Bol. Soc. Paran. Mat. (3s.) v. 895 (2021): 73-76.
©SPM -ISSN-2175-1188 ON LINE ISSN-00378712 IN PRESS
SPM: www.spm.uem.br/bspm d0i:10.5269/bspm.42171
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ABSTRACT: The aim of this short note is to provide a new proof of classical Dixon’s
summation theorem for the series 3F»(1).

Key Words: Dixon’s summation theorem, Hypergeometric series, Generalized
Hypergeometric Function.

Contents
1 Introduction 73
2 A new proof of Dixon’s summation theorem (1.4) 74

1. Introduction

In the theory of hypergeometric and generalized hypergeometric series, classical
summation theorems such as those of Gauss, Gauss second, Kummer and Bailey
for the series o F1; Watson, Dixon, Whipple and Saalschiitz play a key role. Appli-
cations of the above mentioned theorems are well known now. For very interesting
applications of these theorems, we refer a paper by Bailey [1].

Here we shall mention the following summation theorems that will be required
in our present investigation.

Gauss summation theorem: [2,3.4]

provided Re(c —a — b) > 0.
A known result: [4]

—k, a+k_q%_QKQL (1.2)

F;
21[1+a—c’ 14+a—c)’

which can be obtained by (1.1).
Kummer summation theorem: [2,3,4]

a,

l+a—b

- . (1.3)

b ] I(1+3a)l(1+a—b)
F(1+a)l(1+1a—0b)
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The aim of this note is to provide a new proof of the following classical Dixon’s
summation theorem [2] for the series 3F viz.

a, b, c .
l14a—-b, 1+a-7

P+ 3a)l(l+a—-bI(1+a—cl(1+3a—b—c)
CT(l+al(1l+ia-b)I(1+ia—c)l(1+a-b—c)

3k (1.4)

provided Re(a — 2b — 2¢) > —2.
2. A new proof of Dixon’s summation theorem (1.4)

Consider the following integral valid for Re(b) > 0

_ > —t 4b—1 a, c .
I—/O & t 2F2 |:1+ab,1+ac’t dt.

Expressing the generalized hypergeometric function o F5 in series, we have

9] 0 tk
I — —t 4b—1 (@)k (S)k dt.
A ‘ Z;O+afmkﬂ+a—dkm

Changing the order of integration and summation, which is easily seen to be
justified due to the uniform convergence of the series, we have

Z (a)k (c)k /00 et gbtk=1gq
k::O (I+a=b) (14+a—c) k!

Evaluating the gamma integral and using the result

(@ = S
we have
c- k (0)k (O
Z 1+afb (1+a—c) k! (2.1)

k:O

Finally, summing up the series, we get

a, b, c
IF(b)gFg[l+a_b l4a—é 1} (2.2)

On the other hand, writing (2.1) in the form

> Ok [ (=1)F (0)n
1;) 1+afb k!{(lJraC)k}'
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Using (1.2), this becomes

S EDE @ B o [k atk
I*F(b)g(ua—b)km 2F1[1+a—c’1}

Expressing o F; as a series, we have after some simplification

Y b>k (=K)m (@4 F)m
;;)mz:o 1+a g (L+a—¢c)y Km!’

Using the identities

(—1)™ k!

(@k(a+k)m = (A)k+m and (=k)py = om)’

we have, after some calculation

—D*™ (@)rm (b)
ZZ 1+a—b (1+afkc+)mm!k(kfm)!'

kOmO

Now, using a known result [4, p.57, Equ.(2)]

> B(k,n)=>> B(k,n+k),

n=0 k= n=0 k=0

i i ( )k+2m (b)k+m
P :0 1+a k+m(1+a—c)mm!k!

n

we have

Using the identities

(@szm = (@am(a+2m)e  and B)em = () (b+m),

we have, after some simplification

> om (b > a2m b+m
Z 1+a7b) (b)m XZ +2m)i (b+ )k_

(I+a—c¢)m m! 1+a—b+m) k!

0 =0
Summing up the inner series, we have
S (@)2m (O)m a+2m, b+m
I=T( F ’ i—1].
()n;(ua—b)m (Tta—cpm! 2 1+a—b+m’

Now using Kummer’s summation theorem (1.3) and then applying the identity

1 1 1
:22m _ _ _
=2 (), (3043),,
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we get after some simplification

L)1+ 3a)I( 1 +a-— i m (D)m
(1 +a—c

N(1+4+a)l(1+ a — 0 m!’

Summing up the series, we get

_ (T +3a)’(1+a— b) { ta, b 1} _
(14 a)l(1+ 3a—b) 14+a—c
Applying Gauss summation theorem (1.1), we finally have

_POr+4a)l+a—-bI(1+a—cl(1+3a—b—c)
- TA+al(l+la-bI(l+ia—eT(1+a-b—c)
Therefore, equating (2.2) and (2.3), we get the desired Dixon’s summation
theorem (1.4).

This completes our new proof of Dixon’s summation theorem for the series
sFy(1).

(2.3)
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