +cot? + -+ ey t" (2.4)

for somec; e R, 1=0,1,...,n— 1.

Theorem 2.6. Let h € C(0,1), 0 < o <1 and A\, p,y € R such that A # v+ p.
Then, the solution of the boundary problem

{ Du(t) = h(t), 0<t<1,

Xu(0) — (1) = yuln), 0<n <1, (25)

can be represented by

1
u(t) = / G(t, 5)h(s)ds,
0
where G(t, s) is defined in [0, 1] x [0, 1] as:

_g)a-t _g)o-t .
(t—s)o 7t G 2= 0 < s < min(t, ),

p=s)*"1 | y(n=s)*""
[(a)G(t,s) = N ST 0stsssmsl,
’ U=s)" ro<s<t<n<l,

_ e\a—1 J2)
(t S)DHI + A—p—y
% if max(t,n) <s<1

(2.6)

Proof. Assume that u is a solution of equation (2.5), then, from Lemma 2.3 we get:
u(t) = I*h(t) + co + et
So, from the boundary condition «’(0) = 0, we get
u(t) = IYh(t) + co.
On the other hand, from the boundary condition Au(0) — pu(1) = yu(n), one has

M o v o
co=—"""""I%1)+ ———I%(n).
0=y 1) ()

Consequently
u(t) = I h(t)+7/\ﬂhyf 9(1)+7A7u771 9(n)

= /1 G(t,s)h(s)ds,
0

where G(t, s) is given by (2.6) O
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Lemma 2.7. Let h € C([0,1]) be a given function, then, the function G(t,s)
defined by (2.6) has the following properties:

(i) G(t,s) € C([0,1] x [0,1]), and G(t,s) > 0 for all t,s € (0,1).

(i) There exists a positive real number o € (0,1) such that for all (t,s) € (0,1) x
(0,1) we have:

ok(s) < G(t,s) < k(s),
where ) )
A=) —8)* (0 —5)*
I(@)(A = p =)
Proof. Tt is not difficult to see that for all (¢, s) € (0,1) x (0,1), we have G(t, s) > 0.

Now, let us prove assertion (ii).
First, a simple calculation chows that for all (T, s) € (0,1) x (0,1), we have

k(s) = (

p(d —s)*! ) < k(s
e <) < ) @)
Put
o= % €(0,1)
Then, we get
pll—s)=t oy pd—s)
Tt = Tao s 2
L ((Av)(l )" +9(n—s)* 1)
A I(e)(A = p—7)
_ (el R A
- )\F(O&)()\fﬂf’y) ((1 ) (77 ) )
> 0.
That is (18
1 — 5 a—1
T — - = ) =
Combining (2.7) and (2.9), we obtain
ok(s) < G(t,s) < k(s), V(ts)e(0,1)x(0,1).
O

The proof of our main results is based upon an application of the following fixed
point theorems (See [5], [6]).

Theorem 2.8. (Guo-Krasnoselskii) Let (E,||.||) be a Banach space, and P C E
be a cone. Assume Q1, Qo are bounded open subsets of E with 0 € Q1, Q1 C Qo,
and let

T: PN (Q\Q) — P



EXISTENCE RESULTS INVOLVING FRACTIONAL LIOUVILLE DERIVATIVE

be a completely continuous operator such that either

(@) [|Tu]| < ||u]| for w e PNOQy and ||Tul| > ||ul| for u € PN ONs; or
(@) ||Tul| > ||ul| for uw e PN and ||Tul| < ||u|| for u € PN IQ.
Then T has a fived point in P N (Q2\Q1).

3. Proof of our main result

First, Let E = C([0,1]) be endowed with the maximum norm,
= t)|.
Jull = goas, fute)
Define the cone K C E by
K = {:L' € E:u>0and min u(t) > J||u||},
0<t<1
and define the operator T': K — FE by:

aw@:AGmwwwma

where G is given by (2.6).

97

(3.1)

(3.2)

Lemma 3.1. Assume that f € C([0,1] x[0,00),[0,00)), then the operator T : K —

K is complettely continuous.

Proof. Firstly, we prove that T': K — K. Indeed, in view of nonnegativeness of
G(t,s) and f(s,u(s)), for any u € K we have Tu(t) > 0. On the other hand, in

view of Lemma 2.7, for all ¢ € (0,0), we have

Tu(t) = /0 G(t, 5) f(s,u(s))ds

Y]

O’/O k(s)f(s,u(s))ds
> 0‘/0 G(1,9)f(s,u(s))ds,

where 7 is such that
1Tl = Tu(r).
Combining (3.3) and (3.4), we obtain
Tu(t) > ol Tul, ¥t e (0,n)

So,

min Tu(t) > o||Tull.
0<t<1
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Which implies that T": K — K.
Let P C K be bounded, then, there exists I > 0 such that

llul| <L, VueP.

Put M = max  f(t,s)+ 1, then, for u € P and from Lemma 2.7, we get

0<t<150<s<L
1 1
:/ G(t,s)f(s,u(s))dsSM/ k(s)ds
0 0

Therefor, T(P) is bounded. That is T is uniformly bounded.

Let us prove that T is equicontinuous. For all u € P and ¢1,ts € [0,1] such that
t1 < tg, we have

case 1: 0 < t; <ty <. In this case we have:

Tu(ts) — Tu(t)] = /0(G(t278)—G(t178))f(87u(8))d8

< [ 16025~ Gt ) s, uts))ds
[ 16(05) = Gl ) ()
/tZ (t2,5) = Glt1, )| £(s,u(s))ds
«f 1Gt2,5) — Gl 9) S5, u(s)ds
< 3 ([T 160 - Ganslas+ |6 - o, >|ds)

< % (/Otl(t2 C % (= ) lds + /:(t2 _ s)aflds)

_M
MNa+1)

case 2: 0 <1 < n < t2. In this case we have:

< (tg —t7 —2(t2 — t1)7).

ITu(ts) — Tu(ts)| = / (G(ta, 5) — G(t1,5) (s, u(s))ds

s/ol|c<t2, 5) — G(t1,9)]| f(s, u(s))ds
+/j|G<t2, §) = Gltr, )| £(su(s))ds

4 [ 1600 5) — 6101, 91 15, u(s))ds

+/t |G(t2, ) — G(t1, 5)| f(s,u(s))ds
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<M (/Otl|G(t2,s)7G(t1,s)|ds+/: Gts, s) — G(t1, )|ds)

+M</nt2 |G(t2,s)G(t1,s)|ds+/t: Gta, ) — G(t1, )|ds>
g% </Otl(t2 9t (- s)a71d3>

+ % </:(t2 — ) s + /;2 (t2 — s)‘Hds>

gm (t3 — 17 —2(t2 — t1)?).

case 3: 1 <t < to. In this case we have:

Tu(t2) — Tu(t)] = (G(tm) G(t1,9))f (s, u(s))ds

/ (Gta,5) — G(tr, 3)] £(5,u(s))ds

/ (Glt2,5) — Gltr, 5)| f(s,u(s))ds
<M (/ |G(t2, s) — G(t1, s )|ds—|—/ﬂt1 |G(t2, s) — G(t1, )|ds)

+ % </:(t2 — s (- s)a_lds)

M /t2 a—1
+— (t2 —8)" 'ds
F(a) tq

M

Since ¢t is uniformly continuous when ¢t € [0,1] and 1 < o < 2, it’s easy to
prove that T'(P) is equicontinuous. The Arzela-Ascoli Theorem implies that T'(P)
is compact. That is, T': K — K is completely continuous.

O

We will prove that 7" has a fixed point in K in the case:

0<f°<M and m < fo < o0,
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where m and M are given by

7n=(ofélmgd% amiME:(41MQd%

Since 0 < f° < M, we may choose R; > 0 such that for each 0 < z < R; and
t € [0,1], we have:

-1 -1

ft,z) < M. (3.5)

Put
O ={ueE:|lull <R}

Then, it follows from (3.5) and Lemma 2.6 that for all (¢,u) € I x (K N 0SY)

Tu(t):/o G(t,s)f(s,u(s))ds < /Ok(s)Mu(s)ds

IN

1
M]Jul| / K(s)ds = |Jull.

Hence
ITul| < ||ul] Y ue KnoQy. (3.6)

On the other hand, since m < fo, < oo, we may choose R > 0 such that
f(t,x) > ma, Vo > R. (3.7)
Let Ry = maz(2R, £) and
Oy ={ue FE:|ju|| < R}
It follows that for all u € K N9Qs and ¢ € [0, 1], we have
u(t) > ol|lu|| = oR2 > R.

So, we deduce by (3.7) and Lemma 2.6, that

Tu(t)

/0 G(t,s)f(s,u(s))ds

> /01 ok(s)mu(s)ds

v

1
mo? ul / K(s)ds = |lull.
Consequently,
Tl > |lul| ¥ue Knos. (3.8)

Combining (3.6) and (3.8), it follows from the first part of Theorem 2.8 that 7" has
a fixed point in K N (Qz \ ).
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Now, we consider the case: 0 < f*° < M and m < fy < co.
Since m < fo < 0o, we may choose Rz > 0 such that for all ¢ € [0, 1], we have

f(t,z) > ma for all 0 <a < Rs. (3.9)

Let
Q3 ={u € E:|lul| < Rs}.

Then, using (3.9) and Lemma 2.6, we obtain for v € K N9Q3 and ¢ € [0, 1]

Tu(t) = /OG(t,s)f(s,u(s))ds

1

> / ok(s)mu(s)ds

0
1
> ma/ k(s)o||ul|ds
0
1
> mo|ul] [ K(s)ds = ulL
0
So,
| Tul| > |ul], Yu € K NoQs. (3.10)

Now, Since 0 < f*° < M, there exists R > 0 such that if 2 > R, then f(¢,2) < M.
Let Ry = max{2R3, R}, and put

Qy ={u€ E:|lul| < R4}

Then, we obtain for any u € K Nd§y and ¢ € [0, 1]:

1
Tu(t) = /G(t,s)f(s,u(s))ds
0
1
< M | E(s)u(s)ds
0
1
M||u k(s)ds = ||lu
< Mlul [ ks)ds = Ju]
So,
[|Tul| <lull, Yue K NoQy. (3.11)

Combining (3.10) and (3.11), we obtain from the second part of Theorem 2.8 that
the operator T" has a fixed point in K N (£4\23). This completes the proof.
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